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L Introduction to p-cscK

p-scalar curvature: definition

X O T 2 (U(1))**: holomorphic action on a complex (K3hler) manifold

p-scalar curvature

For A € R and € € t and a T-equivariant Kahler metric w + u, we put

se(w) = (s(w) — Ape) — (Apue +2|Vpsel*) +

B s(w) — Ape = try,(Ric(w) + Ly w)

" Lo ( ) = (Ape +2|Vuel?)
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L Introduction to p-cscK

p-scalar curvature: definition

X O T 2 (U(1))**: holomorphic action on a complex (K3hler) manifold

p-scalar curvature

For A € R and € € t and a T-equivariant Kahler metric w + u, we put

se(w) = (s(w) — Ape) — (Apue +2|Vpsel*) +

B s(w) — Ape = try,(Ric(w) + Ly w)
" Lo ) = (Ape +2|Vuel?)

A Kahler metric w is a ug‘—cscK metric if sg‘(w) is constant.

m Independent of the choice of the moment map u for w.
m p)-cscK metric <= cscK metric.
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L Introduction to p-cscK

p-scalar curvature: Kahler-Ricci soliton

X: Fano manifold, i.e. ¢;(X) > 0.

Kahler-Ricci soliton

A (&-invariant) Kahler metric w € 2m¢(X) = [Ric(w)] is called a
Kahler-Ricci soliton if

Ric(w) + Ly w = w.
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L Introduction to p-cscK

p-scalar curvature: Kahler-Ricci soliton

X: Fano manifold, i.e. ¢;(X) > 0.

Kahler-Ricci soliton

A (&-invariant) Kahler metric w € 2m¢(X) = [Ric(w)] is called a
Kahler-Ricci soliton if

Ric(w) + Ly w = w.

KRS =
m s(w) — Ape = try(Ric(w) + Ly, w) = n.
n

Lo (Ric(w) + Lyew) = V=100(Apie + 2|V jie )
= Lvugw =V —185( )

Proposition (I. '18)

Fix £ € t. w € 2mcy(X) is KRS for § <= pg-cscK metric.
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Introduction to pu-cscK

Proof of “KRS <« pu!-cscK”

® h: Ric(w) —w = +/—180h,
B 0= —2pue,
m ¢ = JE+ /—1¢ = 540,

Les(Ric(w) — w) = v/=100(06¢ — 0:)
= Lesv/—100h = \/=100¢” h
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Introduction to pu-cscK

Proof of “KRS <« pu!-cscK”

m h: Ric(w) —w = v/—103h,
B 0= —2pue,
u & = JE + /—1¢ = 39,
Les(Ric(w) — w) = v/=100(06¢ — 0:)
= Lesv/—100h = \/=100¢” h
= 00 — - — &/ h = const.
= sg(w) = —(O - &7)(h — 0¢) + const.
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Proof of “KRS <« pu!-cscK”

® h: Ric(w) —w = +/—180h,
B 0= —2pue,
m ¢ = JE+ /—1¢ = 540,
Les(Ric(w) — w) = v/=100(06¢ — 0:)
= Lesv/—100h = \/=100¢” h
= 00 — - — &/ h = const.
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L Introduction to p-cscK

Proof of “KRS <« pu!-cscK”

® h: Ric(w) —w = +/—180h,
B 0= —2pue,
m ¢ = JE+ /—1¢ = 540,
Les(Ric(w) — w) = v/=100(06¢ — 0:)
= Lesv/—100h = \/=100¢” h
= 00 — - — &/ h = const.
= sg(w) = —(O - &7)(h — 0¢) + const.
Therefore, st(w) = const. = (0 — &7)(h — 6¢) = const.
= h— 0 = const. = Ric(w) —w = /—1990: KRS O

Summary: Similarly as cscK generalizes KE, p-cscK generalizes KRS for
general Kahler class.
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L Introduction to p-cscK

p-scalar curvature: “naturality” of the concept

Recall

Donaldson-Fujiki moment map picture

(M,w): C*°-symplectic manifold. Scalar curvature gives a moment map
on J(M,w). Namely, the map S : J(M,w) — Lie(Ham(M, w))" given
by

(SJ), f /(s gy) —5)fw"

is a moment map for the symplectic structure Q on J(M,w):

Q,(A,B) = /M(JA, B)g,w".
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L Introduction to p-cscK

p-scalar curvature: “naturality” of the concept

§5’\ ::/ sg’\(gJ) eeﬁw"// e¥ewn.
M M

Proposition (Moment map picture for p-cscK, I. '18, Lahdili '18)

(M,w) O T: C°-symplectic manifold. u-scalar curvature gives a
moment map on J7(M,w). Namely, the map
S¢ + IJr(M,w) — Lie(Ham7(M, w))" given by

(S2(J). ) = /M (50 (85) — ) e%ewr

is a moment map for the symplectic structure Q¢ on J7(M,w):

Q¢ (A B) = / (JA, B)g, e’w".
M
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L Expected results: Futaki invariant, Reductiveness

pu-Futaki invariant

Put
ho(X) == {¢’ € H'(X, TX) | 30 € C(X) s.t. iprw = /—106.}.

