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ABSTRACT. This is the second in a series of two papers studying p-cscK met-
rics and puK-stability from a new perspective, inspired by observations on u-
character in [Ino3] and on Perelman’s W-entropy in the first paper [Ino4].

This second paper is devoted to studying a non-archimedean counterpart
of Perelman’s p-entropy. The concept originally appeared as p-character of
polarized family in the previous research [Ino3|, where we used it to introduce
an analogue of CM line bundle adapted to puK-stability.

We firstly show some differential of the characteristic u-entropy ﬂé‘h is the
minus of p*-Futaki invariant, which connects p*K-semistability to the maxi-
mization of characteristic u*-entropy. It in particular provides us a criterion
for pu*K-semistability working without detecting the vector & involved in the
,u?—Futaki invariant. We observe a family of filtrations {F¢ |, (x,£)}re[o,00) @8-
sociated to a test configuration (X, £) and a vector field £ acting on (X, L) to
consider the differential. We conceptualize such family of filtrations as polyhe-
dral configuration and study its generalities. The concept implicitly appeared
in many literatures involved in R-test configuration.

In the latter part, we propose a non-archimedean pluripotential approach
to the maximization problem. In order to adjust the characteristic p-entropy
ﬁg‘h to Boucksom—Jonsson’s non-archimedean framework, we introduce a nat-
ural modification fiy, which we call non-archimedean p-entropy. We extend
the non-archimedean p-entropy from the set of test configurations to a space
Eﬁf(X, L) of non-archimedean psh metrics on the Berkovich space XNA,
which is endowed with a complete metric structure. We introduce moment
measure [ xD, on Berkovich space for this sake, which can be considered as
a hybrid of Monge-Ampere measure and Duistermaat—Heckman measure.

We also compare our u-framework with other frameworks: H-entropy frame-
work in the context of Kdhler—Ricci flow and Calabi energy framework in the
context of Calabi flow. Some illustrations by toric examples are attached in
Appendix.
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1. MAIN RESULTS

In this second paper of the series, we explore an invariant for test configuration
called p-entropy in the first paper [Inod] and its connection to pK-semistability
introduced in [Ino3] (see also [Lahl, Ino2]). This paper consists of three parts.

In the first part, section 2, we study family of filtrations associated to equivariant
family of polarized schemes over affine toric variety, which we call polyhedral con-
figuration, and variation of p-entropy along such family of filtrations. In particular,
we observe p-entropy maximization implies pK-semistability, which motivates us
to study the existence and the uniqueness of maximizers of the p-entropy.

To find a maximizer of a functional defined on an infinite dimensional space,
it is often effective to study suitable completions and extension of the functional
to the completions. The rest two parts are devoted to this attempt. We adapt
our framework to Boucksom—Jonsson’s non-archimedean pluripotential theory [BJ1,
BJ2, BJ3, BJ4], which provides completions PSHyna (X, L), Exa(X, L), ... of the
space of equivalence classes of filtrations/test configurations.

Similarly as in the case of the non-archimedean Mabuchi invariant (a variant
of Donaldson—Futaki invariant which fits into the non-archimedean formalism), to
extend the p-entropy, we would express equivariant intersections by some inte-
gration on Berkovich space. Different from the case of Mabuchi invariant, the
non-archimedean Monge-Ampere measure MA () is not suitable for our purpose,
and there is another measure on Berkovich space concerned with equivariant in-
tersections of higher moments. For a normal test configuration (X', £) and a Borel
measurable function y on R, the measure is expressed as

/XD(X,L) = Z OrdEX()/XDH(E,,C\E)~§vE~

ECXo R

We call it moment measure. For x = 1, it gives the non-archimedean Monge—
Ampere measure. For x = e, it provides a measure suitable for u-entropy.

In the second part, section 3, we construct the measure [ xD,, for general non-
archimedean psh metric ¢ € £ (X, L) of finite energy class. To construct the mea-
sure, we firstly observe the non-archimedean Monge-Ampere measure MA(p A7) of
the rooftop ¢ A7 for non-archimedean metric ¢ = ¢(x ) € Hna (X, L) associated to
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test configuration and 7 € R. Similarly as the above expression of the moment mea-
sure, it is concerned with the primary decomposition of the Duistermaat—Heckman
measure: DHy ») = ZEC% ordg&p - DH(g £),). Secondly, we study a gener-
alization of the Duistermaat—Heckman measure for test configuration to general
non-archimedean psh metric ¢ € PSHya (X, L), based on the monotonic continuity
of f[T’OO) DH(x,,z,) along decreasing nets ¢(x, r,) € Hna(X, L). Then the measure
| XD, is constructed in a measure theoretic way based on these observations. The
total mass [[yxa XDy := [yna [ XDy is equal to [, xDH,,.

In the last part, section 4, we firstly study a metric space (Exga (X, L), dexp) con-
sisting of non-archimedean psh metrics of finite exponential moment energy Eoxp.
The metric dexp originates from Orlicz norm, a generalization of LP-norm. The
topology induced from deyp, is stronger than any d,-topology for 1 < p < oo and
is weaker than d.o-topology (uniform convergence). Under the hypothesis on the
continuity of envelopes, which is valid for smooth X (see section 3.2.7), we show the
completeness of the metric space. We then show the p-entropy fi, has a natural
upper semi-continuous extension to Ega (X, L), which is finally expressed as

A fXNA (2mAx + Xp) [e'Dy, + ngrf(X*/\L(@) // .
= _ — Al D,.
ARAle) JJxxa €7Dy o8 XNA © T

At last, we discuss maximization problem for the non-archimedean p-entropy and
relation to other works. In Appendix, we observe some toric examples to illustrate
our theory.

In this article, we restrict our interest to schemes of locally finite type over
the field C, for which we have convergence results on equivariant intersections (cf.
[mo3]). A polarized scheme (resp. polarized variety) (X, L) is a pair of a pure
n-dimensional projective scheme (resp. projective integral scheme) X over C and
an ample Q-line bundle L over X: L is a pair L = (I,L) = (1/1)L of a positive
integer [ and an ample line bundle L on X. For instance, for a Q-Fano variety
X, we consider L = —Kx = (I, (w$")Y) for sufficiently divisible I so that (w$')V
is invertible. We denote by A! the affine space C and by G,, the multiplicative
group C*. Torus means algebraic torus T' = N ® G,,,, where N & Z" is a finite rank
lattice. We denote by t = N ®R the associated real Lie algebra. We identify it with
the Lie algebra of the closed torus Tiea := N @ U(1) via & — 4 |,_q exp(t2my/—1¢).

Now we explain the main results for each section.

1.1. Characteristic y-entropy and pK-semistability.

1.1.1. Introduction to characteristic u-entropy. In [Ino3], we introduced an equi-
variant characteristic class i (X/B, L) € He(B,Q) for G-equivariant family of
polarized schemes with intent to construct an analogy of CM line bundle in the
context of uK-stability. For a test configuration (X, L), the base B = Al is G,,-
equivariantly homotopic to a point with the trivial G,,-action, so that we can iden-
tify the characteristic class iy (X/B, L) € Hg (A',Q) = H(CP>,Q) with an in-
finite power series Y _,_, a;z* € Q[z] by identifying = with ¢; (O(—1)) € H?(CP>),
which is the equivariant first Chern class ¢, (C1) € HE (pt) of the weight one
representation Cy of G,. It is shown in [Ino3] that this series compactly absolutely
convergent to a real analytic function on R. For a normal test configuration (X, L),
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the functional can be expressed as

(Kx.e") = pK 7, .c5m s p)

7 Xv ﬁ; =
12 h( p) fRe ptDH(_}(,ﬁ)
Je(n — pt)e” P"DHx ) _
5(X,L;p) = = —1 P*DH
G(X,L;p) f]R e—PtDH(X@ og/]Re (X,L)s

fi (X, L5 p) = fren (X, L5 p) + A& (X, L; p)
for p € R. Here
e we put (el) = (L™)/n! and (Kx.el) = (KX L'”_l)/(n -1
e the G,,-equivariant intersection (KG Xjar .F6m: p) on the compactification
(X, L) is defined by some infinite sum of cup products of equivariant coho-
mology classes (see section 2.3.1 for the precise definition),
e the Duistermaat—Heckman measure DHx ) is associated to the G,,-action
on the central fibre and is normalized by [; DH(x ) = (e).
We call this [Lg‘h(X,E;p) the characteristic p-entropy, distinguishing it with the
non-archimedean p-entropy we later introduce.
By the equivariant localization and the equivariant Grothendieck—Riemann—
Roch theorem, we can localize the equivariant intersection to the central fibre (cf.
Definition 2.22 and Proposition 2.33):

(Kx.e") = p(K 5, e5ms p) = (k3 e5m s p),

using a G —equivariant homology class k X;" derived from the equivariant homol-
ogy Todd class TX (Ox,) (cf. [EG2, Ino3]). Or conversely, we can express the
integrations by equivariant intersections on the compactification X’

/eiptDme = (X" p) = (€F) — ple™oms p),
R

/]R(n — pt)e "'DH(x o) = (Xg™ .Lg,, " p) = (L.e™) — p(L,, €% p).
Here we note (L.e%) = (L™)/(n — 1)!. We remind

1 (L& xip) (LR p(LEH 5 p)
) A P DHx o) = f’nfé)! ((n—i—k))! (n+ k)l

where ((LnJr;) =0 for kK > 0 and f’#)’p) = 0 for kK = 0. We explain the precise
definition of these equivariant intersections in section 2.3.1.

A proper vector (or often called just vector in this article) on (X, L) is an el-
ement £ € t of the real Lie algebra of a torus T acting on (X, L). For integral
€ € N C t, we can assign a product configuration X x A' endowed with the di-
agonal action of G,, derived from the group homomorphism G,, — 7T associated
to €. We can define the characteristic p-entropy [l,g‘h(X ,L; &) for a proper vector
&, using the expression localized to the central fibre. This is compatible with the
above characteristic p-entropy for product configuration associated to integral (or
rational) &. This is the original form of characteristic u-entropy appeared in [Ino2]
as p-volume functional, in which we generalize Tian-Zhu’s volume minimization
argument for Kéhler—Ricci soliton to p-cscK metric. It is proved there that there
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exists a proper vector maximizing fic, (X, L; e) among all proper vectors when X
is smooth. We will see the properness can be extended to X with klt singularities.

As explained in section 2.1.1, we can assign filtrations for test configuration and
proper vector. This leads to the following study.

1.1.2. Characteristic p-entropy and pK-semistability. We firstly study the charac-
teristic u-entropy for finitely generated filtrations, generalizing the above descrip-
tion. We begin with studying the characteristic p-entropy of some geometric ob-
ject (X/By, L;€), which we call polyhedral configuration (see Definition 2.14 and
Definition 2.22). It then turns out that any finitely generated filtration is asso-
ciated to some polyhedral configuration (no unique choice) in Proposition 2.20,
and the characteristic p-entropy is indeed an invariant for filtrations in Proposi-
tion 2.29. Studying a variation of the characteristic u-entropy along geometric
family {F(x/B, c:¢)}eco of filtrations, we obtain the following criterion for puK-
semistability.

Theorem 1.1 (Summary of section 2.3.3, section 4.2.9). Let (X, L) be a polarized
scheme. Assume one of the following:

(1) There exists a proper vector {opy on (X, L) such that

BN (X, L Eopt) > A (X, L3 p)

for every test configuration (X, £) and p € Q>o.
(2) X is a normal variety with only klt singularities, and for each test configu-
ration (X, L; p) there exists a proper vector £ on (X, L) such that

Then (X, L) is i* K-semistable for any proper vector &opt Which maximizes the char-
acteristic p-entropy among all proper vectors/test configurations/finitely generated
filtrations.

This result is an algebraic counterpart of Theorem 1.4 in [Ino4] on Perelman’s
p-entropy. We will reinterpret this theorem as Theorem 1.10 in terms of non-
archimedean formalism. The latter criterion is more pragmatic: we no longer need
to detect the (transcendental) vector £ for which (X, L) must be /lg‘K-semistable
to check its u*K-semistability. We only need to find a vector & for each test con-
figuration (X, L;p) so that the above inequality holds. To show the latter claim,
we prove the properness of the p-entropy ﬂé‘h(X , L; e) for proper vectors. This is
proved for smooth X in [Ino2] in a differential geometric way and will be proved
for klt X in section 4.2.9 after establishing some non-archimedean pluripotential
theoretic formulae.

The following gives an extension of the above theorem. Analogous results for
other frameworks are known by [Der2] and [HL2]: the central fibre of an ‘optimal
degeneration’ is ‘semistable’ in a suitable sense depending on the framework.

Theorem 1.2 (Summary of section 2.3.3 and section 2.3.4). Let (X, L) be a po-
larized scheme. If a finitely generated filtration F maximizes 1}, among all finitely
generated filtrations (or test configurations), then the central fibre (X, (F), L,(F))
of F is ji*K-semistable with respect to the proper vector &, on X,(F) induced by
the filtration F.
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See section 2.1.1 and Definition 2.19 for finitely generated filtration. The central
fibre (X,(F), Lo(F)) of a finitely generated filtration F is defined by

(2) Ro(F) = P P F R/ F* R,
meN AeR
(3) (Xo(]:)aﬁo(f)) := Proj Ro(]:)

By Proposition 2.18, the central fibre (X,(F),L,(F)) can be identified with the
central fibre of a polyhedral configuration which represents the filtration.

1.1.3. Non-archimedean p-entropy of test configuration. The characteristic p-entropy
ﬂé‘h gives a right concept in view of GIT on Hilbert scheme as studied in [Ino3].
However, analogously to Donaldson—Futaki invariant, this notion does not fits into
Boucksom—Jonsson’s non-archimedean pluripotential theory because it is not well-
behaved with respect to the normalized base change along 2% : A' — A! due to bad
behavior of the canonical divisor: @ (X4, La;p) # 1), (X, L;dp). This prevents
us to interpret ﬂé‘h as a functional for non-archimedean metrics since the attempt
B (Px.c.p)) = B0, (X, L; p) is not well-defined for the associated non-archimedean
Metric Y(x,£:p) = P(Xy,Laid~1p)-

Similarly as Mabuchi invariant, we can refine this by using the equivariant log
canonical divisor:

K = (KSn 4 (X)) — @ (KEr +[0°]) € HEp (X,2).

The following variant fits into the non-archimedean formalism:

(Kx.eb) — p(KISEEm efon s p)

- ’/]P’1
(4) fina (X, L5 p) o= 2m =L 7
(el) — p(eLem; p)
(5) Pxa (X, Lip) = A (X, L5 p) + AG(X, L; p)

for a normal test configuration (X, L;p). Since ((Xy — X°d).e%;p) > 0, we have
A A (X, L5 p) > 1, (X, L; p) in general, where the equality holds when the central
fibre is reduced. Similarly as non-archimedean Mabuchi invariant (cf. [BHIJI,
Proposition 7.14]), we have iy, (Xa, La; p) = B34 (X, L; dp) as we explain below.

We observe the normalized base change behavior of the G,,-equivariant log
canonical homology class K;g’G"'L € Hym 5(X). In the non-equivariant case, it
is observed in [LX, section 3]. (Note K;g’Gm is not a divisor on X. It is a divi-
sor/reflexive sheaf on X xg, FE|G,,. See section 2.3.1. ) We write the effective
divisor Xy as 3, d;E; and put Z := XS U, B8 U (Uin; EiNE;) C X. Around
E;\Z, the test configuration X — Al is locally expressed as A1 — Al @ (z;) > 25
(implicit function theorem), so that the normalized base change is locally expressed
in the following diagram:

d

L) g0z T )
©) | 1

Z Al w? Al
We put X° := X\ Z and X := X, \ v;'Z, where v : X; — X is the normalized
base change morphism. The G,,-equivariant Chow class Kigg,Gm (resp. K;)dgme)

is the push-forward of the G,,-equivariant Chern class of the log cotangent bundle
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T8 x° (resp. T'°&*X7), which is locally spanned by dz1,...,z; “dz, ... dz,
around the boundary F; \ Z. By the above local expression, we deduce that the
derivative of v4 induce the isomorphism of log tangent bundles vg . : TlOng =~
vy Tlog x°, (The derivative Vg« does not induce an isomorphism of the usual tangent
bundles TXY, TX® as vq ramifies along the central fibre. ) Since the derivative is
functorially given, vq . is equivariant with respect to the d-times scaled G,,-action
on V;TlogXo. (Note v4 is equivariant with respect to t¢ : G,, — G,,. ) As Z has
codimension greater than one, we get (z/d)*K;dg’G’" = dK;’g’G’” as G,,-equivariant
Chow classes, with d-times scaled G,,-action on X. Therefore, we obtain

108,Gr L. log,Gr L.
(K z&pr 5 p) = (dK 5 e dp)

by the equivariant projection formula. This shows i (Xa, La; p) = fia (X, L; dp)
as desired.

1.1.4. Towards non-archimedean formalism: moment measure of test configuration.
Now we explain how we use the moment measure f XDx,z;p)- We put

(7) /XD(X,zz;p) = OrdEXO/RX(pt)DH(E,ﬂE)(t)'(Sp.vE

ECXy

for a normal test configuration (X, L). Here vy denotes the valuation on X asso-
ciated to the prime divisor £ C X as in Example 2.4, and §,, denotes the Dirac
measure on the space of valuations Val(X) charging vg.

Assume X is log canonical, in particular Ky is Q-Cartier. Take a resolution
B : X — X so that the canonical rational map Px X --» X x P! - X extends
uniquely to a morphism of schemes. Then as in [BHJ1, Proposition 4.11], we have

K;i’lﬁm —p}K‘gm = Z Ax(UE)OI‘dEXO.EGm

EC)EO
as G,,-equivariant classes, where E®m denotes the G-equivariant class on X asso-
ciated to the G,,-invariant irreducible component E of Xy. It follows that we can
express fina (X, L;p) as
ZE Ax (pvg)ordpXy - (ECm.eem; p) s (Kx.e") — p(pi KSm P Lom; p)
(Fenlo;p) (eZonlo;p)

Now since
(EG ‘CGm . p) = /Re_ptDH(E7EIE)(t),

we have

> Ax(pvp)ordpXy - (ESm.eom; p) = / AX/ e "Dix,cip)s
5 Val(X)

(Xéc’m.eﬁﬁw / / D(x,c;p) =: // € "D ip)-
Val(X) Val(X)

Thus we get the following expression of fixa (X, L; p):
fVal(X) Ax [ €7"Dix £ip) _or EEx (X, L;p)

2 b
ffVal(X)e "D(x,c:p) ffval(x) “Dix,cip)
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where we put

(8) EM (X, L;p) = —((M.e") — p(px M, " “om p)

exp

for a Q-line bundle M on X. We have a similar expression on & as we will observe
in Corollary 4.51.

Remark 1.3. We can find an analogy to moment map in the moment measure
D(x,r;p) as follows. For a moment map p : X — R of a U(1)-invariant Kéahler
metric w, consider the measure D, ,, = (idx X p)«(w™/n!) on X x R. Since the
support of the measure is the graph of the moment map, we can recover the moment
map from this measure. For continuous functions x on R and g on X, we have

[o [ = [ axt) i

We speculate for subgeodesic rays {¢s}sejo,00)s 1%s }se[0,00) C EY(X,w) subordi-
nate to ¢, 9 € 4, (X, L), the following holds

=k . Ly (ddegs —mh)ntE
/)(NAw/ k! Dg;—sgnolo_/)((ddw—ﬁ’(/}s)/\ (’ﬂ+k)' )

in particular

/ " / e 'D, = lim — / (ddep — i) A et —més
XNA §—00 b'e
Compare the formula (1) and [Ino4, Proposition 3.19]

The moment measure should be not confused with the weighted non-archimedean
Monge-Ampere measure constructed in [HL1]. The former reflects the higher mo-
ments of G,,-action on test configuration and the latter reflects the higher moments
of T-action on T-equivariant test configuration. The crucial difference is that G,,
acts non-trivially even on the base A! while T acts only on X fibrewisely over A'.

