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Perelman’s W-entropy

X: a compact Kahler manifold
L: a Ké&hler class on X; L = ¢i(L)

Perelman’s W-entropy

For a Kahler metric w € (X, L) and a smooth function f € C*°(X,R)
normalized as [, e’w”/n! =1, we put

W(w, f) = —/X(s(w)—l— 104 2)ef "

S(w, f) :== /(n+ fefw™/nl,
X
WA (w, f) :== W(w, f) + AS(w, f).

WA TH(X, L) = H(X, L) x C®(X)/R — R.
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p-cscK metric

Theorem (I. '21)

A state (w, f) € TH(X, L) is a critical point of W if and only if
&€ = 0 is holomorphic and w satisfies the equation

(s(w) + OF) + (Of + |0*f|?) = Af — const.

We call a Kahler metric w 11" -cscK metric if it satisfies the above
equation for some f with holomorphic 9*f. We put

se(g) := (s(g) + OF) + (Of + |9*F|?).

= pig"-cscK metric in ¢(X) < KRs Ric(w) — Lew = w.

m Extremal metric = p*-cscK metric for A < 0.
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[-entropy

We put

Theorem (Rothaus '81, |. '21)

For each A and w, there exists f attaining the maximum of W*(w, ).
When A < 0, such f is unique. Consequently, p* is smooth on H(X, L)
for A < 0. The critical points are precisely ;i*-cscK metrics in this case.

The functional is analogous to Calabi functional for extremal metric.
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Moment map picture

|
(M,w) v~ T: Hamiltonian torus action. For £ € t and X € R, the map

82+ Ir — bamy : J > (su.(81) — Ape)e™sw”

gives a moment map for a symplectic manifold (J7,Q¢) v» Hamr.

ué\—Futaki invariant

Fud(€) = = | nelsue(e) ~ Mng)er

~> generalized to test configuration via equivariant intersection formula

= ,ug\K—stability D modified K-stability

Theorem (Lahdili '19, I. '20, Apostolov—Jubert-Lahdili '21)

If (X, L) admits a ji}-cscK metric, then it is ji} K-semistable.
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Volume mimimization: p-Futaki invariant vanishing

Proposition (A generlaization of Tian—Zhu's result. |. '19)
(X,w) v« K: Hamiltonian action. The functional
€~ WA(w, 1)

is independent of the choice of w € H(X, L).

Its derivative at £ € € is Futg‘.
It is proper and bounded from above, hence attains a maximum,
which implies the existence of £ with Fut} = 0.

The value
Aice(X, L) = sup{A € R | pis has a unique crit. pt. for VA" < A}

is finite (never +00).
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Non-archimedean p-entropy

We can extend p3, to test configurations (X, £).

Example: Non-archimedean p-entropy for toric configuration

Let P be the moment polytope of a toric variety (X, L). For a convex
function g normalized as fP eddy =1, we put

1ia(a) ;:/ eldo — /\/(n+ q)etdp
oP P
We have pdx (X, L) = pda(q(x.c))-
Theorem (1. '21)

A . A
su X, L)< inf w
(Xyp)/“"NA( ) EH(X,L)H (w)
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Sketch of proof

u W (wg,, —¢:+) is monotonically decreasing.
Consider the action functional A(t) :="— fot W (wg,, —s)ds” and
show its convexity by a tensor calculus on equivariant differential
forms and Berman—Berndtsson's subharmonicity argument. (cf. the
convexity of Mabuchi functional)

w lime o0 VVV'\(WW ~¢t) = pa (X, L)
The equivariant Stokes theorem and the regularity of geodesic ray
across the central fibre (Chu—Tosatti-Weinkove).

N w) > WA (we, ,, —br.e) = pia(X, L;7)

Cororally

For A < 0, all the critical points of u* are global minimizers, which are
precisely p*-cscK metrics. If there is a ﬁé\-CSCK metric w, we have

A A A . A
X, L;7) = = = f .
S pxa( 7) = puia(ge) = " (w) T (we)
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Thank you for listening!



