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Global pluripotential structure
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Global pluripotential structure

- X: a compact Hausdorff space.
- C*(X): the set of usc functions on X valued in [—o0, c0).
- M(X): the set of Radon probability measures on X.

We call the following structure (PSH, E, EY,MA) a global pluripotential
(g.p.p.) structure on X. This terminology is used only in this talk.

m A convex subset PSH U {—o0} C C*(X) which includes constants
and is closed under pointwise decreasing limit.

= A monotone concave function E : PSH — [—00,00) such that
E(t)=t.
m A convex function EY : M — [0, o0].
EYX,E) = {p € PSH | E(¢) > —o0},
MY X, EY) == {p € M(X) | EY(n) < oo}

m A map MA : EY(X,E)/R — MY(X,EV).
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Axiom

These E, EV are to satisfy the following (Legendre duality):
EY(n) = suplE(9) ~ [ odu | o€ £1(X.E)}

() = nF{EV (1) + [ ode| n e MI(X,E))

and MA is to satisfy the subdifferential relation
| MA@ = E0) - E'(MA().

m Topology on MY(X, EY): the coarsest topology which makes
EY: M —[0,00) and M' 5 R v+ [y fdp continuous for every
continuous f € C%(X).
s Topology on £X(X, E): the coarsest topology which makes
E:&' - Rand &' - R: ¢ [, ®MA(t)) continuous for every
1 € PSH N CO(X). (cf. Chern—Levine—Nirenberg)
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Basic properties

We will see three examples of g.p.p. structure: real MA, complex MA
and non-archimedean MA.

Before going on, let us check some basic properties derived from the
minimal assumptions in the first page.

For p € PSH, ¢+t € PSH.

If € PSH is bounded, then ¢ € £L.

lim; E(¢;) = E(¢) for every decreasing limit ¢; \, ¢ € PSH.

A lim E(¢;) = E(¢) for every uniform limit ¢; — ¢ € PSH.

lim; [y ¢idp = [ ¢dp for every decreasing limit ¢; N\, ¢ € PSH.

In particular, decreasing limit ¢; \, ¢ is a convergent net in (X, E).
3 is a consequence of Dini's lemma (compactness).
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Complex analytic case
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How to define PSH? — complex analytic case

B" C C": a (poly)disc

Definition

An usc function ¢ : B" — [—00,00) # —o0 is called psh if
f*¢ : Bl — [—00,00) is subharmonic (at 0 € B*) or identically —oo for
every holomorphic map f : B — B": namely,

" o(F(rei"))db)

27rr

AO) < 5 [ orENauta) (<5

for every 0 < r < 1.

Note: This definition a priori uses the Lebesgue measure, which is a
special structure we can use in the archimedean setup.

For a compact Kahler manifold X = (¢4 : B" — X)o and a Kahler
metric w = (dd°fy),, we define

PSH(X,w) :={¢: X = [-00,00) | popa+ 1y : B" = [—00,00) is psh }
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Global regularization

Consider p:(z) := t=2p(|z|/t) on C defined by p : [0,00) — [0,00): C>,
Plpos) =1, p|[1oo)_0with27rf1rp dr=1.
Then for pe * ¢(2) = [ pe(z — w)(w)dp(w),

L " * p(z)dpu(z / dp(w)pe(w) lrg /B1 P(z — w)dpu(z)

> / dp(w)pe(w)(0 — w) = p, * 6(0)
Bl

and since 51 fo B(re?)df N, ¢(0) for psh,

2m

o ol0) = 2r [ o) [ olne™)dn)ar N, 0(0)

Theorem (Btocki—Kotdziej)

For every ¢ € PSH(X,w), there exists a sequence
@i € PSH(X,w) N C°(X) which decreases to ¢ pointwisely.
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Approximation by Fubini—Study metrics

Let (X, L) be a polarized manifold. For smooth wy € c1(L), take the
hermitian metric hy on L so that —/—190 log hy = we. Consider
Kodaira embedding fk¢ : X — PN« defined by an orthogonal basis

so, ... ,s,(@k on H°(X, L®¥) w.r.t. the inner product induced by hfk.
Then wy k= k‘l(fk¢)*wFS is independent of the choice of the o.n.b. and
Theorem (Tian)

W,k converges to wy in the C*-topology (in the order O(k~1)).

