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1. Heuristic picture: Lempert's Lagrangian formalism
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Lagrangian system in physics

Lagrangian mechanics: coordinate free expression of Newtonian
mechanics (convenient to deal with holonomic constraint)

H=R33x, TH3(x,v).

In the Cartesian coordiante, the kinetic energy is T(x,v) = 2m|v|?.
Consider a potential V(x,v) = mg|x|. The Lagrangian of this system is

L=T-V.:TH—=R.

The principle of least action says that the motion ¢, € H of a particle
from xp € H to x; € H is characterized as the minimizer of the action
functional

S(¢) = /0 £(r. o).

The Euler-Lagrange equation is

d oL

) - EW(Q—'H,@) =0.

oL .
&(tha (rbt
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Lempert’'s Lagrangian formalism

(X, L): a polarized manifold
H(X, L): the space of Kahler metrics in L

TH(X, L) = H(X, L) x C°(X)/R

I
Consider a functional
L:TH—R

which is invariant under the parallel translation (w.r.t. Mabuchi
connection): for any smooth curve w; = w + v/—19du;, we have

L(we, fopr) =L(w, )
for ¢ € Diff(X) generated by the time dep. vector field (—1/2)V,,, i;.
eg. L(w,f)= [y |£]Pw"
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Lempert’'s Lagrangian formalism

Assume L is fibrewise convex.

Theorem (Lempert '20, principle of least action)

A weak geodesic (slightly regular) minimizes the action functional

b
S(¢) = / L(wr, d)dt

among all path ¢ = {¢;} connecting given endpoints w, and wp.

Theorem (Lempert '20, Hadamard convexity)

Put
Lr(w,w') =inf{S(¢) | ¥ : [0, T] — H(X, L) connecting w,w'}.

Then for weak geodesics ¢, ¢', L1 (¢, @) is convex.
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2. Extremal metric and Kahler—Ricci soliton
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Extremal metric and Calabi functional

The Calabi functional C : H(X, L) — R is given by
1 2 2,.n
Cw) == [ s(w)yw"
2 Jx

The critical points are extremal metrics: 9*s(w) = gijsj— is holomorphic.
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Extremal metric and Calabi functional

The Calabi functional C : H(X, L) — R is given by
1 2 2,.n
Cw) == [ s(w)yw"
2 Jx

The critical points are extremal metrics: 9*s(w) = gijsj— is holomorphic.
Donaldson—Futaki invariant:

(Kx.L™™1)

DF(X,,C) = (K/’?/Pl.ﬁ_‘n) - m

(Z-n+1)
Relative Donaldson—Futaki invariant:
1 ~
DF¢(X,L) :=DF(X,L) + —/ 0c0nwq
A Xo

If (X, L) admits an extremal metric with £ = d*s, then we have
DF¢(X, L) > 0 (relatively K-semistable).
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Extremal metric and Calabi functional

Donaldson’s lower bound:

_ 47DF(X, L)

W2
.0 < (2C(w))™7,

where we put
IOl = [ (¢~ 5PDH(,£)
R
with the barycenter b := [, tDH(X, L).

Optimal destabilization conjecture

We have the equality

47DF(X, L) : o
sup — ) e (2C(w)Y
SR T DT wentep 2

and the supremum on the LHS is achieved by some test configuration.
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Lagrangian formalism on Calabi functional

We consider the functional Wy : TH(X, L) — R given by

Wo(o.F) = =5 [ () = P+ 5 [ s

Observations (written in my preprint in preparation)

m (Conservative) The Euler-Lagrange equation

OWey ; d aWex
3wt(wt7¢t) E t( t7¢>t)

for the action functional S(¢) : f Wt (wr, ¢t)dt is the geodesic
equation.

B Wy (wi, gbt) is monotonically decreasing along weak geodesic.
(Convexity of the Mabuchi functional)
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A new proof of Donaldson’s lower bound

We note
Clw)= sup Wext(w,T).
fec=(X)

It is recently shown by C. Li that the slope of the Mabuchi functional
along to the geodesic ray associated to a normal test configuration
(X, L) is given by MNA(X, L) = limg_y00 d DF(Xy, Ly).