1.2. Tomography of non-archimedean Monge—Ampeére measure. The state-
ments here are described based on Boucksom—Jonsson’s global non-archimedean
pluripotential theory [BJ1, BJ2, BJ3, BJ4]. We review various terminologies and
notations in section 3.2. Here we just recall XN4 denotes the Berkovich space
associated to X, PSHna (X, L) denotes the set of non-archimedean psh metrics,
EXA(X, L) denotes the finite energy class, H%,(X,L) denotes the set of non-
archimedean psh metrics assigned to finitely generated filtrations and Hyxa (X, L)
denotes the set of non-archimedean psh metrics assigned to test configurations:

Hna(X,L) C HRA(X, L) C E4A(X, L) C PSHya(X, L),
which are all subsets of

{ upper semi-continuous functions on XN*1.

1.2.1. Duistermaat—Heckman measure. In section 3.3, we study a generalization of
the Duistermaat—Heckman measure for test configurations to non-archimedean psh
metrics. This is used in the construction of moment measure.

Remark 1.4. Recently, M. Xia [Xia2] also constructed the Duistermaat—Heckman
measure for ¢ € Ex, (X, L). Though the construction is different from ours, both
constructions give the same measure as these are continuous along decreasing nets
w; \¢ p. Our construction is based on the monotonic continuity of moment energy
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E, () along decreasing nets ¢; \, ¢, which is observed in section 3.3.2. Xia’s
construction is based on observation on Okounkov body and is concerned with the
associated (archimedean) geodesic ray via E5 (X, L) < RY(X,w) (cf. [BBJ]).

Theorem 1.5 (Summary of section 3.3.3, 3.3.4 and section 4.2.1). Let (X, L) be
a polarized variety. For a non-archimedean psh metric ¢ € PSHya (X, L), we can
assign a finite Borel measure DH, on R with total mass [, DH, < (el) which is
characterized by the following properties:

e For Px.c) € HNA(X, L), we have DH(P(X‘C) = DH(X,L’)~
e For ¢; \ p € PSHya (X, L), we have f[T’OO) DH,, — f[T’OO) DH,,.

Moreover, we have [, xDH,, — [, xDH,, in the following cases:

(1) x is tame in the sense of Definition 3.60 and ¢; \, ¢ € PSHna (X, L).

(2) x is moderate in the sense of Definition 3.64 and ¢; N\, ¢ € Ex, (X, L).

(3) x is continuous and has left bounded support, and a net {¢; };e1 € Exa (X, L)
converges to ¢ € E4, (X, L) in the strong topology.

For general ¢ € PSHna (X, L), we may have [, DH, < (e¥) as x = 1g is not
tame, while [, DH, = (e¥) for ¢ € £4, (X, L). This is reminiscent of the fact that
the (archimedean) Monge-Ampére measure for general psh metric may lose mass
(cf. [GZ, Section 10]).

We also introduce moment energy E, (¢) and subspaces X, (X, L) C E4A (X, L)
(see (72) and Definition 3.52) for non-constant increasing concave function x on R.
In this article, increasing (resp. decreasing) means x(t) < x(t') for t < ¢’ (resp.
x(t) > x(t') for t <t').

1.2.2. Moment measure. As we observe, the following construction is the key for
the extension of non-archimedean p-entropy.

Theorem 1.6 (Summary of section 3.4.2). Let (X, L) be a polarized variety. For
¢ € EYA(X,L) and a Borel measurable function y on R with [, [x|DH, < oo,
we can assign a signed Radon measure [ xD, on the Berkovich space X NA which
enjoys the following properties:
(1) For ¢(x,r) € Hna(X, L) represented by a normal test configuration (X, £),
we have

/X,DWX‘C) - Z OrdEXO/XDH(E,ClE)'évE'
ECX, R

(2) [ xD, is linear on x. If x > 0, the measure [ xD, is non-negative.
(3) For any pointwise convergent increasing sequence 0 < x; " x, we have the
weak convergence of measures

/Xti /‘/Xpw

(4) We have [[yna XDy := [yna [ XDy = [ XDH,.

5) We have [ 1gD, = MA(y) as measures.

(6) Suppose y is moderate in the sense of Definition 3.64. Then for a convergent
decreasing net ¢; N\, ¢ € E4A(X, L), we have the weak convergence of

measures
/ xD,, — / XD,.
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These properties characterize the measure [ xD,,.

The following formula on the Monge-Ampeére measure of the rooftop ¢ A 7 (the
non-archimedean psh envelope of min{p, 7}, see section 3.2.8) is the key in the con-
struction, which we call tomography of non-archimedean Monge—Ampeére measure.

Proposition 1.7 (Summary of section 3.4.1). For any ¢ = ¢(x,z) € Hna(X, L)
and 7 € R, we have

MA(pAT) = Z ordEXo/

DH(Ea[f|E)'5”E + / DH(X,£)~§1)U;V-
ECXo (—00,T)

[T,00)

To show this, we observe in section 3.1 the primary decomposition of the Duistermaat—
Heckman measure DH(x ») = ZECXO ordpXp - DH(g £),,) in terms of the filtration
F, associated to non-archimedean psh metric ¢ = px ). We note this filtration
is different from the filtration F(x ) associated to test configuration in general:

Fo = ﬁ( x,c) is stabilized along normalized base change. The filtration F, is suit-
able for our purpose as we have Forr = F, N Fy,,,, [T] (see section 3.2.8).

1.3. Non-archimedean p-entropy on &Y% (X, L).

1.3.1. The metric space Exa (X, L) and the non-archimedean p-entropy. The non-
archimedean p-entropy is concerned with exponential weight, so we have a special
interest in Eexp(p) := E_.—t(p) (see (72)). The following is a natural class to
consider the non-archimedean p-entropy:

(9) Exv(X, L) :={p € PSHNA(X, L) | Eexp(p;p) > —00 for Vp > 0}.

For ¢ € EJY (X, L), we have Eexp(p;p) = — [z e 7"DH, > —oo (see Proposition
3.63 and Corollary 3.67), so we can consider the moment measure [ e~'D,,.

We study two topologies on Egx (X, L). One is the coarsest refinement of the
strong topology (di-topology) which makes Eexp(,,) continuous for every p > 0
and the other is the metric topology induced from a metric dexp which is modeled on
Orlicz norm for exponential weight. We refer to these topologies as Fexp-topology
and dcxp-topology, respectively.

Theorem 1.8 (Summary of section 4.1.3, 4.1.5, 4.1.6 and section 4.2.3). Let (X, L)
be a polarized variety. There exists a metric dex, on Exa (X, L) for which we have
the following.

(1) For every p > 0, Eexp(p;p) is continuous with respect to dexp-topology.
Namely, dexp-topology is finer than Eqxp-topology.

(2) Pointwisely convergent decreasing nets are dexp-convergent. In particular,
Hna (X, L) C EFR (X, L) is dense.

(3) The metric space (EFN (X, L), dexp) is complete when X is smooth.

We may replace the smoothness assumption in the last claim with the continuity
of envelopes for (X, L) (see section 3.2.7).

Theorem 1.9 (Summary of section 4.2.4, 4.2.5, 4.2.7 and section 4.2.8). Let (X, L)
be a polarized variety. We have the following continuity results for E.y,-topology
on Ega (X, L).
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(1) For every strongly convergent sequence 1; — 1) € E (X, L) (or uniformly
convergent sequence v; — 1 € CO(XN4)) and every Eey,-convergent se-
quence p; — ¢ € Exa (X, L), we have

[ femn [ ofen
XNA XNA

(2) For a Q-line bundle M on X, the functional EJ, on Hxa (X, L) defined by
(8) extends continuously to Ex (X, L).

(3) Suppose X has only kit singularities, then we have the greatest lower semi-
continuous extension of the log discrepancy Ax to XNA. In this case, the
functional

HNA(X,L) %R:ﬂgA(gﬂ)+2ﬂ'/ AX/e_tDw
XNA

extends continuously to Exw (X, L). As a consequence, fiy, on Hya (X, L)
extends to Eﬁj{’(X , L) as an upper semi-continuous function.

As for (3), we must assume X is log canonical for the existence of Isc extension of
the log discrepancy Ax to XNA. Indeed, since XN is compact, any lsc extension
of Ax must be bounded from below, but if X is not log canonical, then we have
Ax(v) < 0 for some v € XN* and hence inf,c xna Ax(v) < lim, ,  Ax(pv) =
—00, which is a contradiction. At the moment, we assume X is klt to ensure the Isc
extension of Ax: in this case, the lsc extension is given by putting A x(v) = oo for
v € XNA\ X2l See the proof in [BJ2] for the lower semi-continutiy. The author
speculates the Isc extension of Ay exists for general log canonical X. We note in
the log canonical case, we must put Ax = 0 on the closure of {v € Val(X) | Ax(v)},
which makes the lower semi-continuity nontrivial.

1.3.2. Non-archimedean u-entropy and optimal degeneration. To reformulate The-
orem 1.1 and Theorem 1.2 in the non-archimedean formalism, we must compare
the characteristic p-entropy fi}},(F,) and the non-archimedean p-entropy fid, (¢)
for ¢ € HX A (X, L) (see section 3.2.6 for F,). The problem can be reduced to the
continuity of the log discrepancy Ax along some geometric family of valuations.
We will check this for valuations associated to proper vectors. As a consequence, we
get 1A (¢e) = i, (X, L; €) for proper vectors (Proposition 4.56) and thus obtain
the following reformulation.

Theorem 1.10 (Summary of section 2.3.3 and section 4.2.9). Let (X,L) be a
polarized normal variety with only klt singularities. If for each ¢ € Hna(X, L)
there exists a proper vector £ on (X, L) such that

A (0e) > aRale),

then (X, L) is ji*K-semistable for some proper vector &opt Which maximizes the non-
archimedean p-entropy among all proper vectors (or among all ¢ € Hya (X, L)).

Now let us combine this with analytic results in the first paper [Ino4]. Here ﬂéer
denotes the Perelman’s p-entropy. We use the convention in [Ino4], which has the
reverse sign compared to the original one [Per].

Corollary 1.11. Let (X, L) be a polarized smooth variety. For A € R, the following
(c) implies (b), and (b) implies (a).
(a) (X,L)is ,ugK semistable.
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(b) fixa(®e) = SUPery (x,1) ANA(P)-
(c) Ba(pe) = info, cri(x,L) Bper(We)-
Proof. Theorem 1.5 in [Ino4] directly implies (¢) = (b):

Axalpe) = dnf o fipe(ws) > sup  fixa(p) = Ava(pe):
we EH(X,L) pEHNA(X,L)
Here note the last inequality is not trivial as p¢ € HIA (X, L) \ Hna(X, L) for
irrational £ € t, but it follows by the continuity on £ thanks to Proposition 4.56.
The implication (b) = (a) is nothing but Theorem 1.10. O

The author speculates these conditions are actually equivalent.

Corollary 1.12. Let (X, L) be a polarized smooth variety. If there is a ug‘—CSCK
metric w on (X, L) for A < 0, then we have

fRalpe) = sup  aXa(e).
pEHNA(X,L)

In particular, (X, L) is ug‘K—semistable.

Proof. This is a consequence of the above corollary and Theorem 1.4 in [Ino4] which
states

Y <\ : ~ )\
= w) = inf We).
NNA(‘P&) ll’Per( ) ws EH(X,L) H’Per( ¢)

(]

Though the pK-semistability of p-cscK manifold is not new (cf. [Lahl], [Ino3]
and [AJL]), the proof relies on a completely different perspective from the pre-
vious one concerned with the boundedness and the slope of p/weighted-Mabuchi
functional.

Since iy, is only upper semi-continuous, we cannot immediately deduce

sup  fina(p) = sup  aRa(e)
LPEE;)XD(X,L) pEHNA(X,L)

from the density of Hna(X,L) C EJA(X,L). This problem can be reduced to
the following conjecture, which is analogous to Conjecture 4.81 for the usual non-
archimedean entropy.

Conjecture 1.13 (Regularization of exponential entropy). Let (X, L) be a polar-
ized normal variety with only klt singularities. For any ¢ € Exa (X, L), there exists
a sequence {¢;} C Hna (X, L) converging to ¢ in Eexp,/dexp-topology (or prefarably
it is a convergent decreasing sequence) such that

lim AX/e_t’Dw :/ AX/e_th,.
11— 00 XNA XNA

In [Inod4], we proved

<\ : ~ )\
sp A S inf iba(w)
QOGHNA(X,L) NA W¢E’H(X5L) Pe ¢
and for A < 0 the equality holds at least when there exists a p*-cscK metric. (At
the moment, we cannot replace Hya (X, L) in the left hand side with a slightly
large HX A (X, L), which is plausible in view of maximization problem. However, it
would be a consequence of a result in coming [BJ5] as we remark below. ) The
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author speculates the equality holds in general, even for extended p-entropies. See
also analogous Conjecture 4.75 in Calabi energy framework.

Conjecture 1.14 (Minimax conjecture for u-entropy). Let (X, L) be a polarized
normal variety with only klt singularities. Then for A < 0 we have

72 ) . .\ . N
sup u = sup [ = inf wa) = inf i w
L,DEE;XAP(L) NA(QD) ¢€HD§A(L) NA(()O) ws€H(L) Pcr( ¢) ws€ESP (L) Pcr( ¢)

with an appropriate definition of £ (X, L) and Perelman’s y-entropy fip,, (we) for
wy € EXP(X, L).

Compared to Theorem 1.10, the following theorem just rephrases Theorem 1.2
as we currently assume fid () = 12, (Fop)-

Theorem 1.15. Let (X, L) be a polarized normal variety with only klt singu-
larities. If f1d, is maximized by ¢ € HRX, (X, L) on HR¥, (X, L) and i, (¢) =
i), (F,), then the central fibre (X,(¢), Lo(¢)) = Proj R,(F,) is reduced and i K-
semistable with respect to the proper vector {£ induced by the filtration F.

The reducedness of the central fibre is a general phenomenon for the filtration 7,
associated to ¢ € HX, (X, L) (see section 3.2.6). In this article, we only check the
equality for ¢ € Hna (X, L) and ¢ for proper vectors. However, it would be proved
in coming [BJ5] that the log discrepancy Ax has a desired property we discuss in
section 4.2.9, which implies the condition fid, (¢) = fi},(F,) follows immediately
by the assumption ¢ € HX, (X, L).

1.3.3. Mazimization problem for non-archimedean p-entropy. We are now inter-
ested in finding a maximizer of 13, in HX(X,L). What we benefit from the
non-archimedean formalism is some sort of completeness of the domain Egi (X, L)
and the semi-continuity of p-entropy as we stated in Theorem 1.8 and Theorem
1.9. With this in mind, we would split the maximization problem into two parts:
(1) (Existence) Firstly, find a maximizer in £y (X, L).
(2) (Regularity) Then show the maximizer is actually in HX , (X, L).

This kind of reduction is often effective for maximization problem. Indeed, we
employed such reduction in the proof of [Ino4, Theorem 2.2] (cf. [Rot]) which shows
the existence of maximizing momentum f,, for Perelman’s W-entropy W*(w, f).
The author speculates for A < 0 the maximizing momentum f,, for W’\(w, f) would
define a flow w; of Kéahler metrics: p-flow equation w; = dd¢f,,. Then it is likely
that a maximizing non-archimedean psh metric ¢ € %W (X, L) for fix, could be
interpreted as the limit of such flow. This is still a far-off dream, but seems plausible
as indeed such picture for Kahler—Ricci flow on Fano manifold, the Hamilton—Tian
conjecture, is completely realized in H-entropy formalism (cf. [He, CSW, DS, HL2,
BLXZ]). We also refer to analytic result for Calabi flow [Xial]. We will discuss these
works from our non-archimedean perspective in section 4.3.1 and section 4.3.3.

The following conjecture seems more down to earth. By the upper semi-continuity
of fina, the subset is closed in Feyp/dexp-topology. See also analogous Conjecture
4.77 in Calabi energy framework.

Conjecture 1.16 (Properness of p-entropy). Let (X, L) be a polarized normal
variety with only klt singularities. Then the subset

{pe &R x,1) | supp =0, analy) = C}
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is compact with respect to Fexp-topology.

The author speculates the klt assumption cannot be simply replaced with log
canonical assumption in this conjecture (cf. [Hat]).

Proposition 1.17. Assuming Conjecture 1.16, there exists a maximizer <pg‘pt €
EXR(X, L) of iy for each A < 0.

Proof. Werecall fid 5 = fina+Ad and & is bounded from below by Remark 4.44. It
follows that for A < 0 fina = [Lﬁl A — AG is bounded from below along a maximizing
sequence ¢; € Exn (X, L): A (i) N sup fido. Since 13, is normalization free,
we may normalize ¢; so that sup p; = 0. Then by the above conjecture, we have a
convergent subsequence ¢; — ¢ in Ega (X, L) in Eexp-topology. Since ﬁ§ A is upper
semi-continuous with respect to Eexp-topology, the limit ¢ attains the maximum
of fid - O

For Calabi—Yau variety and canonically polarized variety, we can show the trivial
metric maximizes the non-archimedean p-entropy. This can be regarded as a refor-
mulation of Odaka’s theorem [Odal] in our p-entropy formalism. Here we assume
X has only kIt singularieties at the moment in order to ensure the lIsc extension of
the log discrepancy to XNA. The claim can be extended to the log canonical case
as soon as the Isc extension is realized for log canonical varieties.

Theorem 1.18 (Summary of section 4.2.10). Let (X, L) be one of the following:

e X has only klt singularities and Kx =0,
e or X has only klt singularities and Kx > 0 and L = Kx.

Then for every A < 0, the trivial metric 4, maximizes the non-archimedean pu-
entropy fid, on Exx (X, L). In particular, (X, L) is K-semistable (actually K-stable
under the klt assumption).

1.3.4. Relation to other works. For a Q-Fano variety (X,L) = (X,—Kx) (a Q-
Gorenstein variety with only klt singularities whose anti-canonical sheaf has ample
reflexive power), the non-archimedean p-entropy ¥y is related to the following

H-entropy:

(10) Hya(p) = — inf (Ax(z)+ ¢(x)) —log //XNA e 'D,.

zeXdiv

We have 127, (¢) < 2nHxa(p) in general.
The following theorem can be understood as a non-archimedean counterpart of
[DS]:

inf 02T (we) = inf 271 H (wy).
w¢€’H(X,L)NJPer( ¢7) UJ¢€’H(X,L) ( (i))

The existence part is due to [HL2, BLXZ].

Theorem 1.19 (Summary of section 4.3.1). Let (X, L) = (X, —Kx) be a Q-Fano
variety. Then we have

sup  fia (@) = sup AR (p) = sup 27Hna(p)= sup 27Hna(p).
PeEXR (L) PeMX A (L) PeHF A (L) peERX (L)

The maximums are attained by some common pr € Hi, (X, L) associated to a
finitely generated filtration F with p?™K-semistable Q-Fano central fibre.
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We return to the case of general polarized varieties. We can show the following
extension of the extremal limit observation in [Ino2].

Theorem 1.20 (Summary of section 4.3.2). Let (X, L) be a polarized normal
variety with only klt singularieties. For ¢ € PSHYY (X, L), we have
. 1, e—pt L1
Jim p (AN (9) — ik (0)) = Onaly).

Here Cna is a non-archimedean counterpart of Calabi energy, which is introduced
in [Ino4]. The functional Cya is not scaling invariant Cna(p,,) # Cna(p): it
is rather quadratic on p. Its maximizer along p > 0 gives the non-archimedean
variant of normalized Donaldson—Futaki invariant ﬁ(?wMNA(go) /l2|1)? when ¢

destabilizes (X, L). There is an analogous story for Cna as [Lﬁl A and Hya. We will
discuss this and its Ding version in section 4.3.

1.3.5. Toric illustration. For toric test configurations, we can compute the non-
archimedean p-entropy by integrations on the moment polytope.

Proposition 1.21. Let (X, L) be a polarized toric (normal) variety and P be the
associated moment polytope. For a toric test configuration (X, £) with ample L,
take the piecewise affine convex function ¢ on P so that Q@ = {(u,t) e PxR |0 <
t < —q(p)} denotes the moment polytope of (X, L), then we have

Jop €°do

11 ina (X, L5 p) = —2720P

( ) HNA( aﬁap) ™ fpepqdﬂ’
[p(n + pg)ertdp

12 F(X, L p) = 22 PO TR Zrm

(12) &(X, L;p) T eridn og/Pe u

More generally, for a T-invariant non-archimedean psh metric ¢ € Ega (X, L),
we can assign a lower semi-continuous convex function g, on P which enjoys the
integrability condition [ pePldp < oo for every p > 0. Then assuming Conjecture
1.13, we have the same formula for fi{,(¢). These are explained in Appendix.