Thus PSH(X,w) is the decreasing limit closure of
N
FS(X,w) :={¢: X - R | 3hst. ¢ =k tlog ZH ||2}
I

where (s;) is a orthogonal basis w.r.t. || - ||4.
We will construct PSH on Berkovich space XN in analogy of this fact.
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How to define E : PSH(X,w) — [—00, 00)

For smooth ¢ € PSH(X,w) N C*°(X), we put

E(d) = — n+1)|/ dt/ o, — ) = / dt/¢tw¢

by taking smooth path wg, := w + dd“¢; connecting w and wg.
For ¢ = t¢, we compute

K
0l'dl'

(i)) Z(n Ik'/¢w ddc¢ n+1|2/¢wnl¢.

In particular, E is monotonic: E(¢) < E(¢) if ¢ < 1.
For general ¢ € PSH(X,w), we put

E(8) := inf{E(¥) | ¥ € PSH(X,w) N C®(X)}.

The extended functional is monotonic and convex.
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How to define MA : £1(X,w) — M(X)?

Now we have
EY(X,w) := {¢ € PSH(X,w) | E(¢) > —o0}.

For ¢ € PSH(X,w) N C>®(X), we put

MA(¢) = (w + ddo)".

fx

For bounded ¢ € PSH(X,w), we can use Bedford—Taylor product:
/ © A (w+ ddp)tt = / ©AwA (w4 dd¢)k
X X
+ / éddp A (w + dd°p)k,
X

using the fact that (w + dd°¢)k > 0 gives a measure valued form. For
¢ € PSH(X,w), we take the limit MA(¢) := lim,_,co MA(max{¢, 7}).
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Another approach: energy pairing, |

To define MA(¢) for general ¢ € £1(X,w), we introduce the following
symmetric pairing: for ¢; € PSH(X,w;) N C*°(X), we put

1 n
<qb0, SEE) ¢n>w0f“',wfl = _/ dt/ H(wi,qﬁ,-(t) B d)’(t))
0 X i=0
Using ¢;(t) = t¢;, we can compute
(@0, .-, Pn) = Z/ Piwo N -+ We N Wi,y N AWng,-
(=0 X

In particular, (¢, ..., ®,) is monotonic and affine in each variable.
Therefore, we can define (¢, ..., ¢,) for ¢; € PSH(X,w;) by putting

<¢0v"'a¢n> = inf{<¢03"'awn> | ¢i S dji S IZ)SI—I()<7"‘JI)m COO(X)}
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Another approach: energy pairing, Il

Now we consider the case wy = -+ = w, = w. By the previous formula,
we have

1 n
] (60 = GMA) = (00,6 )ms = (6,0 ")).
X Jxw

for o, o, & € PSH(X, w) N C=(X).

We can define the difference for general ¢g, ¢}, ¢ € E*(X,w) thanks to
the following lemma:

We have

(G0 60) 2 g (D2 0™ 2 (@)Y Eoe).

£=0 £=0
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Apply Riesz representation theorem

The set D := {¢o — &g | ¢0, Py € PSH(X,w) N C>(C)} is dense in
CO(X). For f = ¢o — ¢ € D and ¢ € E1(X,w), we put

Ty(f) = fx ({60, 6™) — (60, ™)),

which is well defined by the affinity on the first variable.

Since |T4(f)| < ||f||co for ¢ € PSH(X,w) N C*(X), the same inequality
holds for general ¢ € EX(X,w).

By the monotonicity, Ty(f) > 0 for f € D. Therefore, T4 extends to a
positive bounded linear map C°(X) — R.

By Riesz—-Markov—Kakutani theorem, there exists a Radon measure y4 on

X such that
T¢(f)=/ fdjug.
X

We denote it by MA,,(¢).
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MA is subdifferential

We put E;(¢) := ([ w"/n!) " E(¢). For p € M(X), we put

EY(1) = sup{E.() - /X bdu | 6 € EX(X,w)} € [0, od],

MM (X, w) = {p € M(X) | EY(n) < o0}
We have

B~ [ MAL(0) < () - [ oMAL)
For instance when n =1,
(Gww) ()~ 0.00) — (56.6) ~ (6.6} — (0,6)
= 2 0). (6~ 9))
= [ =0t w=0) =~ [ dv =) nd(w-0) <0
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Finally, we get ...

