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What ‘shape’ of a space is most “natural”?

X = (M, J): a compact complex manifold.

N

. . 2 . .
g = gi;dz'dz = 5L dz'd#: a Kihler metric

~ L:=[g] € H*(X,R): a polarization

Can we find/define a “canonical metric” gean in L which tells

us information on the complex geometry of (X, L)?
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Classical examples

dimc X = Jdimg X =1~ 3 g € L Kahler-Einstein metric

RlC(g) = >\Lg’

unique modulo Aut(X).

Ric(g) := —(logdet g);;dz'dZ/
s(g) = —g"(logdet g);;
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Various notions of canonical metrics

Let (X, L) be a polarized manifold. A K&hler metric g € L is called

m Kahler—Einstein metric if Ric(g) = Ag.
m Kahler—Ricci soliton if Ric(g) — Zzg = Ag for a holo. vec. &.

~» AL = 2m¢y(X): a strong restriction on (X, L).

m CscK metric if s(g) = const.

= (normalized) Kahler—Ricci flow: Ric(w;) — Adwr = —wy
~ Kahler-Ricci soliton.

m KE < cscK and AL = 27¢i(X) for some A € R.

= Unique modulo Aut(X, L).
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Philosophy: Donaldson—Fujiki moment map picture

m (M,w) O T: symplectic manifold

m J = Jr(M,w): the space of T-inv alm cpx strs. comp. with w

m Ham := Ham(M,w): the group of T-equiv. Hamiltonian
diffeomorphisms

» = Lie(Ham) = C*(M)/R

Proposition (Donaldson—Fujiki '97, I. '18, Lahdili '19)

There are symplectic structures Q.s.x, Qxrs and corresponding moment
maps

ycscK;yKRs T = bv
s.t. Fe(J) = 0 for integrable J € J iff g, is ® = cscK/KRs.
As for KRs, we assume AL = 27¢; (M, w).

~ applied to a construction of a Hausdorff moduli space of complex
structures/bihol. (Keywords: Kempf-Ness, GIT, K-stability,
Yau-Tian—Donaldson conjecture...)
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p-cscK metric

For A € R, we call a Kihler metric g € L 1 -cscK metric if

s(g) + Ap — 3|Vul? = At
0% = (g7p;)r 2 ® dz¥ =0.

This curvature notion is naturally derived from the moment map picture
on KRs. It unifies cscK metric and KRs.

Theorem (I. '19 + Lahdili '20)
For each (X, L), p*-cscK metric is unique mod Aut for A < 0.

Uniqueness holds as long as A < 0.
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“Phase transition” of u-cscK metrics

When A > 0, u)‘—cscK metric is not unique in general!

We can construct a non-trivial u*-cscK metric on CP = S? for A > 4.

1+ xt)eXdt 4
f(—) \log / et dt
f_l extdt —ii

2sinh
_ e sin x).

pr(x) = (A - 2m)

X
=(\-2
(A 7T)tanhx

If there exists a p*-cscK metric on (CP1 w.r.t. g with 0% = x./— zaz,
then x must be a critical point of p?.

While x = 0 is always a critical point, there appears new critical points
x # 0 when A > 47,
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Thank you for listening!