Acknowledgements. 1 wish to thank Sebastien Boucksom and Mattias Jonsson, Ru-
adhai Dervan, Masafumi Hattori and Tomoyuki Hisamoto for their interest and
helpful discussions at every occasion.

RIKEN

2. CHARACTERISTIC j-ENTROPY AND pK-SEMISTABILITY
2.1. Algebraic preliminaries.

2.1.1. Filtration. We firstly recall some notions and terminologies related to filtra-
tion used throughout this article. We put N :={0,1,2,...,} and Ny = {1,2,...}.
For d € N, we put N9 := {m € N | d divides m}.
Let (X, L) be a polarized scheme. We put R,, := H*(X, L®™), R := DB,en B
and R := D, en@ Bm- We also put N, := dimg¢ Ryy,.
A filtration F of (X, L) is a collection of linear subspaces {F* R, C R} rer ment@
for some d € N which satisfies the following: for every A\, X € R and m,m’ € N(®
(1) FA~ Ry, = F Ry, for FA Ry i= Nyoy F R
(2) Z)\e]R }-)\le = R, m)\e/R FA R = 0.
(3) FARp - FN Ry C FMN Ry
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In particular, we have F R,, C F* R,, for N < A\. We use the notation F; C F»
when FR,, C F3 Ry, for every XA € R and m € N(@ for some sufficiently divisible
d € Ny. We identify two filtrations Fi, Fo if F1 C Fo and Fo C Fi.

We put
R, A<0
FA Ry = =
0 A>0

Ezample 2.1. Recall a test configuration (X,L) of a polarized scheme (X, L) is
a G,-equivariant proper flat family w : (X,£) — A! of polarized schemes en-
dowed with a G,,-equivariant relatively ample Q-line bundle £ and an isomorphism
(X,L) = (X1, L]x,). For a test configuration (X, L) (not necessarily normal), we
assign the following filtration:

(13) f(\X’ﬁ)Rm = {s € H(X, L®™) | w15 extends to a section of L&™}.

This is Z-graded: F* = FI*. Later, in section 3.1 and the subsequent section,
we observe a variant F(x )y for a normal test configuration (X, £). It is Q-graded
and is identified with a filtration F, recovered from the non-archimedean psh

metric ¢(x r) associated to (X, L).

X,L)

Ezample 2.2. When we have a torus action (X, L) O T, for a vector £ € t= NQR,
we assign

(14)  F2Rp :={s € H'(X,L®™) | (u,€) > X for every u € M with s, # 0},
using the weight decomposition s = > pen Su- For irrational £ € t, the filtration is
not Q-graded.

For integral n € N, we can assign a product configuration (X}, LY,) endowed
with the diagonal action induced by 7. Then we have F,, = F X7, ,L7,) 88 3(x,t) =

(s.t)(z) = ZﬂeM t<“’">su(:£).

In some arguments, it is convenient to use non-archimedean norm instead of
filtration. A non-archimedean norm on a vector space V over (the trivially valued
non-archimedean field) C is amap || - || : V — [0, 00) satisfying

o |[v]|=0iff v=0.
o |lau + bv|| < max{||u|, ||v||} for u,v € V and a,b € C.

We note the second condition implies ||av|| = ||v]| for a # 0. A basis {e;}/_; of V
is called diagonal with respect to || - || if it satisfies

1> aies|| = max{]le|| | a; # 0}.

It is known by [BE] there always exists such a basis. For a quotient space V/W,
we can induce a non-archimedean norm on V/W by

Ilolllvyw = inf{[[v'[lv [ v" € [v]},
which is equivalent to declare
—log||[v]llvyw > A <= ' €[] st. —log[v'|lv > A

For a filtration F of (X, L), we associate a non-archiemedean norm || |2 on R,
by

(15) IslZ :=inf{e™ | s € FARp,}.
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Since the filtration is left continuous F*~ = F*, we have
—log||s||7. > A <= s€ F R,
—log|ls||7. =\ <= s€ F R, \ F R,,.

For a filtration F and d € N, we put

(16) Tmin,d(F) = inf m~tsup{A € R | F*R,, = R},
meN

(17) O'Inax,d(‘F) = sup mflinf{)\ cR | ‘F)\Rm = O}
meN(d)

A filtration is linearly bounded if opmin,q(F) and omax,q(F) is finite for some d.

2.1.2. Valuation. A waluation on an irreducible variety X is a map v : C(X) —
(—00, 0], where C(X) denotes the field of rational functions, satisfying

v(f) = oo if and only if f =0,
v(f)=0for f € C*,
v(fg) = v(f) +v(g),

o(f +9) 2 min{v(f),v(g)}-

We in particular have the trivial valuation viiy: veiv(f) = 0 iff f # 0.

Ezample 2.3. For a birational map X’ --s X from a normal variety X’ and a
prime divisor E C X’ and ¢ € Q>¢, we can assign a valuation v = c.ordg. We call
a valuation divisorial if it is of this form or trivial.

Ezample 2.4 ((cf. [BHJ1])). For a normal test configuration X of X and an irre-
ducible component E C Xy of the central fibre, we assign the following valuation

ordg o p%

18 = ,
( ) vx, B OI‘dEXO

using the canonical rational map px : X --» X x A! — X. We often abbreviate
Vx,E as VE.

These valuations vg are divisorial by [BHJ1, Lemma 4.1]. Conversely, by [BHJ1,
Theorem 4.6], any divisorial valuation v can be written as v = vg for some irre-
ducible component E C A& of the central fibre of some test configuration X of
X.

FEzample 2.5. When we have a torus action X O T, for a vector £ € t =N @ R, we
assign the following valuation

(19) ve(f) = inf{(u, &) | fu #0} =infAeR| > f, #0},
(1 €)=

using the weight decomposition f =3 pent Ju
Similarly as Example 2.2, we have v, = vxn x forn € N.

Ezample 2.6 (Quasi-monomial valuation (cf. [JM])). Consider a proper birational
morphism X’ — X from a smooth variety X’ and an snc divisor D = Y_| E; on
a Zariski neighbourhood of a schematic point n € X’. Take a regular system of
parameters zi,...,z, of the regular local ring Ox: , of a schematic point n € X’
so that z; defines F;. By Cohen’s structure theorem, the m-adic completion @X’m
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is isomorphic to (@X/m/m)[[zl,...,zr]]. Thus f € Ox, can be written as f =
> genr cgz? in Ox/ ;. For a € [0,00)", we assign the following valuation

va(f) :=min{(a, B) | cg # 0}.
This is independent of the choice of the regular system. We call such a valuation

quasi-monomial and denote by QM, (X', D) = [0,00)" the set of valuations given
as above.

For a valuation v on a projective variety X with a polarization L, we define a
filtration F,[o] by

(20) ‘F;\[O—]Rm ={s€ Ry |v(s)+mo >} = J:,,A’m"Rm.

Here we put v(s) := v(s/e) for s € R, = H°(X,L®™) by taking a Zariski local
generator e of L™ around the center of the valuation v, which exists by the
properness of X. We obviously have F,[0'] C F,[o] for ¢/ < . Since v(s) > 0, we
have F) [o]R,, = Ry, for A < ma, so that owmin.a(Fo[o]) > 0. We call a valuation
v linear growth if F, = F,[0] is linearly bounded, i.e. opmax,q(Fy) < oo for some
d. It is known that every quasi-monomial valuation including divisorial valuation
is linearly bounded.

Ezample 2.7. Let £ be a proper vector on (X, L) and take sufficiently divisible d so
that there is a section e € H(X, L®%) which does not vanish around the center of

ve. Form € N(f) and s € H(X, L®™), we have
0 < ve(s) = ve(s/e™?)
=inf{A e R| Z (s/e™h), # 0}

(iu’1§>:)‘
. m..
=inf{A e R | Z s#/#O}—Emf{)\eR| Z e # 0},
(W' €)=A (W",6)=A
so we get
inf{A e R | Z epr # 0} = SEHozr)lff,LQM)inf{)\ eR| Z s # 0}

(W",6)=X (W ,€)=x

=sup{A €ER | FP R = Rin} = domin,a(Fe)-
It follows that F, [omin,a(Fe)] = Fe.
For a filtration F and a valuation v, we put
(21) oy, =0,(F) :=inf{c e R | F C F,[0]}.

As we see later, we have o, (F(x ) = @x,c)(v) for the filtration Fx ») and the
non-archimedean metric ¢y ,y associated to a test configuration (X,£). More
generally, assuming the continuity of envelopes, we can assign a non-archimedean
psh metric ¢z for a general linearly bounded filtration, and then o, coincides with
the value ¢z (v) of the associated non-archimedean metric ¢ for v of linear growth.

We use o, to describe the Duistermaat—Heckman measure of an irreducible com-
ponent E of the central fibre of a normal test configuration in terms of the filtra-
tions ]?( x,c)> Foplo]. In the argument, we need to compute o, along normalized
base change. Approving the fact o, = p(v) (see Proposition 3.15), this is explained
in [BHJ1, BJ1, BJ2, BJ3, BJ4] based on non-archimedean perspective, however,
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it is also possible to explain this in a more direct algebraic perspective. Multiple
viewpoints would be good for readers, so we display the proofs. This observation
also provides a way to access Boucksom—Jonsson’s non-archimedean pluripotential
theory, which we really need from section 3.2.

For any 0 < owin,a(F), we have F™? R, = R,,, so that we have F"?[¢0'|R,, =
R,, for any ¢’ > 0, (F). Taking s € R,, which does not vanish at the center of v, we
have v(s) = 0. Then F}"?[¢'|R,, = R, implies 6’ > o. Thus we get 0, > Omin,q-.
On the other hand, for any ¢ > omax qa(F), we have F™ R, = 0, so that we have
F C Fuivlo]. Meanwhile, Fiiv[o] C Fylo] for any valuation v, so we get o, < o.
Thus we get also 0, < Omax,4. Therefore, we have

(22) Umin,d(-/—") S O'v(-/—:) S O'Inax,d(-/—")~

In particular, o, is finite for linearly bounded filtration.
For a filtration F for (X, L) and p € R, we put

o) FARy = PR,
We have F.,[0] = Fpu[po], s0 0,u(F.p) = poy(F).

2.1.3. Spectral measure. We recall

(24) FMRy=> F¥Ryn=|J F'Rn

N> N>\
may differ from F*R,,. For a linearly bounded filtration 7 on R and for each
m € N(@ we associate the following measure v, (F) on R:

1 LA A+
(25) vm(F) = — > (dim F* Ry, /F2 Ry )6 -
XER
Note our normalization constant 1/m™ is different from that 1/N,, in [BHJ1]. It is
shown by [CM] (cf. [BC]) that there exists a compactly supported measure v (F)

on R such that
/ Xtm(F) — / XVoo (F)
R R

for every continuous x on R (note the supports of measures are bounded). We call
Voo (F) the spectral measure of F. For F = Fx r) associated to a test configuration
(X, L), we denote the spectral measure by DH(y ) and call it the Duistermaat—
Heckman measure. There is a relative construction introduced in [BJ2], which we
review in section 4.1.1.

2.1.4. Affine toric variety. Here we review affine toric geometry in order to clarify
our notations in polyhedral configuration. Let N be a finite rank lattice and M
be the dual lattice over Z. Let T = N ® G,, be the algebraic torus associated
to N. For { € N and p € M, we denote by x¢ : G,,, — T the one parameter
subgroup associated to £ and by x* : T' — G,,, the character associated to . We
have y* o x¢(2) = 28,

The exponential map exp : C — G,, induces a group homomorphism exp :
N ®C — T. We have x*(exp(¢)) = e/ for ¢ € N®C and p € M. The kernel
of this map is 2mv/—1IN C N ® C.

A cone ¢ C tis called (i) strictly convex, (ii) full-dimensional and (iii) rational
polyhedral if (i) it is convex and it does not contain a line, (ii) its interior is
non-empty and (iii) it is the intersection of finitely many half spaces Hj ={¢e€
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t| (ui, &) > 0} for p; € M. We call a cone satisfying (i)—(iii) toric cone. (Usually
(i) is not assumed. )
For a toric cone o C t, the affine toric variety B, associated to o is given by

By := Spec(Clo"Y N M]).
Closed points of B, correspond to semigroup homomorphisms z : (¥ N M, +) —
(C, x), where the latter is the multiplicative semigroup, not a group (cf. [CLS]).
We denote by o € B, the point corresponding to the homomorphism
1 p=0
0 w#0

and denote by 1 € B, the point corresponding to the homomorphism

O:UVQMH(C:,LLF—){

l:6VNM = C:pu—1.

The T-action on B, is given by (x.t)(n) = x*(t)z(un) for x € By, t € T and
p€ oY N M. Since (z.exp(—p€))(p) = e P8z (1), we have

lim z.exp(—p€) =0 € B,
p—00
for every interior point £ € ¢° C t.

2.1.5. Toric vector bundle and weight filtration. Let E be a T-equivariant vector
bundle over an affine toric variety B,. For e € F;, we denote by & the rational
section of E given by é(r) = e.r for 7 € T C B,. For a rational section s of E
and ¢t € T, we define a rational section s.t of E by (s.t)(b) := s(b.t~1).t. Finally,
for a rational section s of £ and u € M, we define a rational section x™*s by
(x #s)(r) = x""(r)s(r) for T € T.

For e € E1 and t € T, we have e.t = € as

(et)(t) = ée(rt 1)t = (ert™ V)t = e = &(7).

Conversely, any rational section s satisfying s.f = s can be written as s = € for
€ = 81.
For a rational section s of E and p € M, we have (x #s).t = x*(t)(x #(s.t)) as
1

(x7"s)-)(b) = (x )0t~ 1)t = (x *(b)xH(t™ 1) (bt"))-t
= x" (O 0)(s:8)(b)) = x* (1) (x ™" (s.2)(b))-

It follows that (x~*e).t = x*(t)(x *"€) for e € Fy and p € M and conversely, any
rational section s satisfying s.t = x*(t)s can be written as s = xy e for e = s;.
For u € M, we consider the following subspaces of Ey

(26) Fr={e € Ey | x "€ extends to a global section of E},
(27) Fit= Y Fu.
W Zop

Proposition 2.8. Let Z, be the defining ideal of 0 € B,. Then we have
°(Bs,E) = € x " Fh,
peM

HO(BU,IO ® E) = @ X*ltf_'g+.
peM
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Proof. We note E|r is trivial as the T-action is free on T' C B,, so that H(T, E)
decomposes into eigenspaces H(T, E) = C[M]®" = @MeM((Cx“)@’", even though
the representation H°(T, E) is infinite dimensional. Since H(B,,E) — H'(T, E)
is injective, the weight decomposition of H°(T, E) inherits to H°(B,, E):
H°(B,, E) = €) H'(By, E),,
neM

where H%(B,, E),, consists of s € H*(B,, E) with s.t = x"(t)s.

As explained, we can write s € HO(BU,E)M as s = x~*e for some e € E;. Since
s is a global section, we have e € F*¥FE;. Thus we get

H°(By, E), = Xx""Fp,
which proves the first claim.
Since B, is affine, we have
H%(By,I,® E) = H*(B,,T,) ®po(p,.0) H*(B,, E).
On the other hand, we have
H°(B,,0)=Clo¥nM], HB,I)= P Cx"
0#pucoVnNM

Then the last claim follows by

HB,, T, E)= @B Cx" ®ciovary @ x ™ Fit
0#£p€cvVNM neM
_ /_~ ’ _ ! _ +
Y @ @ Y A - @
0#£pcocVNM p' €M pneM W2 pneM

O

Proposition 2.9. Let E, E’ be a T-equivariant vector bundle over B, and ¢ : E —»
E’ be a T-equivariant surjective map of vector bundles. Then F%, is the image of
Fr. along ¢1 : By — E.

Proof. By the above proposition, we can identify 71, with H%(B,, E) , and Fr, with
HY(B,,E"),. Since the induced map H°(B,,E) — HY(B,,E’) is T-equivariant
and surjective, H°(B,, E'),, is the image of H°(B,, E), by Schur’s lemma, which
shows the claim. O

We introduce a partial order <, on M:
(28) p<op = py —pco’NM.
Then we have )

p<,0 = Fk CFh.
We also define
pSop = p<op and p# 4.

We can describe FJ; using a ‘diagonal’ basis of E; as follows.
Lemma 2.10. For any T-equivariant vector bundle E over an affine toric variety
B,, there exists a basis {e;}I_; of E; and a collection of characters {p; € M}I_,

such that each rational section x~#ie; extends to a regular section of E and
{x*ie;}T_, gives a trivialization of E. For such basis, we have

Fi=(ei | i 2o p).
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The first claim is equivalent to the following: E is T-equivariantly isomorphic to
the pull-back p*F, = FE, of the fibre E, over the fixed point 0 € B,, along p : B, —
o: the trivial bundle B, x E, endowed with the T-action (b,v).t = (b.t,v.t).

Proof. As B, is affine, for any basis {e,;}i_; of E,, we can take sections {s;}_,
of E so that each s;(0) = e,;. Take {e,;}i_; so that each e,; is an eigenvector
of a character u; € M. In this case, we can take each s; as an eigensection of
i, hence s; = x #ig; for e; = s;(1) € Fy, by replacing the original s; with the
eigencomponent a;,,s;,, appearing in the weight decomposition s; = Zu QipSip
5i(0) = @iy, Sip; (0). Since o € B, is in the closure of any T-orbit, the set of points
of B, such that {s;(b)} does not form a basis of Ej is empty, so that {s;};_; gives
a trivialization of F.
Finally, we compute

Fp= {Z aie; | a; 0= x"e; = x"#x'e; € H(B,, E)}

7

= {Z aie; | a;i #0= x""" € H(B,,0)}

= (e | i >0 ).

Proposition 2.11. We have
FenFe = Y FL.
W 2o !

Proof. For p/" >, , i, we have }']’5” C Fin .Fg’. Take a basis {e;}7_; of E; as in
the above lemma. Then the reverse inclusion follows by

FEnFh =(ei | mi>omp)C Y. Fh.

[T T
0
For £ € 0 and A € R, we put
(29) Fie= Y, FhCE
(1,6) =X
Taking a basis {e;}{_, of E; as in the above lemma, we can express it as
(30) Fre=(ei | (i, €) 2 A).

Then we can easily check the following.

i ]:g,g = ﬂ)\</\’ ]:g,gv
. ]-"375 =0 for A > max;(u;, &) and ]-"g’é = E; for A < min;(p;, &).

The family of filtrations {Fg ¢ }¢co recover the weight filtration Fj; by

Fa= [\ TFre
<N1€>2A1§EU
We put
(31) Fyle=> Fue

AN
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For p <, p/ and £ € ¢°, we have (u,&) < (i/,€), so that we have an inclusion
Fit ¢ fé”f” for € € 0°. It induces a map

+ (1:6) /£ {m,€)+
Fr ) Fh %]:E’fg [Fre'
Proposition 2.12. For £ € ¢°, we have a canonical isomorphisms

FielFolk = @ Fla|Fat = Eop = QB Eop,
(&)= (&)=

where E, ,, denotes the eigenspace of the character p € M: E, = D peM E, .

Proof. We remark for p # u' with (u,&) < (¢, ), we have p” >, p for every
W' >o p, i, so that we get

Fanry =Y Fc Y F s

[T W' Zop

We firstly see the map Fh/Fht — F) E/}"E ¢ is injective for p with (u, &) = A
The kernel consists of the image of F N ]:1);% =2 wesaF e F¥ . By the above
remark, we have Fh N F. g‘z C Fi*, which proves the injectivity.

For pu # i with (u, ) = (1, €), we have Fh N Fh  Fit nFi ™. It follows that
FhJFEE A Fl JFET =0, hence the sum of the subspaces Fh/Fht C —7:1/4},5/-722
is a direct product.

Since

oY A
Fre/Foe= Y. Fu/FeNFre
(1,6)=A
the map @, ¢ _, Fh/Fer — F g/ng is surjective. Therefore, we obtain the
first isomorphism.

