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1. Canonical metrics and K-stability in Kahler geometry

Extremal metric and Calabi functional

The Calabi functional C : H(X,L) — R is given by

The critical points are extremal metrics: 9%s(w) = g”7s;0; is holomorphic.

= The notion generalizes cscK metric s(w) = const., hence also
Kahler—Einstein metric Ric(w) = Aw.

m For a compact complex manifold X and a Kahler class L = [w],
w € L can be KE metric only when ¢;(X) oc L or = 0. Conversely,
cscK metric in such Kahler class is automatically KE.

= Extremal metric in L is cscK metric iff Fut(x ;) = —fX Spew™ = 0.

Berman—Berndtsson, et al. ‘ Given (X, L), extremal metrics are unique

modulo Aut®(X) if it exists.




Canonical metrics and Perelman’s opy in Kahler geometry (Eiji Inoue)

1. Canonical metrics and K-stability in Kahler geometry

(Relative) K-stability

A text configuration (X, L) is a C*-equivariant flat family of polarized
schemes (X, £) =5 C endowed with an isomorphism X x C* = co~1(C*).

Donaldson—Futaki invariant <= moment map picture:

(Kx.LAn_l)

DF(Xv‘C) = (K/\?/Ipu.[:'") - m( _-n+1).

Relative Donaldson—Futaki invariant: when (X, L) O T, for £ € t

DF(X, £) := DF(X £)+i nt2 1/ a.r(L; 6"
I3 ) T ) 27'(' 2 + 1, T ’ .

|Széke|yhidi, et al. | If (X, L) has an extremal metric with ¢ = Im(d%s),
then we have

DF{ (X, £) > 0 for V(X, L),

i.e. (X,L) is relatively K-semistable.
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1. Canonical metrics and K-stability in Kahler geometry

Donaldson’s inequality

Donaldson's lower bound:

27TDF(X,£) . 1/2
sup ————"=) < inf (2C(w))Y/?,
.oy &L wGL( ()

where we put

(X0 = [ (¢~ bPDH(Y,£) = —(";2) E2 (o

with the barycenter b := [, tDH(X, £).

optimal destabilization conjecture

We have the equality

27DF(X, L)

sup ——————~ = inf 2C(w))Y/?
Sy 3 TR NG )

and the maximum of LHS is achieved by some test configuration.
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Kahler—Ricci soliton

Kahler—Ricci soliton is a self-similar solution of Kahler—Ricci flow:
Ric(w) — Ljew = Mw
for some ¢ € iso(X,w) with holomorphic ¢/ = J¢& + /—1¢.

= The notion generalizes K3hler—Einstein metric Ric(w) = Aw.
m w € L can be KRs only when ¢;(X) < Lor =0.
= KRs is KE metric iff Fut(x, ;) = 0, which holds for A < 0.

Usually, L = 2mwc1(X), hence X is Fano.

|Tian—Zhu, et al. | Uniqueness modulo Aut®(X) (volume minimization)

| Berman-Witt-Nystrom, et al. | If X admits a KRs with &, then

Fut?*(X, £) > 0 for V(X, L),

i.e. X is modified K-semistable.
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H-entropy

The H-entropy for w € L is defined by

H(w):/ he"w"// ehw"—log/ ehw—,
X X x N

where h is the Ricci potential v/—190h = Ric(w) — w. KRs are the
critical points of H.
The following is a generalization of Tian—Zhu's volume functional:

. . orde(L£ — L) / .
Hna(X, L) = ErTc]IzQ’O(AX(VE)+ orde Xy ) —log Re DH(x )

Theorem (Chen—Sun—Wang, Dervan—Székelyhidi, Han-Li, et al.)

We have the equality

sup Hna(X, L) = inf H(w)
(x,L) wel

and the maximum of LHS is achieved by a unique f.g. filtration.