Therefore, we get

/X OMAL(6) = E(6) — EY (MAL(0)).

Since

/quMAw(qb) - ﬁ«m..,@ 0.6, ) > o,

we have MA,(¢) € MY(X,w).

I
In conclusion, for every Kahler metric w on X,
(PSH(X,w), Ey, EY,MA,,) is a g.p.p. structure on X.
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pluripotential Calabi—Yau theorem

A g.p.p. structure (PSH, E, EY,MA) on X is said to satisfy
pluripotential Calabi—Yau theorem if the map

MA : EY(X, E)/R — MY(X,EY)

is a homemomorphism.

Theorem

For every compact Kahler manifold (X, w), the g.p.p. structure
(PSH(X,w), Ey, EY,MA,,) satisfy pluripotential Calabi—Yau theorem.

Injectivity and continuity: Introduce quasi-distances /, /¥ on £}(X,w)
and M'(X,w) compatible with the topology and show

I(0,¥) = I" (MA (), MAL (¢)).

Surjectivity: Find maximizer of ¢ — E(¢) — fx ¢du, using the
compactness of PSH(X,w)/R.
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Use in the study of cscK metric
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Extension of Mabuchi functional

Consider the Mabuchi functional defined on PSH(X,w) N C*>(X):

M) =~ / dt [ dilslion) — 9%,

Using
s(wg)wf = nRic(wy) /\w¢ = ny/—190 log = "’ Awy™ 1y nRic(w) Awg ™,
we get Chen—Tian formula:

AL(6) , MAL()
00 5 A ) A

(0.9, m = (0,6 p_ o) + sE;(6),

M(¢) =
1
Jxwr
where smooth Kahler metrics p., p— are chosen so that
p+ — p— = Ric(w).
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Entropy and Compactness

The first term

MAL(9) | MAL(9)
X MAw(o) MAw(o)
is called the relative entropy and denoted by Ent(MA,,(0), MA,(¢)).
The relative entropy Ent(u, v) is defined for general pu, v € M(X) using
the Radon—Nikodym derivative dv/dp when v is absolutely continuous

w.r.t. p and put Ent(u, v) = 400 otherwise. This is lower
semi-continuous w.r.t. the topology on M*(X,w) (Legendre duality).

MA.,,(0)

Now we get the (greatest) Isc extension

M EYX,w) = (o0, ).

Theorem (Berman—Boucksom—Eyssidieux—Guedj—Zeriahi)

Suppose a sequence {¢;} has bounded sup ¢, E(¢) and
Ent(MA,,(0), MA,,(¢)). Then {¢;} contains a convergent subsequence
in the topology of £X(X,w).
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Darvas—Rubinstein's result

Conjecture (Darvas—Rubinstein)

The minimizers of M : £1(X,w) — (—00, 00| are smooth.

Theorem (Darvas—Rubinstein)

Suppose the conjecture holds, then the following are equivalent:
X admits a cscK metric.
M is G = Aut(X)-invariant and there exists o, C > 0 such that

M(9) > 0 inf J(g"0) - C.

where

() = /X SMAL(0) — Ex(¢) > 0.
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Chen—Cheng's result

Darvas—Rubinstein’s conjecture is solved by Chen—Cheng:

Theorem (Chen—Cheng)

The minimizers of M : £1(X,w) — (—00, 00| are smooth.

Darvas introduced a complete distance d; on £}(X,w). A continuous
path ® : [0,7) — EY(X,w) is called a psh geodesic if ®(e~'€1)(x) on
A x X is psh in the interior and E(®(t)) is affine, which is known to
satisfy di(®(t), ®(t')) = c|t — t'|. It is known by Berman—Darvas-Lu
that M : £1(X,w) — (—o00, 0] is convex along psh geodesics.