To see the second isomorphism, we construct an isomorphism E, , — Fr/ .Fng.
As in the previous lemma, for each e, € E,,, we can find e € FJ; satisfying
(x"€)(0) = e,. The element [e] € Fh/Fi" is independent of the choice of such e.
Indeed, take another ¢ € Fp; with (x #€’)(0) = e,, then since (x *e — ¢’)(0) = 0,
we have y e — ¢’ € H*(B,,Z,® E), hence e — ¢’ € }"EJF by Proposition 2.8. Thus
we get a well-defined linear map E,,, — Fh/Fi' : e, + [e]. The inverse map is
given by [e] = (x#€)(0), which is well-defined as (x"€)(0) = 0 for e € Fi'. O

Let ¢ C Ng and ¢’ C N} be toric cones and ¢, : N’ — N be a morphism of
lattices which induces a linear map ¢, : Ng — N mapping ¢’ into o: ¢.(¢’) C 0.
Then we have the induced morphism ¢ : B,» — B, of toric varieties, which maps
otooand 1 tol. Since (¢*E); = E1, we can compare Fg and Fy-g

Proposition 2.13. We have
fg*E = Z Fis
P> oo
A Y
Forpe =FEo.¢
for ¢ € o',
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Proof. Take a basis {e;};_; of Fj as in the previous lemma. Then the basis {¢*e; =
ei}i_, of *FEy = E; enjoys the same property for the collection {¢*u; € M'};_; of
weights. Thus we have

Fhg=lel ¢ mzo )= > leilmzom= Y Fh
P> ! *u> !

As a consequence, we get

Fiepe = Z fg*E_ Z Z Fh = Z Fo=Fp e

7 (W& 2N ™z g ! (" 1,8y > A

2.2. Polyhedral configuration and family of filtrations.

2.2.1. Polyhedral configuration. Now we introduce polyhedral configuration. The
notion is a simple generalization of test configuration to general affine toric base
B,. Let (X, L) be a polarized scheme.

Definition 2.14 (polyhedral configuration). Let ¢ C t be a toric cone. A o-
configuration of (X, L) is a T-equivariant proper flat family of polarized schemes
7w (X,L) = B, endowed with a T-equivariant relatively ample Q-line bundle £
and an isomorphism ¢ : (X, L) = (X1, L|x, ).

We call the fibre X, over the point 0 € B, the central fibre and the fibre X; over
the point 1 € B,, the general fibre.

A T-equivariant relatively ample Q-line bundle is a pair £ = (I, £) of a positive
integer [ and a T-equivariant relatively ample line bundle L. We often denote £
by I£. An isomorphism of T-equivariant Q-line bundles £, £’ is a T-equivariant
isomorphism of line bundles £&™ := (1£)®™/1 = (I'£)®™/V = (£)®™ for some
m € Z dividing 1,1’.

We often identify £ with its equivariant first Chern class ¢1 (L) = {7 ey r(IL) €
H2(X,R), whereas we later make use of the Q-line bundle structure of £ in order
to assign a family of filtrations {F(x r.)}eeco-

For an element § € 0 N N, we associate a G;,,-equivariant morphism expy : Al —
B, by

t=0"

For a o-configuration (X /By, L), we denote by (X¢, L¢) the pull-back along Y. It
gives a (non-normal) test configuration of (X, L).

. {é.xdt) = (s t09) £ #£0

Example 2.15. Let (X, L) be a polarized scheme with a T-action. For any toric
cone o C t, we can construct a o-configuration

(32) (XO'7LO') = (X X B, L x Bo)
whose T-action is given by (x,b).t = (x.t,b.t).
A similar construction can be applied to test configuration. Let (X, L) be a

T-equivariant test configuration of a T-equivariant polarized scheme (X, L). For a
toric cone o C t, we get a [0, 00) X o-configuration

(33) (Xy,Ls) = (X X By, L X By)
whose G,,, x T-action is given by (x,b).(s,t) = (x.s.t, b.t).
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Example 2.16. Let X < CPY be the Kodaira embedding by the linear system
|mL|. Tt defines a point [X] of Hilbert scheme Hilb(CP¥). For a torus T’-action
on CPV, the T'-equivariant morphism f : 7" — Hilb(CPY) : ¢t = [X].t of schemes
gives a rational map f : B’ --» Hilb(CPY) from a projective toric variety B’ D T".
By resolving the indeterminancy, we obtain a T"-equivariant morphism f : By —
Hilb(CPY) from a normal projective toric variety By, associated to a fan 3. Blowing
up further if necessary, we may assume each o € X is strictly convex. Fix o € ¥ and
put t := Ro, then o is full-dimensional in t. Let T C T” be the subtorus associated
to t. Then B,y = B,/(T'/T) is a toric T-variety and we have a T-equivariant
morphism B,c¢ — By. We obtain a o-configuration (X/B,, L) by pulling back
the universal family (U, O(1)|y;) — Hilb(CPY) along f|p

oCt”

2.2.2. Polyhedral configuration and family of filtrations. We assign a family of fil-
trations {F(x r;¢)}eeo to a polyhedral configuration (X/B,,L). As we will see,
each filtration in the family is finitely generated, and conversely, every finitely gen-
erated filtration can be obtained in this way (but not canonical). In the study of
K-stability, the practical use of general finitely generated filtration is firstly unveiled
in [CSW] (see also [Sze2]). Tt is called R-degeneration in [DS] and R-test config-
uration in [BJ4]. A gemstone of polyhedral configuration is appeared in [HLZ2],
where polyhedral configuration is recognized as a geometric realization of a single
finitely generated filtration. Here we strengthen polyhedral configuration is useful
because it realizes an intuitive treatment of family of filtrations rather than a single
filtration.

Let (X/Bs, L) be a polyhedral configuration with £ = (I, £). In what follows,
we take d € Ny so that R(Y) = P,.cn R is generated in Ry, | divides d and
Rim, L% = ( for every i > 1 and m € N@ . Then 7,.L2™ is locally free for
m € N@  hence gives a T-equivariant vector bundle. We can identify the fibre
(m.LE8™)1 of 1 € B, with R,,, = H°(X, L®™) via the given isomorphism ¢ : (X, L) 2
(X1, L|x,). We also have

HO(By,m LO™) i=0

Hi(X, £5™) = .
0 1>0

and
) H°B,,Z, L™ =
H{(X, Ty, ® LO™) = (Bo,To @ m L5T) =0
0 1 >0

by Leray spectral sequence. (Note B, is affine. )
For 1 € M and m € N@  we put
(34) f(’ixvam = {s € H°(X,L®™) | x "5 extends to a section of L™}
=FL rom (T LE™)1.
We obviously have

(35) f€X7£)Rm : JT_.(MX’E)Rm/ C f(‘u;:/é)Rm+m/

We can recover the o-configuration (X/B,, L) from {]—"(“

x.L) }uem as follows.
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Proposition 2.17. There are natural isomorphisms of rings:

(36) S(B,) :=Clo¥ N M] = P x "Fly R
nEM
60 REL= @ HXLTE D Do
meN(d) meN(d) peM
R,,
) R L) = D A @ @i
meN() meN@) peM (X,L)
where we put
+
]:(MXﬁ Z (XL
W2

Proof. The first line follows by

]:M
(&.£) 0 otherwise

R :{C —,uEUVDM_
By Proposition 2.8, we have

HO(X,L%™) = H(B,,m.L%™) = @) x~
pneM

(X £)

We obviously have (xy #3)(x *'5) = x~Wt#)ss for s € Ry, s € Ry, so the
isomorphism preserves the ring structures, hence we get the second line.
Again by Proposition 2.8, we have

H(X,Tx, ® L%™) = @@ X " Fl5 ) Ron-
pneM
Thanks to the cohomology vanishing, we compute
HY(X,, LI§™) = HO(X, L&) JH (X, Ix, @ LZ™)
+
- @X "(Floe oy B Fx o) Bim)

pneM
which proves the last line. ([
For £ € 0 and A € R, we put
(39) ]:(X L; E Z (X L C Rp.
(1,E)>A

We obviously have F()\X,E;pE)Rm = .F(p);’lg‘;g)Rm. As in the previous section, we
can check that F(x £ gives a filtration of (X, L). The linearly boundedness is less
obvious. It is a consequence of the finite generation of the filtration, which we will
see later.

Similarly as in the previous section, the family of filtrations {F(x ;) }¢eo recov-
ers the weight filtration {]-'(’iv £y} hence also the polyhedral configuration (X /B, £).

We can also recover the central fibre (X,, L,) from any F(x ) with € 0°.
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Proposition 2.18. For a o-configuration (X/B,, L) and £ € ¢°, we have canonical
isomorphisms

~ L 1+ ~ 0 Xm
F(xgg)Rm/ (ng)R = @ (]:(l/yg) 7”/‘FEXL)R ): @ H (Xowc‘ ) )
(,€)=A (m,6)=
which induces an isomorphism of graded rings
R(Xo Llx,) = P P oM FyooRm/ (Xz:g)R )-
meN(@ AeR
Proof. The isomorphisms are given by Proposition 2.12. O
Let ¢ C Ng and ¢’ C Ny be toric cones and ¢, : N’ — N be a morphism of
lattices which induces a linear map ¢, : Ng — N mapping ¢’ into o: ¢.(¢’) C 0.
Pulling back a o-configuration (X/B,,L) along ¢ : B,, — B,, we obtain a o’'-
configuration (X’/B,/, L'). Since ¢*m LO = 7, (L')®™ by cohomology vanishing,
we have
A _
T B, crey = T (B, L0.6)
for £ € ¢’ by Proposition 2.13.

2.2.3. Finitely generated filtration. For F = F(x r¢), we denote [|-|| by |[|- ||7(;Y’L;£).

Take d so that R(4) = D, cnw R is generated in Ry. For a non-archimedean

norm || - || on Ry, we can associate the following associated filtration 7. on R(®):
for m € N(@),
m/d m/d
(40) .7-"H)‘,HRm=<H si | si € Ry, —logH [Is:ll > A).
i=1 j
Taking a diagonal basis z*, ..., 2V of R,, with respect to |- ||, we can also write
it as
}-HH { Z arz! ‘Z)\ >)\f0ra[7é0}
[I|=m/d icl
where we put \; := — log ||27|.
Definition 2.19 (finitely generated filtration). We call F finitely generated if
Flrw@ = Fj. for some d and some non-archimedean norm || - || on Ry. This is
equivalent to
FRp= > J[FRa
[I|=m/d, i€l
ZiEI Ai> A

for some d and every m € N(@),
The following is observed in [HL2].

Proposition 2.20. The filtration F(x r.¢) is finitely generated. Conversely, every
finitely generated filtration is obtained in this way (for £ € ¢°).

Proof. Since the ring R = €D,,50 @ ,cpy @ #F" Ry, is finitely gene}"ated, we can
take finite collections z*,..., 24 € Ry and py,...,uy, € M with 2t € FF R, (2
may overlap) so that for m € N4 every element s € F#R,, can be written as

s = Z arxl.

|[I|=m/d,
Dier Hi=H
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By the definition of the filtration, every element s € F*R,, can be written as

Doy st with s € F¥Rp,. On the other hand, we can write s as 31—, /a5 I

n
ver mi=pn T

As a consequence, s € F R, can be written as

s = g arx’.

[I|=m/d,
Pier(ki§)=A

It follows that

]:ARm = { Z am;l}

[I|=m/d,
>ier{mi§)=A

Z H}—W’ORCZ,

[I|=m/d, i€l
Eie[(ﬂh@ZA

which shows the finite generation.

Conversely, assume F is finitely generated. Take d so that R and F|gw is
generated in Ry. Take a diagonal basis 2, ..., 24 € Ry with respect to ||-|| = ||-||}
and put \; := —log ||z¢||. Consider the torus T’ = (G,,)™¢ action on R4 given by
2 (t1,...,ty,) = tizt and put € := (A1,...,Ay,) € RV4 = t'. Then F Ry is the
image of

FiryS'Ra=1{D_ ars® | 3 N> Aforar £ 0t = (P (S'Ra)y

1=l i€l (1,€) >

along Sle — Rdl-

Now we embed X into the projective space CPNe=1 = P(R,), using the di-
agonal basis z',...,zV4. As in Example 2.16, we can construct a T’-equivariant
morphism f’ : B’ — Hilb(CPY¢~1) from a proper normal toric variety B. For
& = (A1,...,An,) € t, take the minimal cone ¢ € ¥ with £ € o and put
t:=Ro,T:= tNN’') ® G,,,. Regarding o as a cone in t, we have £ € ¢°. For the
affine toric variety B, D T, we get a o-configuration (X/B,, L) by pulling back
the universal family (U, O(1)'/4);;) over the Hilbert scheme along f : B, — B’ —
Hilb(CPM4~1). By the construction, X is a closed subscheme of B, x CPN4¢~! with
the flat projection 7 : X — B,.

Now we claim F|gay = ./—"(X7£;£)|R(dl) for sufficiently large I. For the relatively
ample O(1) on B, x CPNa=1/B, take large [ so that Rir,(Zy ® O(m/d)) = 0 and
Rim,O(m/d)|x = 0 for every i > 1 and m € N, Then 7,0(m/d)|x is locally
free and we have a T-equivariant surjection m.O(m/d) — m.O(m/d)|x of vector
bundles. By Proposition 2.9, ]:(MX,L)RW for m € N(@) is the image of

m
]:(Ba xCPNa~1/B,,0(1))

along HO(CPNa=1 O(m/d)) = S™/?Rq — R,,. Thus the filtration ]-'(>‘X cieyBm 1s

the image of

]:()\B(,xCPNd_l/BU,O(l);ﬁ)HO(CPNd_l’ O(m/d)) = @ (S™/"Ra)u = }]?I\Sm/de'
(1,E) =2

HY(CPN=1, 0(m/d)) = (S™Ry),

Therefore, we get }—(Ax,g-g)Rm = ]:\T\'HR’” for every m e N4, 0
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We note the graded ring

o “ATA
(41) Ruaco =0 @ = Flcohn
m>0 A€ (M,¢&)
is not finitely generated over C as the base ring
(42) Sp,e= B @ Flvooho
AE(M.E)

is not finitely generated over C. We can see this in the following example.

Ezample 2.21. Consider M = N = Z? o = [0,00)> C N ® R. For irrational
¢ =(1,v2) € o, we have u = p/ € M iff (u, &) = (i, €). Tt follows that

Sp,.¢ 2 ClP]

for the monoid

Pe={pe M| (n¢) <0}
The ring C[P] is finitely generated over C iff the monoid P is finitely generated.
However, the monoid Py = {(m1,mz2) € Z? | my + m2v/2 < 0} is not finitely
generated.

2.3. Variational formula on characteristic y-entropy.

2.3.1. Equivariant intersection. Equivariant intersection is a basic language for de-
scribing pK-stability and our p-entropy of test configurations. We briefly explain
the concept below. The readers can find further information in [EG1, GS, GGK]
and in Appendix of [Ino3].

Let X be a complex n-dimensional compact complex space with a holomorphic
right T-action. For a T-equivariant homology class DT € HI ,(X;R) and a T-
equivariant cohomology class Ly € H%(X;R), we define the equivariant intersection
(DT.L'}‘H“%) € S*tV by the equivariant push-forward to the point:

(DT.LPF1) = po (DT ~ L™t € HYy (pt).

We can identify (DT.L';*k*l) with a polynomial function on t of degree k via
the Poincaré duality HL,, (pt) = H2*(pt) and the Chern-Weil isomorphism

O : H2F (pt,R) = Sk¢Y

which maps ¢ (Cy) to —x for y € M C tY, where C,, is the T-equivariant line
bundle over the point whose right action is given by z.t = x(t)z. (Alternatively,
consider CX endowed with the right action z.t = x(t)~!z. Then ¢ (CX) is mapped
to x via ®. The associated left action on CX is given by t.z = x(¢)z. ) This
sign convention is equivalent to choosing i = 1 for the Chern—Weil isomorphism
"® in [Ino3]. We denote by (DT.L»T*~1: ¢) the value of the polynomial at ¢ € t.
When T = G,,, we write (DG”L.Lg:kfl;p.n) as (DGm.Léijkfl;p) for p € R and
the generating vector € N C t corresponding to the identity id : G,, — G,.

By definition, equivariant intersection is the intersection on the infinite dimen-
sional Borel construction X xp ET. We can identify the equivariant intersection
with the usual finite dimensional (relative) intersection in the following way. Take
a basis {x;} of the character lattice M of T and put E;T := H;iTl((C;‘l \ 0) for
I > k, which is a finite dimensional approximation of the classifying space ET.
We consider the right T-action on E;T induced by x;, and denote by X xr E;T
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the quotient (X x E;T)/T with respect to the diagonal action. By the construc-
tion of the equivariant homology, DT is identified with a homology class of degree
(2n —2)+2IrkT on X xp E;T. On the other hand, L gives a degree 2 cohomology
class on X xp E;T. Therefore we may identify DT ~ L’{f"'k_l with a homology
class of degree —2k + 2IrkT on X xp E;T and (DT.L%”kfl) with its push-forward
along X x7 BT — E,T/T, which lives in H**(E,T/T) = H2*(pt) by the Poincare
duality. This construction is independent of the choice of E;T by [EGI].

Let w=) 7", apx” be a real analytic function on R which extends to an entire
holomorphic function on C. Using the equivariant resolution of X and the Cartan
model of equivariant cohomology, we showed in [Ino3] that the following infinite
series is compactly absolutely-convergent and hence gives a real analytic function
on t:

(43) (D" w(Lr);€) =Y ax(DT.Li;8).
k=0

In the study of uK-stability, we applied this to the case w(t) = e!. We often

abbreviate (DT.w(Lrt);€) as (D.w(L);€).
In the first article, we computed equivariant intersection using equivariant dif-
ferential form. See [Ino3] and [GS, GGK] for the equivalence of two calculations.

2.3.2. p-Futaki invariant. Let € be a proper vector on (X, L) and T be the torus
generated by . For A € R, a polarized scheme (X, L) is called ﬂg‘K-semistable
if Futé\(?c' ,L£) > 0 for every T-equivariant test configuration (X, L). It is shown
in [Lahl] and is reformulated in [Ino3| that if a smooth polarized manifold (X, L)
admits a fig-cscK metric (= p?, p-cscK metric), then (X, L) is jif K-semistable.
Here the u-Futaki invariant Futg‘(X,E) = Deji(X, L) + AD¢6 (X, L) for a normal
test configuration (X, L) is defined by the following equivariant intersection:

(KL o €5756) - (5756) — (K%.cP716) - (¢£738)

Dej(X, L) :=2m

(elr;€)? ’
L .eET; . eLT; — (L .eLT; . eET; eZT;
Dgé’(x,ﬁ) = ( - S) ( (ng;é)QT g) ( 5) B E(ELT;E;.

For general non-normal test configuration, we replace the equivariant canonical di-
visor class Kgé Jjcpt with an equivariant Chow class Hg Jjcpr 88 explained in [Ino3],
which fits into equivariant Grothendieck—Riemann—Roch theorem for general scheme
(cf. [EG2]). For a polarized normal variety, the /Z?K-semistability is equivalent to

F‘utg‘ (X, L) > 0 for every T-equivariant normal test configuration (X, £).

2.3.3. Characteristic p-entropy of polyhedral configuration.

Definition 2.22 (u-entropy of polyhedral configuration). For a o-configuration
(X/B,, £), we put
y (KR, -e“7 105 €)
(44) Pen(X, L5 €) == 277(6()&‘—%;5) eR,
(Lr|xy-e“71%0; €)

(45) (X, L;¢) = (£ E)

— log(eﬁTl’fO ;) eER
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and
(46) (X, L5€) o= fron(X, L£:€) + A& (X, L36).
Proposition 2.23. The map ;léh()(,ﬁ;ﬁ) : 0 — R is real analytic in the sense
that it extends to a real analytic function on t.
Proof. This is a consequence of [Ino3, Proposition 3.7]. ([l
Theorem 2.24. Let (X, L) be a T-polarized scheme. For £ € t and a T-equivariant
test configuration (X, L), we have

d <\ = A

d—p pzouch(Xo,Ea;er pn) = —Futg (X, L)
for arbitrary o C t with £ € 0.
Remark 2.25. This is essentially observed in [Ino3], where we introduced the p-

Futaki invariant as a derivative of u-character. The Taylor series of the p-entropy
is identified with the p-character

ﬁé\"xGm (Xtﬂ ‘CU) € ﬁTXGm (Al X By, R)
under the Chern—Weil isomorphism
Hrxe, (A % By, R) X2 oo ({0}, R) -5 $(¢Y x R).
It follows by [Ino3, Proposition 3.3, Corollary 3.17] that

d - . §
dip pzou’i\h(‘)(aaﬁﬂ;g + P-U) = 1<D§H’§\"><Gm(‘)(’£)vn> = 7Futg\(X7£)7

which proves the result.
We give a more direct proof in the following.