Canonical metrics and Perelman’s entropy in Kahler geometry (Eiji Inoue)

L Brief introduction to u-cscK metrics

2. Brief introduction to p-cscK metrics



Canonical metrics and Perelman’s entropy in Kahler geometry (Eiji Inoue)

L Brief introduction to u-cscK metrics

p-cscK metric

CscK metric is a natural generalization of Kahler—Einstein metric.
What about Kahler—Ricci soliton?

m In view of K-stability, we want moment map picture.

= In view of optimal degeneration, we want volume minimization.

o [presK metric

A Kahler metric w is called /ié\—cscK metric if

Sue = (S(w) + Ope) + (Ope + 0% 11¢|?) = Ape + const.

n ,u?)‘ = ﬁ2_“2)é—cscK metric in A 'c1(X) < KRs Ric(w) — Lew = %w.

m Extremal metric = the limit of y*-cscK metrics as A — —oo.
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Moment map picture for p-cscK metric

|
(M,w) v~ T: Hamiltonian torus action. For £ € t and X € R, the map

82+ Ir — bamy : J > (su.(81) — Ape)e™sw”

gives a moment map for a symplectic manifold (J7,Q¢) v» Hamr.

ué\—Futaki invariant

Fud(€) = = | nelsue(e) ~ Mng)er

~> generalized to test configuration via equivariant intersection formula

= ,ug\K—stability D modified K-stability

Theorem (Lahdili '19, I. '20, Apostolov—Jubert-Lahdili '21)

If (X, L) admits a ji}-cscK metric, then it is ji} K-semistable.
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L Brief introduction to u-cscK metrics

Volume minimization: p-Futaki invariant vanishing

Proposition (A generlaization of Tian—Zhu's result. |. '19)

(X,w) v~ K: Hamiltonian action. There is a functional

pr o t—R
€= WHw, 1)
satisfying the following.
Its derivative at £ € € is Futg‘.

It is proper and bounded from above, hence attains a maximum,
which implies the existence of & with Futé\ = (0,

The value
Aice(X, L) == sup{A € R | g*" has a unique crit. pt. for VA’ < A}

is finite (never +00). ~» phase transition
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Perelman’s W-entropy

Perelman’s W-entropy

For a Kahler metric w € (X, L) and a smooth function f € C*°(X,R)
normalized as [, e’w"/n! =1, we put

v

—/(s(w) + [0 F ) efw" /!,
X

3w, f) = [ (n+ N)efun/nl,
WA (w, f) :== W(w, f) + AS(w, f).

ATH(X, L) = H(X, L) x C®°(X)/R = R.

Original: an )/ w) +|VF[?) = (2n — f)) e vol,
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p-cscK metric is critical points of W-functional

Theorem (I. '21)

A state (w, f) € TH(X, L) is a critical point of W* if and only if £ = Vf
is real holomorphic and w is a /ig\-cscK metric.

We put 5
MNw) = sup WA (w, f).

Jy efwr/nl=1

Theorem (Rothaus '81, I. '21)

For each \ and w, there exists f attaining the maximum of W*(w, ).
When A <0, such f is unique. Consequently, fi* is smooth on H(X, L)
for A < 0. The critical points are precisely ;1*-cscK metrics in this case.

The Perelman p-entropy is analogous to Calabi functional fx §2w"/n! for
extremal metric in a Kahler class or H-entropy [, he"w"/n! for KRs.
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3. p-cscK metric and Perelman’s entropy

Algebraic bound on Perelman p-entropy

For (X, L) = (X, —Kx), we have 1" > 27 H.

127 - H °"%% Mabuchi : Ding
Theorem (1. '21)

- . A
su X, L;7) < inf w
(Xyﬁr;)T)“NA( ) e (w)

Cororally

For A <0, if there is a ﬁg—cscK metric w, we have

sup pna(X, £i7) = paa(§) = pi(w) = inf  pt(wy).
(x,Li7) we EH(X,L)

In particular, all the critical points of ,u)‘ are global minimizers, which are
precisely p*-cscK metrics.
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3. p-cscK metric and Perelman’s entropy

Characteristic p-entropy

For a test configuration (X, L), we have the expansion

1 x
/Re—‘r.tym(t) _ /Re—T.tDH(X’E) _ _(H«;{o .eECX |Xo;7-)_m—1 + O(m_Z)