Using this, we obtain

. : 1
Jim Wes(we, ¢1) = =3 (4nMNA (X, £) + (| (X, 0.
We put for 7 > 0
1
CualX, £i7) = 5 (4T M, £) + 72 (%, L))

By the monotonicity, we obtain

CNA(Y. Li7) = Jim Wext(wre, fre) < Wext(w,0) < C(w)
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A new proof of Donaldson’s lower bound

When DF(X, £) > 0, the maximum of Cnya (X, L; ) is achieved at
7 =0. When DF(X, £) < 0, we have

DF(X, L)
CUJ > su C X,E;T :2-4.7"'2—’7
(@) 2 sup Cua(¥, £i7) @, D)2

which shows Donaldson’s lower bound on Calabi functional. O
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A new proof of Donaldson’s lower bound

When DF(X, £) > 0, the maximum of Cnya (X, L; ) is achieved at
7 =0. When DF(X, £) < 0, we have

DF(X, £)?
C(w) > sup Cua (X, L;7) =2 - 42— 2)
) >0 ( ) (X, L)

which shows Donaldson’s lower bound on Calabi functional. (O

Theorem (Entropy maximization)

m If the supremum of Cya is achieved by a product configuration, then
(X, L) is relatively K-semistable. This is the case when (X, L)
admits an extremal metric.

m If (X, L) is K-semistable, then Cxa is maximized at the trivial
configuration.
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Kahler—Ricci soliton and modified K-stability

Let X be a Fano manifold, i.e. —Kx is ample. The normalized
Kahler—Ricci flow on X is

Wy = Ric(wy) — 27wy.

A Kahler—Ricci soliton is a self-similar solution: a pair of a Kahler metric
w and a holomorphic vector field & such that

Lew = Ric(w) — 2mw.
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Kahler—Ricci soliton and modified K-stability

Let X be a Fano manifold, i.e. —Kx is ample. The normalized
Kahler—Ricci flow on X is

Wy = Ric(wy) — 27wy.

A Kahler—Ricci soliton is a self-similar solution: a pair of a Kahler metric
w and a holomorphic vector field & such that

Lew = Ric(w) — 2mw.

We can define modified Futaki invariant Fute(X, £) and hence modified
K-stability of X w.r.t. £. (Tian—-Zhu, Xiong, Berman, Datar—Székelyhidi)

There is a unique vector { such that Fut; = 0 for product configurations,

But it is HARD to express the vector explicitly!

The invariant Fut, exists, but it is not explicitly given for X.

Nevertheless, we can check the modified K-stability in some case (toric,
horospherical), without detecting &.



p-cscK metrics, pK-stability and a Lagrangian formalism (Eiji Inoue)

Kahler—Ricci soliton and H-functional

Let X be a Fano manifold. The H-functional H : H(X,—Kx) = R is

given by

1 n
%H(w) ::/Xhehw"//xehw"—log/xeh%.

The critical points are Kahler—Ricci solitons: 9%h is holomorphic.

Optimal destabilization along Kahler—Ricci flow

m (Chen—Sun-Wang) For a Fano manifold X, there exists a
F of X such that the central fibre X is a

modified K-semistable Q-Fano variety, which moreover admits a
special degeneration X to a Q-Fano variety X'y with Kahler—Ricci
soliton.

m (Han-Li) The filtration is uniquely characterized (modulo
equivalence) as a maximizer of H-entropy.

u (Dervan—Székelyhidi) sup H(F) = inf,cpx,0) H(w).
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Lagrangian formalism on H-functional

Let X be a Fano manifold. We consider the functional
L: TH(X,—Kx) — R given by

1 o h .n —fwn
%L(w,f)._ /few//ew Iog/Xe PR

m (Conservative) The Euler-Lagrange equation

oL : d oL

%(Wn(f)t) dt of (wtaét)

for the action functional S(¢) : f L(w¢, ¢¢)dt is the geodesic
equation.

u (Dervan-Székelyhidi) L(w, ¢¢) is monotonically decreasing along
weak geodesic. (Convexity of the Ding functional) The limit along a
geodesic ray gives the H-entropy.
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3. A non-conservative Lagrangian formalism on p-cscK metric
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p-cscK metric

|
For A € R, we call a Kahler metric w € L p’\—cscK metric if

(s(w) + 06¢) + (06 — £6¢) — A9 = const.

for some holomorphic vector field £ with 30, € C*(X) s.t.