Proof. By the localization formula for T x G,,-equivariant cohomology class on CP*
with the trivial T-action, we have

(eFrenlva (p,€)) = —p(eFTm (0.€)) + (7€),
(eFremlxos (p,€)) = —p(Lr.e“Txm: (p,€)) + (Lp.e"7:€),
(Kxp-e“7xCm1%0: (p, €)) = —p(K g jpr.e“7*%m (p,€)) + (KX €7 ),

which shows

d ~
%’pzo(eﬁTxGm,‘Xo; (p, &) = 7(6£T;£)’
d _ _
%‘pzo(eﬁTXGm"XO; (0,€)) = —(Lr.e573¢),
d —
Iﬂ’p:o(ﬁx“'ecTXGm'lxo; (p,€)) = —(KX/PL@[:T;@.
It follows that
4 : (K% pe5756) - ("756) — (K e"756) - (€573 €)
Iﬂ’p:o“Ch(X”’Eﬂ’ (p,€)) = —2m B 7
; (Lr.ef75€) - (eP718) = (Lret™3) - (e£7:6) | (e£736)

&(Xay £a; (P, 6)) =

Ip‘p:()

(efr;¢)? * (efr; &)



32 EIJI INOUE

Thus we get

d <\ - A
o pzouch(Xoaﬁa;€+ pn) = —Futg (X, L)

O

Corollary 2.26. Let (X, L) be a polarized scheme. If there exists a proper vector
¢ on (X, L) such that

(X, L;€) = sup (X, L;Q),
(X/B<77£§<)

then (X, L) is ﬂé\K—semistable.

Proof. Since 1, (Xy, Lo; &+ pn) < f1,(X, L;€) = 1, (Xs, L3 €), we get
y d
Futd(x, L) = —— 1) (Xy, Lo n) > 0.
utg (X, £) dpp:()”’ch( Lo &+ pn) =

O

Since /lé‘h (X, L; () is continuous on ¢, we may restrict the range of the supremum
to test configurations (X, L; p) with p € Q>¢ as claimed in Theorem 1.1.

Theorem 2.27. Let (X, L) be a polarized normal variety with only klt singulari-
ties. Suppose for every test configuration (X, £) and p € Qx¢, there exists a proper
vector £ on (X, L) such that

(X, L;€) = fig, (X, L; p),
then (X, L) is p*K-semistable with respect to some &,y maximizing the character-
istic p-entropy.

Proof. This is a consequence of the above corollary and the properness of the u-
entropy for proper vectors, which is proved for X with klt singularities in Corollary
4.59. We note the properness is proved for smooth X also in [Ino2] by a differential
geometric method. O

A slight modification of the proof yields the following.

Theorem 2.28. If a polyhedral configuration (X'/B,, £;£) maximizes fi)}, among
all polyhedral configurations, then the central fibre (X,L) = (X,, L|x,) is /:L?K—

semistable with respect to all T-equivariant test configurations for T = (exp R&)¢ C
Aut(X,L).

Proof. Let (X, L) be a T-equivariant test configuration of (X, L). Fixing isomor-
phisms HO(X,, £L5%) = HO(X, L®*) = HO(X, L®*), we endow a T x G,-action on
HO(X,L®*). This gives a T x G,,-action on Hilb of P(H°(X, L®*)V). Fixing a
T-equivariant relative embedding of (X /B,, L) into B, x P(H°(X, L®*)V), we get
a morphism B, — Hilb.

Consider the T' x G,,-equivariant morphism f : B, x (Al \ 0) — Hilb : (b,t)
[Xs, Lp].t. By the construction, we have lim;_,o f(0,t) = [X,,L,]. Take a T X G-
equivariant resolution B — B, x A! of the indeterminancy of the rational map
f: By x A' —=> Hilb. Let  be the fan associated to the toric variety B. Since
any maximal torus equivairant resolution of a toric variety is a refinement of the
associated fan, we can find a cone & € X such that & C o x [0,00) and (£, p) € 6°

for any small p > 0 by the irrationality of &. Let ¢ : Bs — B — B, x A! be the
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associated affine toric variety and (X,£) — Bs be the pull-back of the universal
family on Hilb. Since we have lim;_,, expt.(§, p) = 0 € Bs, lim_, o p(expt.(€, p))
is mapped to the unique T' x G,,-fixed point o € B, X A'. Thus we get a natural
T x G,p,-equivariant isomorphism (X,, £,) = (X, L,).

It follows that

ﬂg\h,(l,L)(&méa; (& p) = /J’ch(X Ly (§p) = ()anEoQ & p) = ﬁé\h,(X,L)(j»& (&, p))-

Since

B .0y (X0 L5 (6,0)) < B (.1 (X, £:6) = B, (x.0) () = B (x 1) (Xor Ly3 (€,0)),

we get
d y
—Fut&@ (X, L) = P pzoﬂé\h,(g,g)(iméa; (& p) <0

which proves the theorem. (Il

2.3.4. Characteristic p-entropy via associated filtration. We observe the u-entropy
2, (X, L;€) can be recovered from the associated filtration F(x z;¢).

Let (X/B,, L) be a o-configuration. For £ € o, we consider the following endo-
morphism H,, ¢ of H(X,, L% |x,):

(47) Honels) 1= 50| 5:0x0(p) = Honels) = 3 (.85

HEM

where in the latter expression we use the weight decomposition s =) peM Sp- By
Proposition 2.18, we have

. . A
dimKer(Hpm,e — A) = dlm]-'(X’L £) m/}'X L) R
Now we can express the p-entropy via the associated filtration as follows.

Proposition 2.29. Let (X/B,, L) be a o-configuration. For the measures v,
associated to the filtration F(x ,.¢) (see section 2.1.3), we have

1 _
/e_tym = —Tr(e™™ 1Hmv5)
R

mn

m

= (e£10;€) — = —(kag-€51%0;€) + O(m™2).
In particular, we have
Jne 7t’/m(]'—(x i)
(48) fen (X, L;€) = —4rn hm mlog &
Jre oo (Fraicse)’

hence the characteristic p-entropy of polyhedral configuration is an invariant of
finitely generated filtration.

Proof. Let A1 < Ay < --- < Ap, be the eigenvalues of H,, . We have

1 p
/Reit”’" T ; dim Ker(Ho e = Ag).e ™/

1 -1 1 _
WTI‘(@ m Hm,{) - WXT(XO;‘C@m'XO;m 1€)
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By the equivariant Riemann—Roch theorem [EG2, Ino3], we can compute the last
term as

1 3 1 B
mnXT(XO7‘C®m|Xo;m ! ): ﬁ(TXo(OXO)'emﬁ‘XO;m 15)
1 1

_ (([Xo].em“"f);m‘lg) _ 5(HXO_emE\XO;Tn—lg) +..

-1
= (¢F13) — Ty €05 €) + O(m ),
where the last equality follows by the following lemma. O

Lemma 2.30. Let X be a compact topological space. For o € HS;C(X, R), L €
HZ(X,R) and 8 € R*, we have

(a.eﬁL; 5_15) = ﬂk(a.eL;f).

Proof. The claim follows from

BB Ha. Lt €) = B (a.e; €).

NE
N‘H

(o.ePl; p7te) = Z %ﬂl(alﬁﬂflf) =
1=0

l

Il
=3

O

Example 2.31. We check our sign convention in the above proposition. Consider
the simplest case X = B, = A! with 0 = [0,00).7. The line bundle £ = X x C is
endowed with the G,,-action (z,s).t = (z.t,s.t). In this case, we have

ngn (OXO) =1, ﬁGm,‘XO = 777\/7

so that we get
(T, (Ox,).€51%0 s 2.m) = 72,
On the other hand, we have
Tr(e Hen) = e
as Hy p(s) = (d/dp)|p=o(e””s) = x.s.
Using the formula (48), we can define the characteristic p-entropy for general
linearly bounded filtration as follows:

_ Je(n = e oo (F) .,
_ JR (7 —1og/Re Voo (F),

. f]R e vm(F)
(tcp (F) := —47m lim mlog -=—F—
Fren (F) m lim nge*tvoo(J-')

A (F) = fien(F) + A& (F).

F(F):

Alternatively, imitating [SzeQ], we put
b["():\h(“ ) = dhm ljb():\h(“ d)
—»00

where JF, is the finitely generated filtration associated to the norm || - ||7. Both
definitions seems not so tractable compared to the non-archimedean p-entropy, so
we leave a further exploration and just put the following example.
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Ezample 2.32 (Example 3.8 in [BJ4]). We consider a graded norm || - |l on R =
@D,,cn HY(CP,O(m)) = Clz, y] defined by

B em 1, f
|mlL o1t

Let F denote the associated filtration. We have v, (F) = m+15_1 + 24500 and
+1—m/d

U (Fa) = Z?;/ld ﬁ5—1+(i—1)d/m+%§ form € N . We have v (F) = do
and Voo (Fq) = édM[—LO] + %50. In particular, F defines the trivial metric oy
by [BJ2, Theorem 4.16]. However, we have

ficn(F) = —4n lim mlog JoeTvm(F) _ " = —dn(e — 1) < fich(Firiv) = 0.
m— 00 f]R tVoo (JT")

As for °fic,, we note the filtration Fy is the filtration associated to a toric test
configuration whose associated convex function g4 on the interval [0,1] is given by
q4(t) = max{0,d(t — 1) + 1}. The central fibre of the test configuration is reduced
by [CLS, Proposition 4.1.1]. Then we have fina(¢x,) = ftcn(Fa), so by Proposition

5.7, we compute
efId(O) + eéld(l) 1+e
fren(Fa) = e = M -
R N ¥ R e e =

It follows that
*fien(F) = T fion(Fa) = —2m(e +1) < fion(F) < fren (Fisiv).

This in particular shows the non-archimedean p-entropy is not continuous along
the convergent increasing sequence @r, ,” @iy of non-archimedean psh metrics,
but only upper semi-continuous.

2.3.5. p-entropy of test configuration. We observe the characteristic p-entropy is
equivalent to the p-entropy of test configuration used in [Ino4], where we express
it by the equivariant intersection formula on the compactified total space X. This
enables us to compare the p-entropies of the normalized base change X; — X.

Proposition 2.33. For a test configuration (X, L) we have
Gm
(KX'eL)_p(Kx/Cpl e ap)

en(X. L:p) = () —pleFonip)
(Leh) ~ plL, c%nsp) b plet
. —log ( (e™) — p(e*em; p)).
L) = T 1 g(( ) = ol p))

Proof. The claim follows by the localization formula on equivariant intersection
on CP! (cf. [GGK, Appendix C.7] or [Ino3, Example 2.6]) and [Ino3, Corollary
2.17]. O

We recall X’7C pr = = K¢ X?L(C p1 for normal test configuration.

Proposition 2.34. Let (X, L) be a polarized scheme and (X, L) be a test con-
figuration of (X,L). Let (X',L£ = B*L) be another test configuration of (X, L)
dominating (X, £) by the canonical rational morphism g : X’ — X. If 3 is finite
away from a codimension two subscheme on the target, then we have

p’ch(‘)( ‘C/ ) /l’ch(‘)( ‘C P)
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If moreover (3 is an isomorphism away from a codimension two subscheme on the
target X, then

ficn (X', L5 p) = [ (X, L3 p)-
Proof. The claim follows by the above proposition and [Ino3, Proposition 3.3]. O

Corollary 2.35. For any two test configurations (X, L), (X', L) of (X, L) which
are isomorphic to each other in codimension one (i.e. there is an isomorphism away
from codimension two subschemes of both X and X’), we have

fin (X, L5 p) = iy, (X', L5 p).
Corollary 2.36. If X is normal, then

oy (XY, 0" L p) > iy (X, L5 p)
for the normalization v : XY — X.

Let (X, L) be a normal test configuration. We denote by vq : (X4, L4) = (X, L)
the normalized base change of a test configuration (X, £) along the finite morphism
2% A" — A'. The morphism vy is G,,-equivariant with respect to the d-times
scaled action on X. Let (X}, £!;) denote the (non-normalized) base change of (X, £),
then we have f1) (X}, Ll; p) = i), (X, L;dp) from the definition of f}),. Thus we
get the following. Compare fid,(Xa, La;p) = fixa (X, L;dp) explained in section
1.1.3.

Corollary 2.37. If X is normal, then we have
i (Xa, La p) > f13,(X, L; dp).
3. TOMOGRAPHY OF NON-ARCHIMEDEAN MONGE-AMPERE MEASURE

In the rest of this article, we assume (X, L) is a polarized normal variety, for
simplicity.

3.1. Primary decomposition via filtration. In this section, we study the pri-
mary decomposition of the Duistermaat—Heckman measure

DH(x,z) = Y ordpXy-DHp |-
ECX,

More precisely, we recover the measure from the associated filtration .7?( x,c), Which
will be identified with the filtration F, associated to the non-archimedean psh
metric ¢ = @y ). This is the key observation in the construction of moment
measure for general non-archimeden psh metrics.

3.1.1. Primary ideal associated to valuation. Recall for a (not necessarily normal)
test configuration (X, L), we associate the following (Z-graded) filtration:

f()‘Xﬁ)Rm = {s € H'(X,L®™) | w~[*!5 extends to a section of L&}
= Fl3le B
As it is Z-graded, we have
oo(Fx,c)) = inf{o € R | Fly py C Fo[o] for VA € Z}.
Proposition 3.1 (Lemma A.5 in [BJ4]). For a test configuration (X, £), we have
oo(Frx,c)) = 0u(Favery)
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Proof. Since Fx ry C Fixv,u=r), we have o (Fx r)) < 0u(Fav+ry). To see the
reverse inequality, we must show that Fx ») C Fy[o] implies Fixv ,r) C Fylo]
for every v and o.

Take sufficiently divisible m so that all the higher cohomology vanish. By the
definition of normalization, every element f € HO(XV,v*L®™) is integral over X,
hence we have d > 1 and o; € HO(X, £L%"™) such that fo+ f, f4= 4.+ f3 =0. We
expand f; =) 4 w‘ksi,)\ using s; \ € f()‘Xﬁ)Rim. For s € ‘FZLX",V*L)R”"’ putting
f = w*s, we obtain @ % (s? + 51,5771 + 590,572 + - + S4.44) = 0. Now
assume F(x o) C Fy[o], then we have —log|[s; . [”*[) > —log ||s;, w”( £ > .
Since — log ||t?||7*1°] = —dlog ||t]|7*17], we get

—dlog [|s[|7*17) = —log [[s1,,5" 7" + $2,2487 2 + -+ + sq,qp]| 71
> — Fulo]
min {ip — (d — ) log |s[| 7},

hence — log ||s]|7*1°! > p. Therefore we get s € F,[o]*, which shows the claim. [J

We note the following weight decomposition:
L)=PRun=EP H X, L) = P P Fy.c)Rom-
m>0 m>0 m>0 \EZ

Lemma 3.2. Let (X, £) be a (not necessarily normal) test configuration. Then we
have the following.

(1) The subset
=P P NFx) N Frtloo])Rm € R(X, L)
m>0 \eZ
is a (homogeneous) prime ideal with R4 ¢ Z, and the subset

I = P B Fvo) N Fot oo B € R(X, L)

m>0 AEZ

is a (homogeneous) primary ideal with /Z,/ ' =
(2) The schematic point of X = Projcy R(X, L) corresponding to Z, is the
center of the Gauss extension G(v):

A s
v)(Zw hy) = r){lelél(v(h)\) + ).
AEZ
Note for o > o, we have
B P (Flv.oNFollol)Rm = R(X, L)
m>0 A\EZ

as ]:()\X,E)Rm C F)ow|Rm C F)F [0 Ron.

Proof. Take two elements f1, fo € R(x ). We can write these as
Y,
Jel;

. o j j . j M
where I; is a finite index set and s/ € FN R Since FM R, CF' [O‘v]Rmz7 we
have v(s!) + mio, > A
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We have f; € Z, iff v(s!) + m]o, > Al. Note
()N k
fifs = Z o AHA3) gT gk
Jjel kel

The subset Z, is obviously closed under sum of two elements and is homogeneous.
Now suppose f; € Z,, then since

v(s]ss) + (m] +mb)oy, = (v(s]) +micy,) + (v(s5) + mboy) > M + A5,
we have f)f2 € Z,. Thus Z, is ideal. We can similarly show that Z;F! is ideal.

We can check VI = 7, as follows. For fi € Z,, take ¢ > 0 so that v(s]l) +
mjo, > N + € for every j € I;. Consider a multiple

o d
d __ -S04\ Jr
= E w &r=171 Hsl.
r=1

J1,--dd €0
Then since
d d d d
’U(H sTT) + (Z mio, = Z(v( +mloy,) Z N+ de
r=1 r=1 r=1 r=1

we have f{ € 7, for d with d > ¢!

Next suppose fi ¢ Z,, then we have v(s?) +m?a, = X. Tt follows that v(s]s) +
(m +m%)o, = X + A5, which shows f) fo ¢ Z,. Thus Z, is prime ideal, hence Z;!
is primary.

By our choice of o, there is A € Z and s € ~7:(>‘X,£)Rm for m > 1 such that
v(s) +mo, = A, which is equivalent to w™*s ¢ Z,. Thus Ry ¢ Z,.

Take fy ¢ Z,NRm. By the construction of Proj, X'\ f5 ' (0) is naturally identified
with SpecRys,) where R(s,y = {f1/f3 € Ry, | i € Ram,n € N}, where 7, is
identified with {f1/f3 € Ry, | f1 € Zo N Rym,n € N}. Since

G(v)(f1/13) Zw 18 ) —nG(v Zw 25

Jjeh j€l2
= mi ) — i Jy _ W\
min(v(s}) = A7) = nmin(v(sy) — X3)
By our choice of f5, we have v(s}) — X, = —mo,. Since v(s?) =M > —mo,, we have
G)(fr/f2) = 0. If fy € T, we have G(v)(f1/f%) > 0. This proves the center of
vis Z,. [l

3.1.2. Primary decomposition of the central fibre via filtration. Recall for a normal
test configuration X and an irreducible component E C Xy, we have the following
associated valuation on X:
ordg o p¥

OI'dEXQ ’
where px : X --+ X x A! = X denotes the canonical rational map.

For another normal test configuration X’ and an irreducible component E’ C X,
we have vp = vp iff ordg: = ordg as a valuation on X x Al ([BHJ1, Lemma 4.5]).
For an irreducible component E C X, of a normal test configuration X dominating
X via B, we put

(49) op(X, L) = O'UE(}—(Xvﬁ)).

VE =



II, NON-ARCHIMEDEAN p-ENTROPY AND pK-STABILITY 39

For each irreducible component £ C Xy, we can find an irreducible component
E C X with S(E) = E, for which we have ord; = ordg and vz = vg.
We have the following explicit formula on o (X, L). See also [BHJ1, Lemma

5.17], which shows og < % for £ C Aj.