Proposition (Lahdili '18, 1. '19)
For A € R and £ € t, we define Futg‘ :ho(X) — C by

Fut((') == /(sg‘(w) —52)0¢r eeﬁw"// P,
X X
taking a &-invariant metric w. Then this only depends on (X, [w], &, A).

L] Futé\ vanishes if there exists a ,ué\-cscK metric in [w].

= Futé\ is well-defined on hg not only on
bo.e :={¢ €ho | [¢7,¢'] =0}

[ Futg‘|t is T-equivariant deformation invariant.
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Reductiveness

Proposition (Lahdili '18, I. '19)

Suppose b!(X) = 0 for simplicity. If there exists a ug‘—cscK metric for

some A € R, the identity component Autg(X) of the group of
biholomorphisms compatible with £ is a reductive linear algebraic group.
When A <0, Autg(X) is maximal reductive in Aut®(X).

Combined with Luna's étale slice theorem and GIT, reductiveness is
applied as follows in the case [w] = 2mci (X):

m Chen-Donaldson-Sun: K-polystable = 3 KE
= Construction of the moduli of Fano manifolds with KE/KRS metrics
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L Expected results: Futaki invariant, Reductiveness

Non-emptiness: perturbation of Kahler class

Proposition (I. '19)

Suppose a Kahler manifold (X, [w]) admits a ué\—cscK metric wy
satisfying A < A; for the first eigenvalue A; of A — V0. Then there
exists a positive number ¢ > 0 and a neighbourhood U of [w] in the
Kahler cone of X such that for every [©] € U and A € (A — €, A+ €) there
exists a ,ug‘—cscK metric @5 in [] for some € € Lie( Trax)-

Example

m For every cscK manifold (X, w), a perturbation of [w] admits a
p*-cscK metric for every A < 0.

m For every toric Fano manifold X, a perturbation of [w] = 27¢(X)
admits a p'*-cscK metric.
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3. Volume minimization
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L Volume minimization

Tian-Zhu's volume minimization for KRS

Let X be a Fano manifold and w be a Kahler metric in 2m¢;(X). Let
X O K be a holomorphic action of a compact group which is
Hamiltonian with respect to w.

Take for each £ € £ = Lie(K), take a moment map ¢ and normalize
O¢ == —2u¢ so that @05 —0:—¢h=0.

Proposition (Tian-Zhu '02)

The modified Futaki invariant Fut% is given as the derivative of the
following proper convex functional at £ € £ (up to positive multiple):

f(&) = /X ¥,

Cororally

There exists a unique vector £ € ¢ such that Futé =0.
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L Volume minimization

p-volume functional

Let (X, [w]) © K be a general compact Kahler manifold. Put
VoP'(¢) = e ([ et
X
Proposition (1. '19)

d Vol* = Vol*(¢) - Fut}
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L Volume minimization

p-volume functional

Let (X, [w]) © K be a general compact Kahler manifold. Put
VoP'(¢) = e ([ et
X
Proposition (1. '19)
d Vol* = Vol*(¢) - Fut}

Properness of Vol*?

Uniqueness of the critical points of Vol?
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L Volume minimization

p-volume functional

Let (X, [w]) O K be a general compact Kéhler manifold. Put
Vol (€) 1= % ( / ).
X
Proposition (1. '19)
d Vol* = VolI*(¢) - Fut}

Properness of Vol*? - TRUE
Uniqueness of the critical points of Vol*? - TRUE for A < 0.

However, for A> 0!
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L Volume minimization

Properness of Vol*

Proposition (1. '19)

log Vol*(¢) = §€>\ + Alog [, e%w" goes to +o0 as [¢] — oc.

Proof: Replacing ¢ by 0¢ + const. doesn't affect the value of Vol?.
Normalize ¢ so that maxfe = 0 and put X := {x € X | f¢(x) = 0}.



p-cscK (Eiji Inoue)

L Volume minimization

Properness of Vol*

Proposition (1. '19)
log Vol*(¢) = §§>‘ + Alog [y e%cw" goes to +oo as |£| — oo.
Proof: Replacing ¢ by 0¢ + const. doesn't affect the value of Vol?.

Normalize ¢ so that maxfe = 0 and put X := {x € X | f¢(x) = 0}.
As 0¢ is a perfect Morse-Bott function, we can write as

e =—(G + - + %)

near ¥, where 2k = dimg & and x; are normal to .
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L Volume minimization

Properness of Vol*

Proposition (1. '19)

log Vol*(¢) = §€>\ + Alog [, e%w" goes to +o0 as [¢] — oc.

