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I
. Modified K - stability LYI

. X : Q - Fano variety 11C

Consider some tones action ( not nec  maximal )

X A T e ( ¢*P
.

. M = Hour ( T .

Q* ) :
 The character lattice ± 2×5

. N = How ( E*.T ) :  the 1- Psg lattice
.

= 2×5

The Duistevmaat - Heckman measure associated to

XATis a measure on MR := 140×2×112 def 'd by

Dttxnt:=limgqyx.l.ge#EmhLk.flkxlfg'
 '

n

f
→  a

,
where h°lX

.

-

qlkxl
= E. mh :( X. -

flkxlis the wedecomp .



Red
containing ° t Mips KI

DH measuce is supported on a polytope,✓ called the moment polytope ,

which Is the imege of a

continuous
( w

.
rt . analytic  Topology ) map

y
: X + MR

.

( y is called the moment Mep )

Actually
,

pH=

µ * W
" #w

"

we Ztcitlkx ) : Kahler met
.

qg . If X A T is tonic
,

DH is the ( normalized ) restriction of

The Euclidean measuu on MR ( def 'd by the lattice Mc MR )

to  the canonical polytope .

¢p
'

1
pt blow  up  of EP

2



Consider a fat 'l ( smooth ) 3¥

f : Npx → R : a ' → |µµe<
" h >

DHKI
.

This is strictly convex ( as e< " 3 >

is ) and pwpen ( as o ← Supp l DH ) )

Hence 7- !
} t NR the minimizer of f . ✓ t

) ÷
NR

# Dfq = )µ
*

( x
.

# > ek%H ( x , = ° q

A (weighted Completeness of R
.

NR* = Mr banycenter
)

We call this } t Nip the K . optimal vector of XMT
.



kef A special degeneration of XMT consists of  the following dots LYE

Xp;

X is  a  normal Q - Gouenstein variety w/ a

T×¢*
. action

' 1

¢
IT  is  a Q* . equiv pwj flat  moyshisn  w/ A - Fauofibus .

which is trivial away fun  the origin .

.

X×G× ¥ Tikg

l f
: A  is  a T×¢* - eguiu  isom / ex

¢×  
= ¢×

I'd like  to  use
"

weighted
"

y as
"

modified
"

souds
"

secondary
"

For a spdg it
.

01
,

we define  thebidDonaldson ' Futokiinv

NR  × R
stands

- D 6

itweiguad "
IF It

. Al :  = ]µ*×, ,

< ' '  . l °
. " > e

"
' & >

Dttxontxokl
,

when } t Ma is the Koptimd vector of XNT
.

It is also  the Kop vec  of X.  AT(
as DH is Teguiv deform invariant

)



Def ( modified K - stability ) £11

X M T is called modified K - seuistoble if for any spdg t.tl

%
F ( it

.

-0 ) ? o
.

It is called modified K - poly stable if moueooev

WDF tho 1=0  ⇒ X = Xx ¢ : Tx Q* .eguivilg .

( ⇐ it  mkss I

modified K - stable if mkps & Auttlx
the id coup  of  the centralizer  of T

.

Rein ( Teguiu
1

mkstability is equivalent to Kstebilityi#the Kop  vec } =  0
.

I

DF  = ) x DHK )
=  0  ' - Mr,

Tt

DFKI
. 0-1=0 for product dg .



I
. Why modified K - stability ? K±(

- relation with Kehler - Ricci soliton

For any
smooth X

,
The modified K . poly stability of X went

.  son

Toms action ( e. g. take a meximel XMT ) is proved To be equivalent

To  the existence of Some canonical metrics on X
.

BASIC FACTS [ Tien -

Zhioz
] Kohler - Ricci soliton

[ Datarszikelyhidi '
16 ]

. KR soliton is unigm  up  to
Ric f

- LZ ' f
= f

.

Imz
'

is  related to

Autokl if  it  exists
.

^ the K - optimal vector
.

|

naturally
. Ant ( X. 24 is reductive

.

This equation raisesin the limit of  the normalized

This is  important

in  order  to  apply
load GIT

Kohler - Ricci flow : tftgltl = - Ric ( get , 1

+
g ( x ,

.

in  the construction  of  our

coming moduli Space .



A

DIGRESSION

... €
Chen - Sun - Wang 's surprising result arxiv

'

15

NKR

flow
on ANY Fauomtds X converges to

some KR soliton  on sown R - Fano van Xo ( in  the Gwmou - Heusdouff sense )

If X admits c KR soliton
.

thru Xo = X
. Xm , X .

'

two  step }
Their  result can be  thought as en analogy of

degemution *
.

Harder - Navas ,

.

' nhan filtration&
Jordan - Holden filtration

iHcohsuvs My semi stable ;
semi stable

µ , poly stable
' con shv sC oh shus
, C oh shU<

( This is GIT )

€.

How  about th uniqueness
? Anyway ,

there should be lecge

amount of examples ...
!



It
. Examples YI(

- ANY Tonic Feuomfd admits
KR solitous [ Wang - Zhu

'
04 ]

⇒ ANY tonic Fen .  ntt is mk . stable w.at . max tons  action

possibly ( often ) Mk - polystebl w.tt
.  a shelter tons

.

¥ . / - QPZ is mkps w
.

v. t .

-1=112
.

| . Zpt blow up  of EPZ is mkps w.int . some T= E*

We call X M T is f- optimal it  th Kop oec ZFNR

is not contained in anysmaller Nfx ;Npx wl N's N '

 - sub lattice
.

Rent

If X

7T
, .

I an K . optimal

cations
so  thet XD IT

.

Tz

all both mk - ss
.