Proposition 3.3 (Lemma A.6 in [BJ4]). Let (X, L) be a test configuration and X
be a normal test configuration dominating both X and X x A! over Al

ﬁ,/X \pxxdr

X X x Al

Let £ := B*L and Ly := p% L be the pull-backs of the Q-line bundles. Then for
any irreducible component E C &Xj, we have

ordg (L — Lyx)

5(X. L) = ordE)Eo
Proof. We note for s € R,
ord(s/ezom)
vp(s) = vp(s/epem) = W
_ ordE(E/e§~®m) B mordE(ﬁ~ —~I~/A1).
ord ;&) ord ;X
Suppose s € f()‘X7£)Rm, we have %jﬁf’") > A, 80 vj(s) + m%@}i“) >\

ord s ([EfEAl )

ordE.)?o '

To see the reverse inequality, it suffices to show that there exists A € Z, m € N(®
and s € F*R,, satisfying

Thus we obtain oz <

ord (L — Lyt)

= =\
ord ;X

vip(s) +m
ordg ([:*;Al)

Indeed for such s € F R,,, we have s ¢ .7-'3‘@ [o] for o < 7
ord g

put

. For s € R,,,

A(s) == —log||s]| ‘Y5 = sup{\ | w5 e HO(x, £O™)}.
Since {w ™5 | A € Z,5 € F*R,,} generates H*(X,L®™) over C, {w )5 | s €
R, } generates HO(X,LZ™) over C[t]. It follows that we get s € R, such that
w_’\(5)§|E # 0 for sufficiently large m with globally generated £%™|x,. For this
s, we have ord (3/efom) = ord z(w*(*)) = A(s)ord Xy, hence we obtain vy (s) =
A(s) — miordé(é_ifl)

, which shows the claim. ([l
ord g

Let X be a normal test configuration. By [BHJ1, Lemma 4.5], we have

ordg
OI‘dEXO ’

which in particular shows Z,, = Iy thanks to Lemma 3.2. Thus for irreducible
components E, E' C Xy, vg = vg implies E = E’. We have Lxrea = Necx, Los-

G(vg) =
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Since X is normal, the central fibre does not have embedded points ([BHJ1,
Proposition 2.6], so that primary decomposition of the ideal Zy, is unique. It is
given by the primary ideals Z;} 1.

Corollary 3.4. We have

_ _ dE(w*)\m.g )
T+l — A g | HEENZ "eSm) oy
VE {;w S | OrdEXO —_ }

In particular, we obtain the following primary decomposition:

Ix, = () I}
ECXp
Proof. Since
dg(5m dg(£L —L
or E(S ) :’UE(Sm)-l-mor E( _ )’
ordg X ord 3 Xp
we compute
dz(L - L)
I;H = w_/\mjm VE(Sm) + morE7~ > +1
> [ vs(sm) +m =B 2 A+ 1)
v~ ordp(w M .5,)
= &y | ——m——> > 1}
{;w Sm | ordg Xy =1}

This shows
Iy, =Oxw= () I}
ECXy
O

3.1.3. Primary decomposition of the Duistermaat—Heckman measure. In what fol-
lows, we consider normal test configuration. We denote by XF C X the (non-
reduced) subscheme corresponding to the primary ideal I,jEl:

R(X(F7£|X(F) = @ HO(X(F,£|§?) = @ Rin/ (R OIJEl)'
meN@) meN@
The G,,-action on (XF, L] x) gives the weight decomposition
Py Bom
(‘F()\X@) N Fggl[UE])Rm

Rn/(Rm NIL) = P o™
AEZ

Similarly, we have
RELlp)= @ HYELF)= @ Ru/(RuNTLy)
meN(d) meEN(d)
and the weight decomposition
Fiv.oyBm
(Flv o) N Fort [08]) R

Rin/(Rm NTLyy,) = P o
AEZ
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Now we can compute the Duistermaat—Heckman measure of primary components
via the associated filtration. Recall

(50) DHxp g,y = lim —ZdlmHO(XO L LE™ | ) 300 m

m—oo "
AEZ

= OI‘dEXO : DH(E7L|E)~

Proposition 3.5. We have

A
lim — Z dim ]:(X,ﬁ)Rm By /m = DHg r)z) v=wvg for EC &p
meree Mt 7 <]:(>\X ) N F>F[ow]) B 0 vé&{vg | EC Xy}
| 1 F o) Bom s JordsXy-DHipc,) v=uvp for B C X
mgnoo ﬁ Z 1 FA f>‘+1 R OXN/m = 0 Ecx
AEZ ( (x,c) /o low]) Rim, vé{vg | EC X}

Proof. As we already noted, we have

_ Fiv .o B
(]:()\X £) fli\;rl[UE])Rm

H(X7, L] )

and
Flv.r)Bom
(Fdv.o) N Forl [0]) R

HY(E,L|p)s =

bl

which shows the claim for v = vg.

As for v ¢ {vgp | E C X}, thanks to the following lemma, we have Z, # Zg for
any irreducible component £ C AXj. It follows that the dimension of the irreducible
subscheme Z, C Xj associated to the prime ideal Z, is less than n, so that we have

lim —dlmH( Zy, L™ 7)) = 0.

m—oo M
Then the claim follows by

(Fe.)N ]-'3“ [00]) R

H(Zy, £%™|5.) = R /(R =Pz

AEZ

O

Lemma 3.6. For a general valuation v on X, we have v = vg if and only if Z,, = Zg.

Proof. The stalk Ox g of the generic point of E/ is DVR by the normality, so that
we can take a uniformizer u € m: any f # 0 € Ox g can be written as f = au” by
unique @ € Oy g\ m and n € N. By Lemma 3.2, E is the center of G(v), so that
we have G(v)(f) > 0 for f € Ox g and G(v)(f) > 0 for f € m C Oy g. Then since
G(v)(au™) = nG(v)(u), we must have G(v) = G(v)(u) - ordg. Since G(v)(w) = 1,
we must have G(v)(u) = (ordgXp)~*. This shows G(v) = G(vg) and hence v = vg
by restriction. [
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3.1.4. Valuations along the normalized base change. Here we recall some facts ob-
served in [BHJ1].

Proposition 3.7. Let (X, L) be a test configuration and X be a normal test
configuration dominating both X and X x Al. Let vy : (Xy, L4) — (X, L), 7g :
Xy — X be the normalized base changes.

N

Xd%X

Then for any irreducible component £’ C /'\?d,o, we have
vgr = d.vg
op (Xg, Lyg) =d.op(X, L)
for the irreducible component E := iy(E') C Xp.

Proof. Since (74)sXa0 = (74)+w35(0) = w*(va)«(0) = Xo, we compute

dop(f) = d ordgf o pf; ordg(7g)«div(f opf}d) ordg f op?id
v =d. —= = = = —
L OI'dEXO ordE(Dd)*Xd70 ordE/ Xd,O

= v (f)

for f € C(X).
Similarly, we compute
ordp/(Lq — Lg)  ordp(ia).75(L — L)  d.ordg(L — L)

op (Xg, Lg) = _ = _
E( ¢ d) OI‘dE/X(LO OrdE(Dd)*Xd70 OrdEXQ

= dO‘E(X,£>

O

Proposition 3.8. For any normal test configuration X and d, we have the following
one to one correspondence via vg:

E'—E=vq(E’
P LA A

{irreducible components of Xy} ) {irreducible components of X4}

Moreover, we have
ordg Xy = (ordgXp, d) - ordp X4 0
(va)«E' = (ordp Xy, d) - (E.L™)
and (vq)«E' = (ordgXp,d) - (E.L™) as divisors, where (ordgXp, d) is the ged.

Proof. As we have already used in our arguments, v, is surjective. Suppose vg(E}) =
vq(F%) = E. By the above proposition, we have vg, = dwg = vg,, so that
Tg; = Za.vp = Lp,. This shows the injectivity of vg4.

Now the multiplicity can be computed using the local coordinate expression (6)
of the normalized base change. O

The normality of A" is essential here: for a non-normal test configuration X', the
number of the irreducible components of the central fibre of the normalization X'
may increase from that of the original X'. The author learned the following example
from Masafumi Hattori.
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Ezample 3.9 (Hattori’s example). Consider an elliptic curve X = {x3 + 23 + 23 =
0} C P2 and its test configuration X’ defined as the integral image of the following
morphism
X x Al = P? x A!
((xo @y 2 x2),t) = ((xo : @1 : tae),t).

Explicitly, X" = {((20 : 21 : 22),t) | 328 + 323 + 23 = 0}, which is endowed with
a Gp-action ((z9 : 21 : 22),t).7 = ((20 : 21 : T22),7t). The central fibre of X’ is
non-reduced 3P!, and the normalization is the trivial configuration X x Al

On the central fibre, we have a degree 3 morphism ¢ : X — X : (xg : x1 : 2) —
(xo : 1 : 0). Let X be the blowing up of X" at p=(1:1:0) € X{, over which the
morphism ¢ is étale. The central fibre consists of two irreducible components: one
is the proper transform of 3P' and the other is the exceptional divisor E. By our

choice of p, E N 3P! consists of three distinct points. Consider the normalization
v:XY = X. Let f: XY — X x A! be the induced morphism.

14

XY — X

| |
X x Al —— X/

Since B(v~'E) = ¢~ !(p) consists of three distinct points, we have three distinct
irreducible components E;, Eo, E5 of v"'E C X,. Each E; is mapped onto E.

3.1.5. Stabilize (homogenize) the filtration F(x ). We continue to consider a nor-
mal test configuration (X, £). By [BHJ1, Lemma 5.17], we have

(51) Fivry = ﬂ Folon]
ECXp

for A € Z. This is no longer true for A € R: the latter filtration may jump at A € Q
as vg(s) € Q may be not integral when the central fibre X is not reduced.
For A € R, we put

(52) Fvey = ) Foplozl
ECXy

We obviously have Fx ry C ﬁ()(,g).
Compared to the associated filtration F(x r), the new filtration .7?( x,c) behaves
well under normalized base change.

Proposition 3.10. For a normal test configuration (X, L), we have

~

(53) Flaaea) = Flx.cya-
Proof. Using the results in the previous subsection, we compute
Foploe (Xg, La)] = Fawpldop(X, L)) = (Fuploe(X, L)]).d,
which proves the claim. O

Compared to this, we only have Fx ) C Fx, c,)a-1: for A € R,

N _ AT R _ rd[A] X\
Flee) = Fxey = Fixnes) = Fxoes) C© F(Raca)
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When X is reduced, vg(s) + mog = ordg(5)/ordgXy = ordg(8) is an integer
for s € R,, and m € N(@ | so that we have F'

vE lor] = ]-2[21 [cg] and hence

A _ AT [AT e
(54) Fixey=F vy =Fixe) = Flxo

for A € R.
By taking sufficiently divisible d so that X is reduced, we get

(55) féﬂﬁ) = f(d?d,z:d) = f(AXd,z:d;dfl)

for general normal (X, L) and A € R. Therefore, we can understand ]?( x,c) as the

stable limit of the replacement F(x £y +— F(x, £,);:a-1- In particular, the filtration
.7?( x,c) is finitely generated.

As a consequence, we get o, (.7?(;(’[;)) = og(X,L) for a G,-invairant prime
divisor E over X centered on Xjp:

Ovp (]?(X,L‘)) = vy (Fxy,Lo)d—1) = A gy (Fixgcy) =4 op (Xa, Lq) = op(X, L).

3.1.6. Primary decomposition via .7?( x,c)- Now we compute the primary decompo-
sition via f(xﬁ). Compare Proposition 3.5.

Proposition 3.11. Let (X, £) be a normal test configuration and X be a normal
test configuration dominating X'. Then for any irreducible component £ C X, we
have

TA
im LY dim ol 5 fordsdo - DHipoi vp = s for EC X
m—oo Mm" b (‘F()\X,L) N ]—"3‘;" [UE])Rm 0 Vi ¢ {vE’ | EC XO}

Proof. By the equivariant Riemann—Roch theorem (cf. [BHJ1, Corollary 3.4]), we
have

1 1 ‘(n+k
o R(—pt)’“DHwﬁ\E) = (n+k)!(EG”~EGm1§ ;p)

for k € N. Thus it suffices to show

EGm_ ((ntk), 1 ]_”l>\ Rm B L
ordp Xy &K L ) _ iy — 3 dim ( PA{m) _
(TL + k) m—00 M, ) (‘F()\Xﬁ) N ]:U;_ [UEDRm k!

Take d € N, so that the central fibre of the normalized base change Xj is
reduced. Then for the irreducible component E’ C X, corresponding to £ C Ay,
we have

ordpXy - (B Lo, 5" ™5 0) = (E"®" Lag, |55 p/d)
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by the equivariant projection formula (note vy is equivariant with respect to the
d-times scaling G,,-action on E). By Proposition 3.5, we compute

1 (n
(BN Lag, [T p/d)

CENG)
:hm47§:¢m FlepepBm (—p/d.X Jm)*
movoo mt £ (Fvy ey NV Fow (08 B K
— lim 44*§:(ﬁn1 Flvaza)ia Bom (—p/d.d\/m)
m—oo Mm™ ) (]:(/\Xd,[,d);dfl N (fd_yE [dO’E})?\d—tl)Rm k!
TA
=1mll;§:mm T, Ttm (=pA/m)*
m—oo M .

! A€Q (]:(Ax N ]:5\; [0E]) R, k!
O

Proposition 3.12. For a normal test configuration (X', £), an irreducible compo-
nent £ C Xy and 7 € R, we have

1
OI‘dEX()/ DH(E,£| ) = lim — dim —
(—o0,7] Yommeem Ae@%jgmr ‘F(>\X,£) m]:vE [ B Rm

Proof. The measure DH(g ¢, is compactly supported and either a Dirac mass,
which is the case only when the G,,-action on FE is trivial, or absolutely continuous
with respect to the Lebesgue measure.

In the former case, the claim is clear as vg = Vgiy:

R, A<mog

FMog| Ry = .
on OE] {0 N> mos

In the latter case, the claim follows by

1 , Fe oy Ron
i e > dim ———5 SL/ DH(z,z)5) = 0
AEQ,mT <A MT+€ ‘7:(25 L) NFos loe|Rm [1,7+€]

O

We use the following in the proof of Proposition 4.58.

Proposition 3.13. For a normal test configuration (X, £) and an irreducible com-
ponent E C A, we have

op = infsupp DH(g £|,)-

Proof. For A\ < mog, we have F)Flog]Ry, = Ry, so that f A PH(E 1) =
for 7 < o by the above proposition. Thus we have ocp < inf supp DH(E,£|E)
On the other hand, we note for

ﬂ%QRm

A infA e R |
Fe oy N Foud o) Ron

min

40},
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we have /\](m”fg /m = inf supp DH(g £, for sufficiently divisible m. Indeed, for A €
d='Z, we have

‘7:()\)('7[:)Rm _ }-(d?mﬁd)Rm
Fropy N F 06 R F&, £ N Fon o8] R

=H(E', L4| 3" )ax

for E' C Xy, corresponding to E C Xj. Take sufficiently divisible d so that the
central fibre of X is reduced, then we have

A — g Vinf{\ € Z | HO(E', Lq|27)x # 0}.
Consider the product configuration of (E’, L|g/) associated to the G,,-action on E’.
Then by [BHJ1, section 5.5], we obtain

)\(m)

min

/m = d~ " inf supp DH g/ 2,4, = infsupp DH (g £|,)

for sufficiently divisible m.

Therefore, it suffices to show for any € > 0 and for every sufficiently divisible
Fe.oyfim
Foe.oyNFop o6 R
this slightly: for e > 0, we want to find m’, N’ <m/(ocg +¢) and s’ € R,,,» so that

vp(s') +m'op > X for every F C Xy and vg(s') + m'op = N.

m, there exists A < m(og + ¢) such that

# 0. We can simplify

Since F(x ) is finitely generated, there exist Ao € R, mg € Nf) and sg €
]?()‘;} L)Rmo such that

UE(S()) + moog = Ao

(See also the proof of Proposition 3.3. ) Since L is globally generated, we can take

l e Nf) and t € R; so that ¢t does not vanish at all the centers of vg for F' C Aj.
Now for € > 0, take large k so that

vE(so) < (mo + kl)e.

We put m’ = mo + ki, s’ = sot* € R,y and X := Ao + klop. Then since
vE(s') = ve(soth), we have

N =vg(s)+mog <m'(og +e).
On the other hand, since sg € ﬁ(ﬁ‘é E)Rmo, we have
vi(s') +m'op = vp(so) + moor + klogp > Mo + klop = X

as desired. 0O

3.2. Non-archimedean pluripotential theory. In this section, we recall Boucksom—
Jonsson’s global pluripotential theory over trivially valued non-archimedean fields
developed in [BJ1, BJ2, BJ3, BJ4]. We exhibit proofs of some known results as we
would approach the theory in a slightly different manner based on observations in
the last section. The following diagram summarizes various constructions.
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Filtunif — - E]&IA domm e Xlin
P ~ S /
- \\ U MA(R) N T
N

Filtfe —— 0 mPSHNA —— MI(XNA) —— xam

U LP(X ) / \

Tt — nTC X div

Here TC (resp. nTC) denotes the set of isomorphism classes of test configu-
rations (resp. normal test configurations), and Filt™® denotes the set of finitely
generated filtrations (see Definition 2.19). Dashed arrows exist under the continu-
ity of envelopes (see section 3.2.7). We will explain the rest of notations in this
section.

There are many other approaches to non-archimedean psh metrics, the details of
which are beyond the author’s knowledge. See Introduction of [BJ3] for the history.

3.2.1. Berkovich space. Let X be a scheme of locally finite type over a field k.
Every schematic point y € X (not necessarily closed) is the generic point of a
unique irreducible reduced subscheme Y C X. Let X, NA .= Val(Y') denote the set
of valuations on Y. We note we assume v|;x = 0 for valuatlons.

The Berkovich space XN* associated to X is a topological space defined as
follows. We put

NA _ NA
(56) XN =TT X0
yeX

The topology on XNA is the weakest topology which satisfies the following

(1) The forgetful map XN — X : X — y is continuous,
(2) For every Zariski open set U C X and f € Ox(U), the following function
is continuous:

(57) —log|f|: UN = (—00,00] 1 v € XD = v(fly).

It is known (cf. [Berk, Thereom 3.5.3]) that XN4 is (path-)connected, Hausdorff,
compact if and only if the scheme X is connected, separated, proper, respectively.
While XN is not first countable (see example below), it is Fréchet-Urysohn space,
hence sequential, by [Poi, Theorem 5.3]. Namely, the closure of subsets coincide
with the sequential closure, hence every sequentially closed subset is closed. As a
consequence, for proper X, XN is sequentially compact as well as compact.

For a non-archimedean/archimedean complete field 12:, we can apply an analo-
gous construction which reflects the non-archimedean /archimedean norm on ktoa
scheme of locally finite type over k: we assume v(f) = —log||f|| for f € k> in the
definition of valuation. From this perspective, the above definition of the Berkovich
space is a special case of such construction: we identify the field & with the trivially
valued non-archimedean field. The associated space is also called the Berkovich
analytification of X by this reason.
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We denote by X, X4™ and X" the set of all linear growth, quasi-monomial
and divisorial valuations on Y, respectively. We put

(58) xet= ] x)* c x™4,
yeX ()

(59) x= T xgvc x4,
yeX(o)

where X(® denotes the set of generic points of irreducible components of X. Then
X4V is dense in XN4 as shown in [BJ3, Corollary 2.16]. We define X', X9 in
the same way.

In the trivially valued case, there is a continuous action of the multiplicative
group R, on XNA given by the scaling of valuation: (p.v)(f) = p-v(f). For a
function ¢ : XN — [~00,00) and p € R,, we define a rescaled function Pyt
XNA s [~00,00) by

(60) bip(v) = pio(p~" ).

Ezample 3.14. The Berkovich space N4 of a smooth algebraic curve ¥ over (the
trivially valued field) C is identified with

lim Treep,
Dcy

where D runs over all finite subsets. Here we put

Treep := H [0, 0],/ ~

zeD

where [0,00], are copies of the interval [0,00] given for each closed point z € S
and we identify all 0 € [0, 00], by ~. For two finite subsets D C D’ C X, we have
the projection Treepr — Treep, which makes {Treep} into the inverse system.
The point [0] corresponds to the trivial valuation on X, each infinity co € [0, 00],
corresponds to the trivial valuation on a closed point z € ¥ and each ¢t € (0,00),
corresponds to the valuation t.ord,. This example shows XN is not first countable
nor separable in general.
We note this is different from the following topological space

@ Treep = H[O7OO]Z/ ~,

Dcx ZEX
though we have a bijective continuous map [], 5[0, 00]./ ~— SNA.

The above abstract topological description is enough for our purpose: we can
use Dini’s lemma and Riesz—Markov—Kakutani representation theorem on Radon
measures. We recall a Radon measure on a compact Hausdorff space X is a finite
Borel measure which is inner regular: we have

w(B) =sup{u(K) | B D K compact }

for every Borel set B C X.
We recall every finite Borel measure on R is both inner regular and outer regular:
we also have

u(B) = sup{u(U) | B C U open }

for every Borel set B C R. We will use this fact in several times.