V=108, = €.
Theorem (1. '19 + Lahdili '20)

m A Kihler—Ricci soliton wgr € —KXx is a p?™-cscK metric.

m There is a Donaldson—Fujiki type moment map picture for ,ug‘—cscK
metric.

m For each (X, L), u*-cscK metric is unique mod Aut for A < 0.

m If there is an extremal metric wexy € L, there is a family w)y of
,u)‘—cscK metrics for A < 0 such that w) converges to wext.
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Perelman’s W-functional and p-cscK metrics

We consider the functional W* : TH(X, L) — R given by

Y P2 —An—f))e fwn "
WA(W, f):= fX ( )+ 10°f] - E’n )) — )\Iog/ effw—
Jxe fw X

nl’

Recall Perelman's W-functional is
1

Wie. fir) = (4mT)n/2

/X (T(R(g) +|VF?) = (n— f))effvolg

for a Riemannian metric g and f € C>°(X) with [, e fvolg = 1, usually considered
fort >0

Theorem (I. '20, to appear)

A state (w, f) € TH is a critical point of W* if and only if £ = 9f is
holomorphic and w is a p*-cscK metric w.r.t. €.
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W-functional as a non-conservative Lagrangian system

m (Non-conservative) The Euler-Lagrange equation

6WA o (we, b)) — 4 65‘; (we, d) = 0is NOT equivalent to the

geodesm equation.

m The extremal path is geodesic iff 8&@ is holomorphic, which
happens only when w; = @jw for ¢, € Aut generated by a
holomorphic vector field ¢ = 9%f.

Theorem (I. '20, to aapear)

m W? is monotonically decreasing along smooth geodesics.

= For a smooth subgeodesic ray ¢; subordinated to a test
configuration, the limit lim;_, o W*(w;, #;) is given by the
non-archimedean p-entropy.

. |imHiooA(vT/*(w,A—1f) WA (w, 0)) = Woro(w, f).



p-cscK metrics, pK-stability and a Lagrangian formalism (Eiji Inoue)

Archimedean p-entropy

We define i* : H(X,L) — R by
prw) = sup Wr(w,f).
FeC=(X)

Theorem (1. '20, to appear)

For each A <0 and w, there exists a unique maximizer f € C>(X)
of W*(w,-) modulo constant.

In this case, the functional fi* : H(X, L) — R is smooth.
Its critical points are precisely ;i*-cscK metrics.

They are global minimizers of fi* among all T-invariant Kahler
metrics, where T is the center of a maximal compact.

The p-entropy fi* is an analogy of Calabi functional.

I

Is there an analogy of Donaldson's lower bound?
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4. Volume minimization and uK-stability
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Entropy maximization for product filtration

Suppose we have a holomorphic Hamiltonian action (X, L)~ K by a
compact Lie group. We define i, : € — R by

fina () = WA (w, ),

using a K-invariant metric w € L and 0 € C*°(X): V—100¢ = jcw.
Theorem (1. '19 +«)

m This is independent of the choice of w and pu.

m If there exists a ug‘—cscK metric, then & is a critical point of fi{,.

When A < 0, £ maximizes fid, (among all vectors).
= There always exist a maximizer of i 5.
m (Phase transition) The value

Areeze = sup{A € R | VA’ < A ﬂl)\}/A admits a unique critical point}

is not foo.
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“Non-archimedean” p-entropy of test configuration

Recall
Sy (Ric(w) + D)<
fx ethe

f (w + pg)ethe) w
X o —log [ e¥THe)
Jx et X

1 o
R (—56) = W w,2) = -

For a test configuration (X, £) and 7 > 0, we put
_ (55,
NNA(XV‘C' T) =27 (eﬁcx |Xo;7')
(Lex |X0.eﬁcX |X0;'r)

(e’CCX |X0 : 7—)

.efexlxo; 1)

+ /\< — log(eex |X°;7'))
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“Non-archimedean” p-entropy of test configuration

Proposition
By the localization on P! and the equivariant
Grothendieck—Riemann—Roch theorem for Xy/{0} — &X' /C, we get
(efex 120 7) = (e!) = 7o)
(Lox |2 e%ex 1%, 7) = (L.eb) —T(ZCX efex; 1)
(55, €510, 7) = (Kx.e') = 7(K jpu.e5% 1 7)

Replacing K‘C/]P1 with KX/]P?] = K/%;Pl + A — []C”, we obtain

the following by the equivariant Stokes theorem.