Theorem (Chen—Cheng)

The following are equivalent
m There are no cscK metrics.
u There is a psh geodesic ray ® : [0,00) — (X, w) with
lim;_s o0 t "2 M(®(t)) < 0 which is not parallel to a geodesic ray
generated by a holomorphic vector field X.
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Non-archimedean (trivially valued) case
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Semivaluations

Let X be an irreducible projective scheme over C.
For each scheme theoretic point p € X, consider the irreducible
subvariety V(p) = {p} and its rational function field C(V(p)). We put

v(fg) = v(f) + v(g)
X(p) = {v: C(V(p)) = (—00,50] | v(F +g) = min{v(F), v(g)} }
vlc- =0,v(0) =

and for a Zariski open set UM C X350 we put

UMt = X().

peUsch
For f € Oxeen(USh), we define
If| - UN* — [0, 00)

by [£I(v) := exp(=vp(Flv(p)))-
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Berkovich space

We then endow XN with the coarsest topology for which the maps

home : XNA — X5y p and |f] : UNA — [0, 00) are continuous.
This is the Berkovich space.
|

The Berkovich space XN4 is a compact Hausdorff space (not first
countable).
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Non-archimedean norm and diagonal basis

Consider a non-archimedean norm || - || on a fin. dim vector space V over
the trivially valued C: || - || : V — [0, 00) which satisfy

= flut vl < ulf @ fv]] = max{|jull, |[v]]},
m ||c.v]] = |¢|uiv]| V], where

|Cltriv == 0 =0 (trivially valued)
1 c#0

It is known there exists a basis vi, ... v, of V satisfying

n

n
1> cvill = @ leilllvill = max{|lvil| | ci # 0},
i=1

i=1

which we call a diagonal basis w.r.t. || - |
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Non-archimedean L-psh

Let (X, L) be a polarized variety. For a non-archimedean norm || - || on
HO(X, L®k), we put

o1 =k log @ [sil/llsil| = k" max(log |si| — log]|si).

I

using the diagonal basis (s;) of HO(X, L®¥).
We introduce the following space of functions

FSxa(X, L) = {¢”.|, XNA R ) 3k||-|| is a NA norm on H°(X, L®k)}
and define PSHya (X, L):

Definition

We define PSHya (X, L) as the set of all usc functions

¢ : XNA — [~00, 00) which can be written as the pointwise limit
¢ = lim; ¢; of some decreasing net ¢; in FSya (X, L).

Next, to define non-archimedean Monge—Ampere measure, we relate
¢ € FSna(X, L) with a geometric object.
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Polyhedral configuration

We put B, := CP, By := (C\ {0})P and T, := (Gp)P
A polyhedral configuration of (X, L) is a triple (X/B,, L;§):
m X/B,=(w:X — Bp) is a T-equivariant projective flat family of
projective schemes endowed with the T-equivariant isomorphism
©: By x X — w (Bg) over B;.
m L is a T-equivariant ww-semiample Q-line bundle on X endowed with
a T-equivariant isomorphism 6 : p% L — ©*L, where
px — By x X — X is the projection.
m £ €[0,00)".
For a polyhedral configuration, we define a norm || - ||« on HO(X, L®¥) by

lIs|lx := inf{e={"&) | 2715 extends to a section of L&k},

where p € ZP. We have ¢, = ¢y, for sufficiently large k, k'.
The assignment

PC(X, L) = FSna(X, L) : (X/Bp, L; &) = dx/B,.c:6) = DIl

is onto.
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Non-archimedean energy pairing (Deligne pairing)

A test configuration (X' /A, £) is nothing but the polyhedral
configuration for p=1and £ =1 € [0,00). Namely, it consists of
s X/A' = (w: X — Al) is a T-equivariant projective flat family of
projective schemes endowed with the T-equivariant isomorphism
©: (AT\ {0}) x X — w L(Al\ {0}) over A1\ {0}.
m L is a Gp-equivariant w-semiample Q-line bundle on X’ endowed
with a Gp-equivariant isomorphism 6 : py L — ©*L.

For ¢¢ € FSna(X, L¢) defined by test configurations (< log ||s;|| € Q),
the non-archimedean energy pairing can be written by the usual
intersection product

(@0, ¢n) = (Lo .Ln)

on the compactfication X' /P! of a tc X dominating every X;.
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g.p.p. structure (PSH, E, EY, MA) on X4 |

We have ¢ <9 iff Ly, — L > 0, so that the energy pairing is monotonic.
Using the monotonicity, we can define the energy pairing for general
¢¢ € PSH(X, Ly).