2
for 1
Vm = _FZdlm HO(X(),[:?’"))\ m1>>o DH(X,L)-
ANEZL
For 7 >0,
C* Lo lxg. (Kx.et) — m.(K5C™ efex ;1)
ﬂNA(X,L;T) = 27r(l<’X0 e¢ O,T) _ 271' X/]P’l

Jo e DH(x 1)

fR(n — T.t)e_T'tDH(X L) i
= — Iog/ e "'DH
[ e "*DHx r) ® )

Jo e DH(x 1)

F(X,L;7) =

PAA (X, L7) = fana (X, L 1) + AS (X, L 7)
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3. p-cscK metric and Perelman’s entropy

Sketch of proof

= WX(wy. ,, —¢r.¢) is monotonically decreasing.
Consider the action functional A(t) :="— fot W (wg, ., —hr.s)ds”
and show its convexity by a tensor calculus on equivariant
differential forms and Berman—Berndtsson's subharmonicity
argument. (cf. the convexity of Mabuchi functional)

mlimeoo WNwg. ,, —dr.t) = pRa (X, L5 7)
The equivariant Stokes theorem and the regularity of geodesic ray
across the central fibre (Chu—Tosatti-Weinkove).

W) = W(wg, o —0re) = BNA(X, Li7)
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Universal aspect

[y he"w”
3 —Ix " |
H-entropy | H(w) [ e Iog/ w"/n!

L(w, f) = ffxfew” Iog/efw"/n!,

then H(w) = sup; L(w, f) and Hxa (X, £;7) = lime—so0 L(wo, ,, r.t)

Introduce

22 .n
Calabi functional C(w) = ;f}s ":
W

Wext(% f) _ fx(jf— ng

Introduce

then C(w) = sups Wexe(w, ) and Cua(X, £;7) = limi— 00 Wext (Wes 1, Pr.t),
for which we have max,>o Cna(X, L;7) = (2er:) ﬁ&xﬁﬁlz when DF(X, L) <0.
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4. pK-stability and non-archimedean p-entropy

Characteristic p-entropy and pK-semistability

We can extend fi* to f.g. filtration of R = @, H°(X, L®™).

Proposition (. '21 (to appear), essentially proved in . '20)
There is a family of f.g. filtrations {F¢,(x,z)}refo,00) Satisfying
) (Fe) = pA(€) and

=
dr lr=0

/‘1’)‘(]:5-&-7'(%',5)) = —Futé\(X,ﬁ).
Cororally (I. '21)

If 1* is maximized by £ € t, then (X, L) is ﬂg‘K—semistable.
This is the case when (X, L) admits a ﬁg‘—cscK metric for A < 0.
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Optimal degeneration and pK-semistability

Theorem (I. '21, to appear)

If a f.g. filtration 7 maximizes fi*, then the central fibre
(Xo, L]x,) = Proj @, @®ycp t - F R/ F Ry is i K-semistable.

‘ Question: Show the existence and uniqueness of maximizers of ji*. ‘

:

m Consider a ‘completion’ of the space of f.g. filtrations and extend
i o to the completion as an usc function.

m Show compactness maximizing sequences ~- existence.
m Prove the ‘regularity’ of the maximizer.
cf. Similar approach by M. Xia in the context of extremal metric.
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L4, juK-stability and non-archimedean ji-entropy

Completion approach for optimal degeneration

Boucksom—Jonsson: a completion £, (X, L) of the space of TCs.

Theorem (I. '21, to appear)

exp

There is a complete metric space Exa (X, L) C EfA(X, L) and a
functional pud s : Exa(X, L) = [—00,00) which extends py, for test
configurations.

We can also extend the H-entropy as Hna : E9P(X, L) — R. We have
[112\171A S 27THNA for (X, L) = (X, —Kx).

hon-avchimedean
psh metric
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4. pK-stability and non-archimedean p-entropy

Thank you for listening!
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