Theorem (1. '20, to appear)

For a smooth subgeodesic ray ¢; subordinated to a test configuration
o . v .
(X7L)' b”’ (X,,C;T) = lime 00 WA(wTU(ﬁTf)'
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Toric expression

By the equivariant intersection formula, we obtain

Proposition (I. '20, to appear)

Let (X, L) be a toric variety and P C t be the associated moment
polytope. Take a defining convex piecewise affine function g of the
moment polytope Q@ = {(u,t) | p € P, g(p) <t <0} of a
T-equivariant normal test configuration (X, £). Then

23 Y — Jop €™9do Jp(n Tra)ent / q
paa(X, L) = =27 [ emidu —I—A( T eridn log Pe du).

Find an explicit example of a toric variety (X, L) and a

non-product (X', £) (or filtration) maximizing i ,-
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Entropy maximization for tc/filtration

The p-entropy makes sense also for f.g. filtrations. By differentiating the
p-entropy at £ to the direction of test configurations, we obtain

Theorem (I. '20, to appear)
A If there is a vector ¢ such that

PRA(E) = BRa(X, L T)

for every test configuration (X, £; 7), then (X, L) is ug‘K—semistabIe.
B If for every test configuration (X, L; 7), there is a vector £ such that

ﬁ'l)\‘IA(f) > l]I{\IA(X’ ‘C; T)7

then (X, L) is p*K-semistable.
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5. Conjectural picture
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Optimal destabilization

Conjecture (pK-stability is entropy maximization)
When )\ < 0, the following are equivalent:
= (X, L) is puK-semistable

m ¢ is a maximizer of jid, among all (f.g.) filtrations

Conjecture (Optimal destabilization conjecture for p-entropy)

Y ; - A
sup ¢) = inf w).
¢6’H(XNA’LNA)MNA( ) we’H(X,L)u ( )
When A < 0, 3! a maximizer ¢ € H(XNA, LN4) of jid , modulo
Aut(X, L).
“The central fibre" Xj of ¢ is mildly singular and ué\K—semistabIe for
the vector & generated by ¢. (The NA Monge—Ampére measure MANA (¢)

is a sum of dirac mass supporting on quasi-monomial valuations. )
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Filtration

A (bounded) filtration F assigns a subspace F R, C Ry, = H°(X, L®™)
for each A € R and m > 0 which enjoys the following properties.

# F R = Nyar F Rin.

8 F Ry FYN Ry € FMN Ry

®m 3Cst. FAR, =0 for A\ > Cm and F*R,, = R, for A < —Cm.
A filtration is finitely generated if there exists m such that for every k

F Rk = Z HP"R,".

|[l=k i€l
2ier NiZA
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Filtration and degeneration

m For (X,L) ~ T and & € t, we put
FeRm = P HUX,L®™),
(1,62

for m>1 and ]-'QRO =Ciff A <0. Thisis a f.g. filtration.

m Let B, := SpecC[o¥ N M]~ T be the affine toric variety associated to a
strictly convex polyhedral cone 0 C N ® R of full dimension. Let
(X/Bs, L) be a T-equivariant family of polarized schemes whose general
fibre is isomorphic to (X, L). For u € M and s € H(X, L®™), we define
Se " € HY(X x T,L%™) by 3e™#(x, t) = (s(x).t)x *(t). Put

Flap, c)fm = {s € H°(X,L®™) | 5e™* extends to a section over X'}

and for ¢ € o,

A —
Flx/poceRn =D Flxs,.c)Rm
(&) >N

Then Fx/s,,c:¢) is a f.g. filtration.
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Filtration and non-archimedean metric

Boucksom—Jonsson, A non-archimedean approach to K-satbility

{filtrations}/ ~ = PSHT(XNA, [NA) c PSH(XNA, [NA),
{f.g. filtrations}/ ~ = H(XNA LN,

where

HOCA, 1¥%) = L max(logsilo + ) | SHLT), s 0=0),
J

AER

Can we modify the definition of i, so that it is independent
of the choice of the filtration F with FS(F) = ¢?

1. Use a unique maximal filtration in the equivalent class of filtrations.
2. Express i, (¢) as an integration on the Berkovich space X4,
similarly as MNA,
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Towards non-archimedean formalism: non-archimedean
moment map

For a C* action on (X, L) and a U(1)-invariant metric w € L, we can associate
a unique moment map p : X — R normalized by [w + u] = Lex. The measure
D = (idx x p)«w" on X x R determines x and w. For w € C*°(R), we have

| wop= [ wie

For a test configuration ¢ = (X, L), we consider the following measure Dy on
XN X R: _
Dy =Y orde(Xo)(E.L").0, ® DHE f),..
E

Then we have
w(—7t)Dy = ([Xo] w(Lcx ); 7),

XNA xR

A Dy = (K2, — KB et ).
[ AT = (K = K i)