We put | .
B = @y o

(")

and
Exa(X, L) = {¢ € PSH(X, L) | Exa(¢) > —o0}.

The energy pairing (¢o, - . ., ¢n) is finite if ¢, € EL(X, L).
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g.p.p. structure (PSH, E, EY, MA) on XN ||

We put D := {¢o — &5 | p0o — ¢ € FSna(X, L)}, then D is dense in
CO(XNA). The operator T4 : D — R given by

Ts(f) := (0-¢") — (¢0-¢™")

extends to a positive bounded linear map T, : CO(XN%) — R. Thus we
get a measure p, satisfying

o) = | fdue.
X
We denote it by MAna (¢).
We can similarly define EY, by Legendre duality and M, (X, L). Then
(PSHxa(X, L), Exa, Exas MANA)

gives the g.p.p. structure on XN4,
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Non-archimedean Calabi—Yau theorem

Theorem (Boucksom—Jonsoon)

When X is smooth, the g.p.p structure
(PSHxA(X, L), Exa, ENa, MANa) on XNA satisfies the Calabi-Yau
theorem.
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K-stability
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K-stability

Suppose X is klt. There is a (greatest) Isc functional
Ax : XNA — (—o0, 0] called log discrepancy: for x = c.ordg € XN4
given by E C Y — X, we put

Ax(x) := c(ordg(Ky/Kx) + 1).
The non-archimedean Mabuchi invariant My for a tc ¢ € FS%A(X, L)

is defined by
1 o n(Kx.L"1)
AxMANA(9) + 7= (PXKx-L") — —,"ENA(¢)-
XNA (D) (L)
Take an ample line bundle p;, p_ on X so that p; — p— = —pxKXx, then

we can write

(p;k(KXEn) = _(<Oa ¢.n>p+ - <07 ¢.n>P—)‘
Therefore, we get the Isc extension

Mua : EEA(X, L) = (=00, 0]
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Chi-Li's result, |

Some psh geodesic rays are induced by non-archimedean psh metrics.
Such geodesic ray is called maximal.

Theorem (Chi Li)

If a psh geodesic ray @ : [0, 00) — £(X,w) satisfies
lim;—s o0 t~2M(P(2)) < 00, it is maximal.
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Chi Li's result, Il

Theorem (Chi Li)

When @ : [0,00) — EY(X,w) is a geodesic ray generated by a test
configuration ¢, then we have

lim tIM(D(t)) = Mya (o).

t—o0

Conjecture

For any ¢ € ELA(X, L), there exists a convergent sequence ¢; — ¢ in
ELA(X, L) with ¢; given by test configurations such that
limjsoo M(¢) = M(9).

If the conjecture is true, then the above formula is known to hold for all
maximal geodesic rays. It then follows that Mna(¢) > 0 for every
non-trivial ¢ € £, (X, L) (the uniform K-stability w.r.t. test
configurations) implies the existence of (unique) cscK metric.
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A comment on my recent work, |

The NA Monge—Ampere measure can express intersection numbers.

My recent work constructs a functional Eey, : PSHya (X, L) = [—00, 00)
and a measure [ e~tDy on XNA for ¢ € PSHya (X, L) with

Eexp(¢p) > —o0, which can express higher equivariant intersections.

Using this, we can introduce a usc functional

puna : Eqa(X, L) = [—o0, 00) called non-archimedean p-entropy, which is
a 'dual’ of Perelman’'s p-entropy.

The existence of maximizer of this functional is my current interest,
which gives a destabilizing geodesic ray. The question is important in
moduli theory of polarized varieties.
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A comment on my recent work, Il

On toric variety, we can consider torus invariant subspace Exa (X, L)"

and we can identify it with the space of Isc convex functions on a
polytope P with the integrability condition fP eddu < oo. For such g,
LNA can be written as

o Jop &7do

pna(q) = [ eadn”
P

Theorem

There exists a maximizer g of uxa. When P is 2-dimensional, it is
bounded continuous.
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Thank you!