Proof: Replacing ¢ by 0¢ + const. doesn't affect the value of Vol?.
Normalize ¢ so that maxfe = 0 and put X := {x € X | f¢(x) = 0}.
As 0¢ is a perfect Morse-Bott function, we can write as

e =—(G + - + %)

near ¥, where 2k = dimg & and x; are normal to .

Applying Gaussian integral near ¥, we can show for p =0,1,... a
convergence of measures (—1)Pt**PgZet%w" — dmq, as t — oo to some
strictly positive measure dm., supported on X.
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L Volume minimization

Properness of Vol*

Proposition (1. '19)
log Vol*(¢) = 55)‘ + Alog [y e%cw" goes to +oo as |£| — oo.
Proof: Replacing ¢ by 0¢ + const. doesn't affect the value of Vol?.

Normalize ¢ so that maxfe = 0 and put X := {x € X | f¢(x) = 0}.
As 0¢ is a perfect Morse-Bott function, we can write as

e =—(G + - + %)

near ¥, where 2k = dimg & and x; are normal to .

Applying Gaussian integral near ¥, we can show for p =0,1,... a
convergence of measures (—1)Pt**PgZet%w" — dmq, as t — oo to some
strictly positive measure dm., supported on X.

fé/t:/(s(w)/t)eteﬁw"// eteﬁw"—i-/iOgetaﬁw”// etfewn
X X X X

+0+ [ Ooeam.. [ [ dme >0 (= (@e)ls > 0)
b pX
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L Volume minimization

Continuation: proof of the properness of Vol*

As for the rest terms:
log Vol*(£€) /t — 50/t = A(—/ Ggeteiw"// et 471 Iog/ etf™)
X X X
=0(t ™)+ 0(t logt) =0

It follows that log Vol*(t¢) & Cet 00 as Ce = liminfe_o 5%/t > 0. [

Cororally

For each ), there exists a minimizer & of Vol*. In particular, there exists
a vector £ € € such that Futg‘ =0.
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L Volume minimization

Non-Uniqueness of critical points of Vol* when A > 0

The second derivative is given as follows:

e
<E) Lio log VoI (€ + t¢)

[y Oceew” | fx(§?9§ +4|C|§J)60§W"
PR Ll TS
Jx e¥ewn Jx ePewn

NGRS (fx 9469%") 2

Jx ewr Jx e¥ewr
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L Volume minimization

Non-Uniqueness of critical points of Vol when A > 0

The second derivative is given as follows:

e
<E) ‘t: log VoI (€ + t¢)

_ o dx e Jx (3267 + 4I¢[z ) e%<w"
= —FUtg (©)
Jx e¥ewr Jx e¥ewr
. Jx 02e%wm ([, OcePewn ’
Jx ewr Jx e¥ewr

Suppose Fut = 0. Then 0 € £ is a critical point of Vol* for every A as
Fut = Fut). We should have

Si(s(@)82 + aICR )" [ fy 82 B2
A= fi:" /<fxw”_<ffxi">>

in order that 0 € £ is a local minimizer of Vol*. This fails for A > 0.
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Extremal metric

Let (X, [w]) be a (compact) Kihler manifold. A K3hler metric w € [w] is
caIIed an extremal metric if it is a critical point of the Calabi functional

fX(S 2 n

<= s(w) — O¢ is constant for some & generating a (rank 1) torus.
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Extremal metric

Let (X, [w]) be a (compact) Kihler manifold. A K3hler metric w € [w] is
called an extremal metric if it is a critical point of the Calabi functional

C(w) == [x(s(w) — 5)%w".

<= s(w) — O¢ is constant for some & generating a (rank 1) torus.

Recall
s2(w) = (s(w) + 06e) + (00 — 2|¢]%) -

If we have a sequence of triples {(&;, \i,w;) € t X R x Hp,1}72; such that
& — 0 and \i& — £ for some €, € t and w; — wyo for some Kahler
metric wso € [w], then sé’\i"(w,-) converges to s(woo) — be__ .



p-cscK (Eiji Inoue)
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Extremal metric

Let (X, [w]) be a (compact) Kihler manifold. A K3hler metric w € [w] is
called an extremal metric if it is a critical point of the Calabi functional

C(w) == [x(s(w) — 5)%w".
<= s(w) — O¢ is constant for some & generating a (rank 1) torus.
Recall B B
sé\(w) = (s(w) +00¢) + (00 — 2|¢)%) —

If we have a sequence of triples {(&;, \i,w;) € t X R x Hp,1}72; such that
& — 0 and \i& — £ for some €, € t and w; — wyo for some Kahler
metric wso € [w], then sé’\i"(w,-) converges to s(woo) — be__ .

m If w; are ug‘_"—cscK metrics, then wy, is an extremal metric.

m Taking w; = w shows that Futé\i" converges to
FutZ’;f = [, (3(w) — O ) ow"/ [ w".
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Claim of this section

If we take a sequence {(&;, A;)} so that A\; = —oco and Futi’ =0, then
& — 0 and A& — Eext, Where oy is the (extremal) vector uniquely
ext

characterized by Fut, =

Remark: such a sequence always exists.
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Claim of this section

If we take a sequence {(&;, A;)} so that A\; = —oco and Futg’ =0, then
& — 0 and A& — Eext, Where oy is the (extremal) vector uniquely
characterized by Futg™ =

Remark: such a sequence always exists.