Then Ti  and I ace  conjugate to  each other
.



4€
' ANY howspheicel Fanomtd is

mkpoly
stable went . some Koptiml action

-

11
.

cptftn
of  tonic bd [ Delcwix

'

18 ]

/ homogeneous sp .

In This class
.

an impotent exeupk Xo  wl won Einstein Kksolitou

the Kuanishi family of Xo  is  a 1. dim isotcivid feuily"

¥kIiYnm|

.

} a ... g.nu#.xeex .
is the on

[ Delcwix
'

Is ]

Guess Grg ( 2. '7 )
,

which has KE met .

(
esp .

Kksol )

Though both Xo
.

× '  admit KR solitous
, they cannot be separated

I

ItiN#Tqadfmeton!)

in thr family ¢
" i

(T€Kopetnn×)



Our observations and examples illustrate 31€

| family of Fans  mtds

Tg
whose each fibu admits KRsol%

,

.m|( H each fibu  is  mkps
for  some Faction )

| not full ( nor faithful ? )

X D T

|
T - equiv family of Feuo Fmtdsst whoseeechfihffegniu |

is mk -

ps K . op
S - isom

'

while

} Fanomfd X which admits KR solitous%s°m|[ 1 : 1

| mkps Kop Fan . Tmtd XD Tftegniv ism )
.



IV. Moduli space -  the main theorem t€

SUPEREXPESSINTRODUCTION to STACKS ( of .

[ I. Appendix A ] )

A stack  over Alge't Kpx Is a category over Alge't Kpx
,

i. e. a functor 9 → Alge't Kpx

enjoying some geometric assumptions ( such as ftp.b
.

,
can gluobjs

' )

A  typical example Is Algx → Alge't for × ← Alg .

( stx 1 H s

2- Yoneda : Alg - Stacks # yet
: X it (Algx → Alge't )

"

fully faithful
"



Let K be a steak  oven Alge't ( She 't ) / Cpx
3€

consisting of Tegnivaviautfamilies
of mkss K -

op Fano Fmtds
.

Namely .

K is a category whose object is

c Iefuivaiaut family §
' > T

whose each fibu is

a-
mkss Kop

ten . ntd .

Movphism is a pair of a base movphism f :S + s
'

and a Feguiu Cartesian moqhism /g P : X → X
'

.

D
K + Alge't Kpx : F

T
it S makes K into  e stock

.

PWPI
It K is Artin over Cpx .

( Artin  over Alge't ? : NOT KNOWN )



a  stack

Det
.

the moduli space of

Ckpx
 is e complex  analytic space #(

M with e mophism E → M enjoying the following

universal pwpeueg .

L it

Stackycpx
. f. .¥ . .  .

.  . .  - - u
.

M - - - → X Cpx
7- !

The moduli space is unique up  to  isom  if  It exists
.

eg . [ ¢Y¢*] →

pt =62116×1 ( good in  th sense  of Alper )

[ ¢2i Ho
.

 oil / ¢
* ] → ICP

' ( actually ,
this is  ison )

[ ¢pl/¢* ] →
pt ( not good in  the sense  of Alper )

0
.

- C- KP
'

: distinct closedorbits goes  to  the sempt .



1k 1

:
= | P ! → KL | = | mkss kop Fenotmtd X {

%€
Spec ¢

Teguv X

III. I For any X t tk I
,

There exists an isotivid degeneration t
¢

of X
whosecentral fine Xo is

'

mkps Kop Q - Feno Four
.

Moreover
,

the central fiba is uniquely determined up  To

Feguio  isom for any such degenerations of X
.

K
We define an equivalence relation ~ on tkl by

K
X ~ Y if  the central fibus in  the ebon  thin  coincides

.

From the thm
, for a K - equivalence class [ X ) + , if  there exists

anmk - ps smooth Xo £ [ X ]
,

then It is unique up  To  isom
.



Let K°cK be  a subset  of K consisting of '¥FYlies  of
5€

mkss Kop Fano Fmtds which au K - equivalent ( ± I to some smooth mkps

Kop Fano Finds ( i.e.
t

× .
c- [ × ] :  ukps smooth )

Mitt .

)

+
Their exists the moduli space K° + M of 7<0

Moreover
,

4 induces a bijectioe  map lK°Yi → M
.

11

| mkps Kop Fan . Fmtd 4
"

| Feuo  ufd which admits KRS .&s|

Pw# gluing
"

Htcxtxlkauttkl
"

together . ...

B

of .
Slide B in Heyema Symposium



Some remarks
.

%C

Put ( I. I The topology on M ± } Few  utd
± KR salitous | coincides

with the Gvomoo - Hcusdovff  topology w.ve .
KR solitous

.

There Is a moment nep pictuu suitable in  our setting ,

which 1 do not explain hear
.

Actually ,
I used the moment mep to construct the moduli space .



r
. Why modified K . stability ? €

- conjectural pictures

Hevdau - Narasimhan filtration for a - Feuo  van X
"

Cowj
"

There exists e sequence of spdgs §
'

. ¥2 .
. . .

. If
X ,

whece

§
is a

Toegaiu
spdg of XMI .

maximal Kop  action

with minimal ci:=%F/nomSo is
.

 if XMT! is K -

op ,

¥ then TIT
Set Ti := Ti

. ,
×k* and Xi :

 the  central fibu
°  °  °

Xi
of + 7T ; .

,x¢*
. ÷Hi

Then d is  a I -

egaio  sp dg of X ; DTI with

minihelcin
: .

. 45¥
.

e

such that Citi > Ci & Cs =  °

.

4 Xs DTs is  nf - Ss
.

( tonic Fauo ÷ limbdl c
c oh shv ? )