II, NON-ARCHIMEDEAN p-ENTROPY AND pK-STABILITY 49

In the arhimedean case, every finite Borel measure on a manifold is known to
be inner regular, even outer regular. It would be comfortable if we have the same
property for XNA however, it is pointed out in [Jon, Example 2.7] that this problem
could be sensitive to the choice of a model of ZFC. Anyway, this is not a nuisance
as we are only concerned with Radon measures in our theory.

The space XN is endowed with a structure sheaf of local rings, which can be
considered as ‘analytic structure’ on XN, though it only has algebraic information
in the trivially valued case, in principle. We do not consider such structure in this
article. Instead, the ‘analytic structure’ on XN is reflected in the following:

e For a test configuration (X', L), we assign a continuous function ¢y r) :
XNA 5 R,

. ForAa test configuration (X, L), we assign a Radon measure MA(X, L) on
XNA,

e Assume X has only klt singularities. Then the log discrepancy Ax defined
on X4 by Ax(cordg) = ¢(1 4 ordg(Ky,x)) extends to a lower semi-
continuous function Ax : XN — [0,00]. See the remark after Theorem
1.9.

Now we are going to define non-archimedean psh metrics. In the archimedean
case, a psh metric on an ample line bundle L is a singular hermitian metric on L
which can be written as he™? using a smooth hermitian metric A and an upper
semi-continuous function ¢ such that —log|s|? + ¢ is pluri-subharmonic for every
local holomorphic section s of L. This definition relies on local notion of pluri-
subharmonicity.

Thanks to Bergman kernel approximation [Tian] and Demailly approximation
[BK], we have the following global characterization of psh metrics. Fix a refer-
ence metric A on L. We call a smooth function ¢ on X Fubini—Study potential
if he=? is the pull-back of the canonical metric on (CP™,O(1)) along some Ko-
daira embedding X < CPY. Then an upper semi-continuous function ¢ on X
gives a psh metric he™® on L if and only if ¢ is the pointwise limit of a decreasing
sequence of Fubini-Study potentials ¢; \, ¢. Boucksom—Jonsson’s definition of
non-archimedean psh metrics on (X, L) is modeled on this characterization.

3.2.2. Fubini-Study metrics. Recall we assume (X, L) is a polarized normal variety.
Since X is proper, we can assign the center ¢(v) € Y (schematic point) for each
v E Xl‘l’al by the valuative criterion. For v € X;’al and a section s € H(X, L®™),
we put v(s) := v((s/e)|y) by taking a local generator e of L®™ around the center
¢(v). This is independent of the choice of e.
For a linearly bounded filtration F and (sufficiently divisible) d € N, we asso-

ciate a continuous function <p§3) on XNA by

@) — L —o(s;) — |F
(61) pr (v) =5 max {—v(s;) —log]si[y},

using a diagonal basis s1, ..., sy, of Ry with respect to || -||]. This is independent
of the choice of the diagonal basis {s;} as shown in the proof of the proposition
below. Since si,..., sy, have no common zeros, ga(]f-l) gives a continuous function
on XNA,

When F is finitely generated, go(]f-l) is independent of the choice of sufficiently
divisible d as shown in [BJ2]. We denote it by ¢z for finitely generated F. For
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the finitely generated filtration F = F(x 1) (resp. F = F(x r)) associated to a
polyhedral configuration (X /B, £; ) (resp. a test configuration (X, £)), we denote
oF by ox.cie) (tesp. @x.r)). We have oz, . -] = 7. We especially denote the
constant function 0 by @iyiy-

Now recall we studied o,(F) = inf{oc € R | F* C F)[o] for VA € R} in the last
section. It is connected to non-archimedean psh metrics as we declared.
Proposition 3.15 (Proposition 2.16 in [BJ4]). For a linearly bounded filtra-
tion F, d|d € Ny and v € Val(X), we have <p(fd)(v) < 4,0(}51,)(11) < 0,(F) and
lim; o0 <p(]f-ii)(v) = 0,(F) for any eventually sufficiently divisible sequence {d;}: for
any p € Ny there exists i, such that p divides d; for every i > ¢,. For a finitely
generated filtration F, we have

x(v) = 9 (1) = 0u(F)
for sufficiently divisible d.

Proof. Take d € N1 and a diagonal basis {s;} of R4 as in the construction of gog_fl).
Since {s;} is diagonal, we compute

v(Yais) +log || > assil|7 > min{u(s;) | a; # 0} + max{log ||si[[] | i # 0}
> min{v(s;) + log [si[[7 | ai # 0}.
It follows that
d 1
@ (v) = 5 sup{~v(s) ~ log ls|[7 | 0 # s € Ra.

For any [ € N1 and s € R4, we have

1 1
7(~v(s) —log Isll7) < a(—v(s(@l) — log |s®'[|)
1
< psup{—v(s’) —log Is'7 10 # s" € Rai},

so that we get

d dl
D (0) < o ().

Now we note s € F Ry iff —log||s||] > A and s € F)[o]|Ry iff v(s) +do > \. It
follows that F C F,[o] iff v(s) +mo > —log||s||7, for every m, so we get

P (W) < 0u(F).

As for lim;_, go(}fi")(v) = 0,(F), we already know lim;_,, ga(]f-l")(v) < oy (F).
Take o > lim; gog_fli)(v). Then since o > lim; gp(]f-ii)(v) > gosfm) (v) for every
m € Ny, we have mo > —uv(s) — log||s||, for every m and s € R,,, which implies
F C Fylo]. Thus we conclude o, (F) = inf{o | F C F,lo]} < lim; 00 go(]f-ii)(v).

When ¢ is finitely generated, we have gpgﬁl) = lim; o wggi)(v) = 0,(F) for
sufficiently divisible d. O

Corollary 3.16 (Proposition 2.9 and Proposition A.3 in [BJ4]). We have px r) =
@(xv =) for the normalization v : XY — & of a (non-normal) test configuration
(X, L).

Proof. By the above proposition, it suffices to show o,(F(x,z)) = 0o(F(xv,ver)),
which we proved in Proposition 3.1. (]
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We put
(62) HNA(X, L) :={@x.) | (X,L): test configuration }.

As we observed in the above corollary, the map TC — Hya (X, L) : (X, L) — ©(x )
is not injective. As we will see in Corollary 3.26, we have p(x, £,) = @(x,,c.) iff the
normalizations are isomorphic (X7, v*Ly) = (XY, v*L3). In other words, we have

nTC = Hya(X, L).
Similarly, we put
(63) HRA(X,L) := {@x | F: finitely generated filtration }.

Polyhedral configuration (X/B,;L) gives a polyhedral structure on Hx, (X, L):
put ®, := {©(x/B,c:¢) }eeo, then we have

Haa(x.0)= |J .
(X/Bo3L)
We can then discuss continuity, piecewise linearity and even piecewise smoothness
of a functional on H¥ (X, L) by restricting the functional to each toric cone ®,.
Among all, the continuity of the entropy [y~ AxMA(p) with respect to such
‘polyhedral topology’ is important. This would be studied in [BJ5]: ‘polyhedral
topology’ is enough strong as ‘C'°°-topology’ in the archimedean analysis.
For a polyhedral configuration (X /B,,L;£) and p € Ry, we have

P(x,Lipg) = P(X.L8)ip
as Fix,cipe) = F(a,cie)p- On the other hand, Fix, r,) # F(x,c;q) in general.
Nevertheless, these gives the same functions.

Corollary 3.17 (Lemma 2.22 in [BJ3]). For a test configuration (X, £) and the
normalized base change (X4, L4), we have

P(Xg,Lq) = P(X,L);d = P(X,L5d)-
Proof. By Proposition 3.7, we have ¢(x, r,)(vE) = ¢(x,c);a(ve) for the valuation
vg associated to any irreducible component E' C X, of any normal test configuration
X. As we noted, valuations of the form vy forms a dense subset X4V c XNA 5o
the claim follows by the continuity of ¢(x ). O

3.2.3. Non-archimedean psh metrics. A net of functions on XN* is a collection
{ah; + XNA — [~00,00)}ier of functions parametrized by a directed set I: I is
endowed with a preorder < and for every i,j € I there exists k € I satisfying
i,j < k. A decreasing net of functions is a net of functions satisfying ¢;(z) < ¢;(x)
for every i < j and x € XA, For any decreasing net of functions, the pointwise
limit ¢ : XNA — [—00,00) exists, which we denote by v¢; ~\, ©. When 1; are
upper semi-continuous, the limit function is also upper semi-continuous. We may
assume the index set [ has a minimum 0 € [ by restricting I to the cofinal subset
{i € I | i > 0} if necessary.

A (potenital of) non-archimedean psh metric on (X, L) is an upper semi-continuous
function ¢ : XN4 — [—00,00) which is the pointwise limit of some decreasing net
of functions in Hya(X,L) and is not identically —oo. When we consider non-
archimedean psh metrics ¢, ¢’ on different line bundles L, L', we write those as
(L), (L', ¢"). We put

PSHnaA (X, L) := { non-archimedean psh metrics on (X, L)}.
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Thanks to the compactness of XN, the pointwise limit of any decreasing net in
PSHNa (X, L) is either in PSHya (X, L) or identically —oo (cf. [BJ1, BJ3]). Less
obviously, it is proved by [BJ3, Thoerem 9.11] that for ¢ € PSHna (X, L) there
exists a decreasing sequence {y;}ien C Hna(X, L) pointwisely converging to ¢.
We will use this fact only for ¢ € Ef, (X, L), which is much easier: 4, (X, L) is
endowed with a metric, and pointwise convergence and the metric convergence are
equivalent for decreasing nets. We would find the proof in section 4.1.

What we must be careful for net is that various convergence theorems in measure
theory is inwvalid for net. As for monotone convergence theorem, we have the
following.

Proposition 3.18 (Proposition 7.12 in [Fol]). Let X be a compact Hausdorff
space and p be a Radon measure on X. For an increasing net {f;};cs of lower
semi-continuous functions (resp. a decreasing net {g; };cs of upper semi-continuous
functions), we have

sup/ fidu = /supfl-du (resp. inf/ gid,u:/ infgid,u>.
iel X iel €l Jx x 1€l

Until section 4.1, except for section 3.4.3, we mainly discuss continuity along
decreasing nets and rather rely on monotonicity and the following Dini’s lemma.
In section 4.2, we show the continuity of various functionals on EJY (X, L) with re-
spect to the Eexp/dexp-topology, using the dominated convergence theorem to some
sequence of functions on R associated to a sequence {®; }ien. Since the dominated
convergence theorem is valid only for sequences, we must check the Fexp/dexp-
topologies on Exa (X, L) are sequential. This is obvious for dexp-topology once the
metric is constructed. As for Ee.,-topology, we check it in Proposition 4.38

We frequently use Dini’s lemma of the following form. This relies on the com-
pactness of the Berkovich space XNA.

Lemma 3.19. Let {¢;}icr C PSHxa(X, L) be a decreasing net which pointwisely
converges to ¢ € PSHya (X, L). For any ¢ € C° N PSHya (X, L) with ¢ < ¢ and
€ > 0, there exists i € I such that ¢; < ¢ + € for every ¢ > i..

Proof. Since ¢; — ¢ is a decreasing net of usc functions, the subsets
Fi:={z e X" | gi(z) > p(z) + ¢}

ier Fi =0, wehave F; C F N---NF;, =
() for some i1,...,%; and every j > i1,..., 1 by the compactness of XNA, ([

give a decreasing net of closed sets. Since [

Recall the weak convergence of psh metrics in the archimedean case is defined
to be the L'-convergence with respect to the Lebesgue measure (cf. [GZ, Section
8]). This is equivalent to the convergence [y ¢;MA(¢) — [ ¢MA(¥) for every
smooth metric ¥ as MA (%)) is absolutely continuous with respect to the Lebesgue
measure and vice versa.

In the non-archimedean case, there is no Borel measure on XN* such that every
non-archimedean MA (¢)) is absolutely continuous with respect to the measure. The
latter characterization adapts the non-archimedean case (cf. [BJ3, Corollary 9.18]):
a net {¢; bier in PSHya (X, L) is called weakly convergent to ¢ € PSHya (X, L) if
0i(v) = p(v) for every divisorial valuation v € X4V, Tt is equivalent to say
vi(v) = @(v) for every quasi-monomial valuation v € X9, For a decreasing net
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{pitier € PSHNA(X, L), ; converges to ¢ pointwisely if and only if it converges
to ¢ weakly by [BJ3, Corollary 4.30].
Question 3.20. Is the weak topology on PSHya (X, L) sequential?

We note sup p = p(vgiv) for every ¢ € PSHya (X, L). Indeed, we can directly
check this for pr € HX, (X, L) and then for ¢ € PSHya (X, L) by passing to the
limit of a regularization ¢; \, ¢. It follows that sup ¢; — sup ¢ whenever p; — ¢
weakly.

3.2.4. Finite energy class. For a test configuration (X, L), we have

T i) [y

(n+1)! (n+1)! R L)
As shown in [BHJ1, BJ2], this depends only on the associated to non-archimedean

. o —ntly .
psh metric ¢(x ») and ﬁ((ﬁl) ) < ﬁ(ﬁn ) if oy < @xe) (cf.
Lemma 3.48). The energy functional E : PSHya(X, L) — [—00,00) is defined by
—n+1
el L) ‘
= > .

(64) B(p) =it { T | ooen 2 ¢
We put
(65) ELA(X, L) i= {p € PSHA(X, L) | E() > —o0}.

The strong topology on E (X, L) is the weakest refinement of the weak topology
inherited from PSHya (X, L) such that E is continuous. As discussed in [BJ4], this
is equivalent to the metric topology of a distance d;, which we recall in section
4.1. Since the energy F is continuous along decreasing nets, for a decreasing net
{pitier C Exa(X, L), ¢; converges to ¢ strongly if and only if it converges to ¢
weakly.

3.2.5. Non-archimedean Monge—Ampére operator. The non-archimedean Monge—
Ampére measure of a normal test configuration (X, L) is the measure on XA
defined by

(66) MA(X, L) ;:% > ordgdy - (E.L™).0y,.
ECX)y
Here §, denotes the Dirac measure charging v € XNA. Since we have nTC =2
Hna (X, L), we may regard MA as a operator on Hya (X, L).
Let M(Xna) denotes the space of Radon measures on XN with total mass
(el). We put

(67) B'wi=  sw  (B(p)~ [ wdu)
wEEL L (X,L) XNA

for 1 € M(Xna) and

(68) MUY = fue MXNY) | BY () < o0},

The strong topology of M'(XN4) is the coarsest refinement of the weak topology
induced from M (Xya) which makes EV continuous.

We have MA(X, L) € MY(XNA). Tt is studied in [BJ1, BJ3] that there is a
unique extension of MA : Hya (X, L) = M (XN4) to

MA : &5 (X, L) — M (XN
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which is continuous with respect to the strong topologies. In particular, we have
the following. Compare Proposition 4.30.

Theorem 3.21 (Lemma 5.28 or Theorem 7.3 in [BJ3]). If anet {p; }icr C Exa(X, L)
strongly converges to ¢ € &, (X, L) and either ¢ € CO(XNA) or o € E4, (X, L),
then we have

lim YMA(pi) = PMA(p).

1—00 | xNA XNA
Example 3.22 (Example 3.17 in [BJ3]). Consider (X, L) = (CP',O(1)). On each
branch [0, 00], of X™4, the function log|s| : v — —uv(s) for s € HO(CP', O(d)) is
identified with the linear function —ord,(s).t. It follows that ¢ € Hxa (CPY, O(1))
can be written as

% max{—ord,(s;).t + \;}

on each branch [0, 00],, which is a piecewise affine convex function. The slope of
each affine function takes value in [—-1,0] N Q as ord,(s) € [0,d] N Z.

On each branch (0,00],, the Monge-Ampere measure MA(y) is given by the
distributional derivative (¢](o,), )", Which is concentrated on the non-smooth locus
of ¢. The mass of (0,00], is the minus slope a, of v on [0, <], and the mass at the
trivial valuation 0 € XN is 1 =3 _cpi a..

3.2.6. Filtration associated to continuous psh metric. For a continuous non-archimedean
psh metric ¢ € CY N PSHya (X, L), we put

(69) FoRn= () Flle@)Rm,
vEVal(X)
(70) —log||s||, ;=sup{AeR | s € ngm}

= inf{mep(v) + v(s) | v € Val(X)}
for s € R,,. We note F,, , = (Fy),,- We have F, C F if and only if ¢ < ¢'.
Proposition 3.23. For p € C° N PSHya (X, L), we have
oo(Fp) = ¢(v)

and lim;_, o wgij;) = ¢ for any eventually sufficiently divisible sequence {d;}.
Proof. Since ¢ is continuous, for any € > 0, we can take @ € Hna(X, L) so that
¢ < @ < ¢+ e by Lemma 3.19. Then we have F;_. C F, C Fj, so that we get
00 (Fp—e) < 0yu(F,) < 0y(Fp). By Proposition 3.15, we get ¢(v) —e < 0,(F,) <
@(v). It follows that p(v) —e < 0,(F,) < ¢(v)+¢e. Ase > 0 is arbitrary, we obtain
p(v) = o (Fp).

Similarly, we have ¢ = ¢ FO < <,0.({-2+E = w(fdz + ¢ for sufficiently divisible d again

by Proposition 3.15 and Fs C F,4e. Thus we get <p(}(-2 <p<ep< <p(}(-2 + €, which

shows the uniform convergence ap(;l; . O

Let F be a linearly bounded filtration. We recall <p(fd) (v) = d~tsup{—v(s) —
log ||s]|] | s € Ra}, so we have

F o = (] Fold  sup{—v(s) —log||s||7 | 0 # s € Rq}].
F
vEVal(X)
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We can easily check the following are equivalent conditions, using the density
Val(X) ¢ XNA and Dini’s lemma.

(1) For any € > 0 there exists d € Ny such that F C F @ e].
F

(2) For any € > 0 there exists d € N} such that o, (F) < Lpgf-l)(v) + ¢ for every
v € Val(X).

(3) The increasing sequence cp(fdi) converges uniformly for some/any eventually
sufficiently divisible sequence {d;}.

(4) The pointwise limit lim; cp(}(-ii) is continuous for some/any eventually
sufficiently divisible sequence {d;}.

We call F uniformly approzimated if one of the above equivalent conditions is
satisfied. We denote by Filt"™™! the set of all uniformly approximated filtrations.
For F € Filt"™, we can assign a continuous non-archimedean psh metric pr =
lim; o0 927 € C° N PSHxA (X, L).

By the above proposition, the filtration F,, associated to ¢ € C°NPSHya (X, L)
is uniformly approximated, and we have ¢ = ¢r_ . We note F C F, . in general.

Remark 3.24. In [BJ2], a similar construction for general linearly bounded fil-
tration is studied, assuming the continuity of envelopes (see section 3.2.7). For
general filtration, we have a lower semi-continuous limit lim; . cp(}'ili). Since a
non-archimedean psh metric must be upper semi-continuous, we must replace this
function with an upper semi-continuous envelope. It is then non-trivial if this en-

velope is a non-archimedean psh metric without the continuity of envelopes.

Proposition 3.25. For a test configuration (X, £) and its normalization v : X¥ —
X, we have

f‘P(X,ﬁ) = -F(XVJ/*[,)'

Proof. Since p(x £y = @(xv u+r), We may assume (X, £) is normal. By Proposition
3.15, we have f(xﬁ) = mEch ]'-g\E[QD(UE)L so that we get ftp(x,c) - ‘;_:.(Xa[’)' To
see the reverse inclusion, take a sufficiently divisible d, then by (55) and Corollary

3.17, we get
Frr) = Fxncaar) C (F

P(xg.Lq)

);d*l =F

Px,c)”

O
Corollary 3.26. We have p(x ) = ¢ ) iff the normalizations are isomorphic.
Proof. We can recover the normalization (X", v*L) from the filtration .7-"&/\]. O

Corollary 3.27. For a test configuration (X, L), we have
Voo(]: ) = DH(X,[,)'

P(x,L)
Proof. We recall DH(y ) = DH(xv 2y by [BHJ1, Theorem 3.14]. This implies
DHx z) = d*_lDH(Xd’Ld) for the normalized base change (Xy, L4). Take d so that
X0 is reduced, then we have F(x, r,.a-1) = .)’?(X,/W*L) = Fox.zy PY (55). It follows
that

DH(x .y = d; 'DH(x, £,) = Voo (Fas cara-1)) = Voo (Fipxecy)-
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Corollary 3.28. For ¢ = ¢ ) € Hxa(X, L), F, is finitely generated. The
central fibre X,(¢) := ProjR,(F,) is isomorphic to Xy for sufficiently divisible d
for which &y is reduced.