Note

Jx OFe®<wn [y Oce’ewn

Fud(€) = Fud©) - A | 55 —( fxeogwn)

Put
-1

02e%yn 0. e% " 2
Ae == Futd(€) - Jx ¢ - <fX e ) for £ # 0,

efsn eVswn
X X

then Futy(§) =0 <= X = \¢ for £ #0.
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L Go to the limit A \y —oo

A as a function of &

Ais a contmuous function on €\ {0}. So if a sequence of pairs (&, A;)
satisfies Futg‘ =0and \j = —oo, then \j = X¢; and [§;| should satisfy
either || — 0 or |&;| — .
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A as a function of &

A is a continuous function on €\ {0}. So if a sequence of pairs (&, A;)
satisfies Futg‘ =0and \j = —oo, then \j = X¢; and [§;| should satisfy
either || — 0 or |&;| — .

The set {€ € €| A¢ <0} is bounded. In particular, we have |§;| — 0.

In a similar way to the proof of the properness of Vol*, we can prove
Fut?(¢) /400 as [¢] — oo. [
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A as a function of &

A is a continuous function on €\ {0}. So if a sequence of pairs (&, A;)
satisfies Futg‘ =0and \j = —oo, then \j = X¢; and [§;| should satisfy
either || — 0 or |&;| — .

Lemma
The set {€ € €| A¢ <0} is bounded. In particular, we have |§;| — 0.

In a similar way to the proof of the properness of Vol*, we can prove
Fut?(¢) /400 as [¢] — oo. [

Lemma

A normalized function A¢|€| on € = £\ {0} continuously extends to the
real bowing-up & = €% U {|¢| = 1} — £. In particular, \;¢; is bounded.

When t =0,  [t&| " 'Futge (t€) = [y(s(w) — 5)f¢/jew"/ [ w" and

|t§|—2(fx9fseet5‘*’" - (fx9rseet5w")2) N (fx Oe/1e1w” (fx 9s/|s\w")2) 0

6 6
e tg yn e tg yn fxw” fxw"
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Continuation: proof of the claim

Thus we can find a subsequence of {\;&;} converging to a vector £,. As
Fut5 — Fu‘cEXt and Fut) = 0, we have Futg’:: = 0. Such a vector &, is
the unique cr|t|caI point of the following proper convex functional:

W (€)= [ (5= 5= (6~ B

It follows that £, is independent of the choice of the subsequence, so
that the original sequence \;&; converges to Eext.
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From extremal metric to pu-cscK, recent updates

Proposition (1. '19)

Suppose a Kahler manifold (X, [w]) admits an extremal metric wexs, then
for every A < 0 there exists a ug‘—cscK metric wy for some & # 0.
Moreover, w) converges to wext as A — —o0.

Proposition (I. '19)
The functional Vol* has unique critical points for A < 0.
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Questions and ...

Can we expect the uniqueness of the critical points of Vol for every
A<07?

When [w] = 2mci(X), what about for A <17

Prove the uniqueness of uz\g)-cscK metric for each A < 0 (mod Aut).
Relate the existence of p2-cscK (resp. pu*-cscK) metric to
uK-stability of (X, [w],&, ) (resp. uK-stability of (X, [w],A) O T)
(in progress).

Construct moduli spaces of Kahler manifolds with ,ué\—cscK metric.

Wall-crossing: When [w] = 27¢;(X), observe what happens on the
moduli spaces when A changes from 1 (KRS) to —oco (extremal).
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Questions and ...

Can we expect the uniqueness of the critical points of Vol for every
A<07?

When [w] = 2mci(X), what about for A <17

Prove the uniqueness of uz\g)-cscK metric for each A < 0 (mod Aut).
Relate the existence of p2-cscK (resp. pu*-cscK) metric to
uK-stability of (X, [w],&, ) (resp. uK-stability of (X, [w],A) O T)
(in progress).

Construct moduli spaces of Kahler manifolds with ,ué\—cscK metric.

Wall-crossing: When [w] = 27¢;(X), observe what happens on the
moduli spaces when A changes from 1 (KRS) to —oco (extremal).

%3 | (Thank you !)
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