Proof. This is a consequence of (55). O

The following is a non-trivial fact generalizing the above corollary. The proof
involves non-trivial results on affinoid algebra.

Theorem 3.29 (Theorem 2.3 in [BJ4]). For ¢ € HX, (X, L), the associated filtra-
tion F, is finitely generated.

Proof. By [BJ4, Theorem 2.3], it suffices to show for a finitely generated filtration
F, || |7 is the homogenization of || - ||I in the sense of [BJ4]. This is nothing but
[BJ4, Theorem 2.11]. O

The reducedness of the central fibre is also a general phenomenon.
Proposition 3.30. For ¢ € C°(X) N PSHya (X, L), the ring R,(F,) is reduced.
Proof. For a linearly bounded filtration F, we put

F= () Flou(®)

vEeVal(X)
By Proposition 3.23, we have F, = .7/-';, so it suffices to show R, (]?) is reduced.
Take 0 # [f] € D,,eny Prer @ *FRin/F T Ry We can write it as
(1= @ isi]
iel
by a collection {(A;,m;) € R x N};c; with no overlap and s; € .}/:/\iRmi \]?)"""Rmi.

The condition s; € ]?’\iRmi \.7-2/\”+Rmi is equivalent to v(s;) +m;o, = A; for all v.

Now for
d

=1 > @ == [Ls)

iy igel r=1
we have [f]¢ = 0 iff for every (A\,m) € R x N, either

d d
Iam = {(i1,...,iq) € I | Z:mi,r = m,Z)\ir = A}
r=1 r=1

is an empty set or v(X_;, iyes, Hle i) +moy, > A Let (A, mi,) be the
minimum of {(\;, m;) }ier with respect to the lexicographical order. Then since the

collection {(\;, m;)}ier has no duplication, Jaxrs, dm., 1s the singleton {(igy---,%0)}
Thus we get
d
v( Z H 8i.) +dmg, = dv(si,) + dmi, = d),,
(G id)e']%iovmrio r=1
which proves [f]? # 0. Thus R, (F) is reduced. O

Proposition 3.31. Let F be a finitely generated filtration. Then the ring R, (F)
is reduced if and only if F,, = F.
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Proof. As we already see R,(F) is reduced when F, . = F, it suffices to show the
converse. Assume the reducedness of R,(F). By Proposition 2.20, we can find a
polyhedral configuration (X/B,,L) and { € 0° such that F = F(x ). By the
assumption and Proposition 2.18, the central fibre of (X/B,, £) is reduced.

For n € o NN, F(x ;) is the filtration associated to a test configuration with
reduced central fibre, so we have F(x c.)) = ‘7?(«'\7,5;77) = F

oo DY (54) and
Proposition 3.25. By scaling, we get F(x i) = also for n € o N Ng. To

P(x,Lm)
show F(x £m) = Fyx ooy fOr general ) € o, it suffices to show that both |[|s||
and [|s]m ™" are continuous on 7 € o for each s € Ryy,.

Take a basis {e;} of R, and p; € M as in Lemma 2.10 for 7,£®™, then we have

Fix ror .
—log |l = = min{ (i, m) | s =Y aser,a; # 0},
1

Fx,cim)
m

so that it is continuous on 1 € o. This also shows that for ¢, = o ), P
converges uniformly to ¢, if 9; = 7 € 0. Therefore,

—log [|sllm ™" = inf{mepa, e (v) +v(s) | v € XNA}
is continuous on 7 € o. O
3.2.7. Continuity of envelopes. Here we recall important consequences of the conti-
nuity of envelopes. The continuity of envelopes is not yet proved for general polar-

ized variety (X, L), so we would avoid using the hypothesis as possible. However,
it is crucial for the completeness of EGX (X, L).

Definition 3.32 (Continuity of envelopes [BJ1, BJ3]). We say the continuity of
envelopes holds for (X, L) if
P(f) = sup{p € PSHNa(X,L) | ¢ < f}
is continuous for every continuous function f € C?(XNA),
The smooth case is confirmed.

Theorem 3.33 (Theorem 4.52 in [BJ3] (cf. [BJ1])). The continuity of envelopes
holds for smooth (X, L).

The following are important consequences of the continuity of envelopes.

Theorem 3.34 (Corollary 4.58 in [BJ3]). Assume the continuity of envelopes for
(X, L). Then the subspace

{¢ € PSHNa(X,L) | supp =0}
is compact with respect to the weak topology.
Theorem 3.35 (Theorem 9.8 in [BJ3] (cf. [BJ1])). Assume the continuity of
envelopes for (X,L). Then the Monge-Ampere measure MA : &4, (X,L)/R —
M5 gives a homeomorphism.
Theorem 3.36 (Proposition 7.4 in [BJ4]). Assume the continuity of envelopes for
(X, L). Then the filtration F, associated to a valuation of linear growth v € X!®
is uniformly approximated in the sense of the previous section. As a consequence,
Yy = pF, gives a continuous non-archimedean psh metric. Moreover, we have
MA (p,) = (e1).5, and ¢, (v) = 0, which characterizes ¢, .
Theorem 3.37 (Theorem B in [BJ4]). Assume the continuity of envelopes for
(X,L). Then the metric space (E4,(X, L), d;) is complete.
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3.2.8. Existence of rooftops.

Definition 3.38. For ¢, ¢’ € PSHya(X, L), a non-archimedean psh metric ¢ €
PSHna (X, L) is called the rooftop of ¢, ¢’ if

e o <min{p, ¢’} and

o for any ¢’ € PSHya (X, L) with ¢” < min{y, ¢'}, we have ¢” < ¢.

If the rooftop exists, it is unique. We denote it by ¢ A ¢’. We call attention that
our convention on A is different from [BJ2, BJ3], where they just put ¢ A ¢’ =
min{y, ¢'}: our p A ¢’ corresponds to the envelope P(p A ¢') in their convention.

Lemma 3.39. If ¢, € C°NPSHya(X, L) and ¢ € PSHya (X, L) satisfies ¢ <
min{p, ¢’} and ¢” < @ for every ¢ € Hna (X, L) with ¢” < min{p, ¢'}, then ¢ is
the rooftop @ A ¢'.

Proof. For ¢ € PSHya (X, L) with ¢ < min{ep, ¢’}, take a decreasing net {¢/ };e1 C
Hna (X, L) converging to ¢”. Since ¢, ¢’ are continuous, for any € > 0 we can take
ie so that ¢} < min{y, ¢’} +¢ for i > i. by Lemma 3.19. Then by our assumption,
we get ¢ —e < @, so that ¢ < @ + ¢ for any rational € > 0. Thus we obtain
¢ < @, which shows that ¢ is indeed the rooftop. O

Proposition 3.40. For ¢ € Hna(X,L) and 7 € Q, the rooftop ¢ A 7 exists in
Hna (X, L) without assuming the continuity of envelopes.

Proof. The path {¢,,}[0,1] connecting the trivial metric 0 and ¢ is a Fubini-Study
segment in the sense of [Remi, Definition 4.1.1]: we can write ¢,, = ¢,, + Gpiv =
m~! max{log|s;| + pA;}. Then by the proof of [Remi, Lemma 5.2.1],

" = inf . 1-—
@ péﬂnu{@“)+’( p)T}

defines a Fubini-Study non-archimedean psh metric: ¢™ € Hna(X, L) for 7 € Q.
Here we strengthen the proof consists of a combinatorial argument and does not
rely on the continuity of envelopes. We show that this ¢7 is the rooftop of ¢, 7.
Since @0+ (1 —0)7 =7 and ¢,1 + (1 — 1)7 = ¢, we have ¢7 < min{e, 7}.
By the above lemma, it suffices to show ¢’ < ¢7 for ¢’ € Hna (X, L) satisfying
¢ < min{e,7}. We note ¢’ < @7 iff |- |2 < |- ||%. Since
Is|2" = sup e &) = sup sup e v(8)=mpp(p~tv)—m(1—p)r
veXval veXval pel0,1]

it suffices to bound e=v(9)=mee(p” v)=m(1=p)7  Pytting v’ := p~lv, we compute

Y

e =P = O=)T _ (= (=)o < ([l ) 17" < sl
as desired, where we used max{|| - |£, || - [|7,} < || - [|£.. O

By the definition of the rooftop, we have va A ph < 1 A @] for vo < 1,05 < ¢}
if the rooftops exist. In particular, for decreasing nets {@;}icr, {#]}jers, {@i A
©}ij)erxs gives a decreasing mnet if the rooftops exist. Here (i,5) < (k,[) for
(i,7), (k1) € I x Jiffi <k and j < 1.

Proposition 3.41. Let {;}icr, {¢}}jes C PSHxa(X, L) be decreasing nets con-
verging to ¢, ¢’ € PSHya (X, L), respectively. Suppose the rooftop ¢; A <p9 exists
for each (i,5) € I x J. Then the rooftop ¢ A ¢ exists if and only if the pointwise
limit of ¢; A ¢} exists in PSHya (X, L) (¢ the pointwise limit is not identically
—00).
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(e A¢')(z) for every x € XNA. Since p A ¢’ is not identically —oo, the limit is also
not identically —oo, so it exists in PSHya (X, L).

Conversely, suppose the limit lim; ;) <pi/\<p;- exists in PSHya (X, L). We show
the limit satisfies the axiom of the rooftop ¢, ¢’. Since p; A ¢ < min{¢p;, '}, we
have lim; j) 00 iA; < min{ep;, ¢} }. Thus we get lim(; j) 00 i@} < min{p, ¢’}
Take ¢ € PSHya (X, L) so that ¢” < min{yp,¢’}. Then since ¢ < min{y;, ¢}},
we have ¢ < ¢; A ). Thus we get ¢” < lim(; j) 00 i A ¢);, which shows the
claim. O

Proof. Suppose p A exists. As o Ap’ < @i Ay, we have lim; j) .0 (i A9 (z) >

Corollary 3.42. For ¢ € PSHya (X, L) and 7 € R, ¢ A 7 exists in PSHya (X, L)
without assuming the continuity of envelopes. If ¢ € Ey,(X,L), then ¢ AT €
Exa(X,L).

Proof. Since ¢ + min{0,7 —sup p} < ¢, 7, we have ¢ + min{0,7 —supp} < p AT
for o € Hna(X, L) and 7 € Q. For ¢ € PSHya (X, L) and 7 € R, take convergent
decreasing nets ¢; \, @, 7; \ T so that ¢; € Hna(X, L) and 7; € Q. Since

¢ +min{0,7 —sup p;} < ¢; + min{0, 7 —sup ;} < @; A i,
we have
¢+ min{0,7 —sup ¢} < lim ¢; A7y,
71— 00

so that the limit exists, hence ¢ A 7 exists.
If p € EXA(X, L), then by the above estimate, we have

—00 < E(p) + min{0, inf(r —sup ¢;)} < E(p A7),
K
hence p A 7 € EfA (X, L). O

Proposition 3.43. Suppose ¢, ¢’ € C° N PSHya(X, L) and the rooftop ¢ A ¢’
exists in C° N PSHya (X, L), then we have

.F@Aw/:fwﬁ}'w.

Proof. Since ¢ A ¢' < ¢,¢', we have Fony C Fp N Fy. On the other hand,
consider the non-archimedean metric ¢!/, € Hx, (X, L) associated to the filtration

Fomy = Fy .o/ 8enerated by the norm |- 12,V |- 12 = max{] - 5. - 12}
Since Fmy C Fyp, Fyr, we have @), < ¢, ¢". Then by the property of the rooftop,

we get @l < o A¢'. Tt follows that

Fim) C Fo, CFpongr-

Since ]:();n)Rm = (}_;‘ N }':,‘,)Rm, we get }'f; N ]-"2, C Fyunyr for each m. O
Proposition 3.44. Assume the continuity of envelopes. For ¢, ¢’ € C'NPSHna (X, L),
© A ¢ exists in C° N PSHya (X, L).

Proof. Thanks to the continuity of envelopes, P(min{ep, ¢'}) is in C°NPSHya (X, L).
The envelope clearly enjoys the property of rooftop. O

Question 3.45. Does ¢ A ¢ exist in Hna(X, L) for ¢, ¢’ € Hna(X,L)? Can we
show this without assuming the continuity of envelopes?

3.3. Moment energy and Duistermaat—Heckman measure.
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3.3.1. Well ordered diagonal basis. For ¢ € C° N PSHyna(X,L) and a basis s =
(81,...,8N) of Ry, = HY(X, L®™), we put

(71) AL (s) := —log |si|&, = sup{A € R | 5; € F) Ry }.

For ¢ < ¢, we have \7(s) < )\f/ (s) as F, C Fyr.
We recall a basis s is called diagonal with respect to ¢ if

I Z aisilln = max|sif|,

which is equivalent to sup{A € R | >, a;s; € ]-":,‘Rm} = ming, 20 A7 ().

It is known by [BE, Proposition 1.14] that there always exists a basis which is
diagonal with respect to both ¢, ¢’ (codiagonal for ¢, ¢’). We note, on the other
hand, there are no basis which is diagonal with respect to three metrics ¢, ¢’, ¢”
in general as we can see in the following example.

Example 3.46. There is no basis diagonal with respect to all of the following norms
on C%:

0 a=b=0 0 a=b=0
l@Wllii={1 a£0,b=0  [@blsi={1 a=0,b#£0
2 b#0 2 a#0
0 a=b=0
(a,b)||]s: =491 a=b#0
2 a#b

When ¢” = @A’ exists, any basis diagonal with respect to both ¢, ¢’ is diagonal
also with respect to ¢"': for a basis (s;) codiagonal for ¢, ¢’, we compute

1D assil®” = max{ | Y assill?, | D aisil| '} = max{max||s;[|?, max ||, ¢}
P P 3 a,-;éO ai;éO
— e e l9 Y = e
mag a1, 1]} = mae |

In other cases, we use the following lemma in our estimate.
We prepare some terminologies. Firstly, we call a basis s well ordered with
respect to ¢ if [|sip1]|? < ||si]]?, ie. A7 (s) < AP (s) for every i =1,...,N — 1.
We define the relative version as follows. Let s be a basis well ordered with
respect to ¢’. We define 0 =1y <1y <--- <l, <N by

lswll? =+ = lsn—n41ll? <llsw- ¥ =+ = lsn—sp41]®
<o < st = = 17
We put W, := (sn,...,5n-1,+1). For another ¢, consider the quotient norm

Ils]I15y, := nf{lls + £l | £ € W1}

on W, /Wy_1. Then we call s well ordered with respect to (p,¢') if ||[si+1]||§,q
I[s]lliy,, for each g and ¢ with N —l,—1 +1<i < N — 1.

For any basis s and any ¢, ¢’, we can find a permutation o so that s, =
(80(1)s- - - So(n)) is a well ordered basis with respect to (¢, ¢’).
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Lemma 3.47. Let s be a basis of R,, diagonal and well ordered with respect to ¢
and s’ be a well ordered basis with respect to ¢. Then we have A?(s) > A7 (s’) for
i=1,...,N.

More generally, we have the following. Let s be a basis of H°(X, L®™) which
is codiagonal for ¢, ¢’ and is well ordered with respect to (¢, ¢’). Then for a basis
s’ which is diagonal for ¢’ and is well ordered with respect to (p,¢’), we have

AP () — A () > AP(s') = A\¥'(s) for i =1,...,N.

Proof. Let s be a basis diagonal and well ordered with respect to ¢ and s’ be a
well ordered basis with respect to ¢. We firstly show ||s1]] = ||s}|. Write s} =
Z;V:() a;jsj, 85 = Zivzo bijs;. Since s is diagonal, we have |[s}|| = maxq,, 20 |55,
which in particular shows ||s;|| < ||s1]| as s is well ordered. Similarly, we have
IIs;] < maxp,; 40 ||si]|, so that we have ||s;]| < ||s}]| as s" is well ordered. It follows
that ||s1|| < [[s3]] < [|s1], so we get [|s1]| = |s}]].

Now assume we obtained |[|s;|| < ||s}]] for 1 < ¢ < k — 1. We want to see
skl < [lsgll- IE [[sp—1ll < lIs¢ll, we have [|sp]| < [lsk—1ll < [|spll. IF [[sk—1ll > s3],
then we have ||s;|| > ||s}]| for 1 < j <k —1and k <i < N, so that a;; = 0 for
1<j<k—-landk <i<N. Thuswecanwrites;:Zikaijsj for k<i<N.
Now consider the quotient norm

s]ll; := inf{[|s + 2] [ £ € (s0,. ., 80-1)}

on HY(X,L®™)/(s1,...,sk—1). Fork <i < N, wehave ||[s;]||, = ||si]| and ||[s]]||, =
Isi|| thanks to the expression s, = Zfik ai;js;, so that {[s;]}¥, and {[s!]}X,

give well ordered basis of H(X,L®™)/(sy,...,s,_1). Since || Zfik aisi]l|, =

125 assill = maxa, 20 [lsill = maxa,z0 l[sillly, {[si]}Y is diagonal. Then by

the above argument, we know ||[st]||; = ||[s}]]|/, so that we get ||s| = [|s},||. Thus
we obtain the first claim by induction on k.

Next, we show the second claim. Let s be a basis codiagonal for ¢, ¢’ and
s’ be a basis diagonal for ¢’ which are well ordered with respect to (¢,¢’). In
particular, these are diagonal and well ordered with respect to ¢, so that we have

lls:]|#" = ||s]|#" from just what we proved. Take 0 =1ly <l <ly <--- <, < N so
that
lsnl? =+ = lsnall” < llow—n ¥ = -+ = llswta|¥
<o < lsnetpall? = = sl
As s is diagonal, we have ||s;[|¥ = ||s}]|¥" = maxg,; £0 |s;]|#". Then we must have

a;; = 0 for (¢,j) with N —1;+1 <i < N and 1< j <N — I, by our choice of I,

so that we can write
N

S; = Z QiS4
J=N—lg+1
for each ¢ = 1,...,pand ¢ with N — [, +1 < i < N —1l;_1. Thus we have
(SNy oy SN—t41) = (S, -0 Sy 1) = W
For the quotient norm || - ||qu on W,/W,_1, the assumption that s is diag-
onal with respect to ¢ implies that ||[sl]||‘§vq = |ls;]|¥ for N =, +1 < i <
N —l,—1 and that the basis {[sy_;,_,],...,[sn_i,+1]} is diagonal with respect

to || - Hqu. Since s and s’ are well ordered with respect to (¢, ¢’), the bases
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{lsv—t,i)s o [sv—ggaal b sy, - o Sy, 1]} of Wo/Wq—y are well ordered
with respect to || - ||$Vq. Applying the absolute case we proved, we get ||[sl]||}qu <
|[si]]l5 for each ¢ and @ with N —l;+1 < < N —l,_;. It follows that for every i

q
we have ||s; | = [|s:[|{y, < [l[si]llfy, < [[sil|¥ by choosing suitable g. Thus for every
1 we get

Isill?/Mlsall> < Nsill /1160

which shows the claim. g

3.3.2. Moment energy.

Lemma 3.48. Let y be an increasing function on R. Suppose ¢’ < ¢ for ¢, ¢’ €
C° N PSHyaA (X, L), then S XVoo (Fr) < fg XVoo (Fp)-

Proof. Note that increasing function is Borel measurable and is bounded on the
support of the finite measure v (F,), hence is integrable with respect to voo(Fy).
Recall that ve (Fy) = limy,— 00 Vi (F,) for

N,
Um(Fp) =m™" Z dimszm/f$+Rm.5>\/m =m™" Z Om-12%(s)
AR i=1
where s = (s;) is a basis of R,, diagonal with respect to || - |¥ and A\7(s) =

—log |||
Take a basis s of Ry, so that it is codiagonal for ¢, ¢’. By the assumption ¢’ < ¢,
we have \Y (s) < A7(s). It follows that for increasing x, we have

N
[ wn(F) = m 3 (3¢ ()

N,
<m Y XA (8) = [ on(F)
i=1 R
Now suppose x is continuous (not necessarily compactly supported). Since the
supports of v,, Vs are uniformly bounded, we get

lm [ xvm(F,) = /R ool Fo).

m— oo R

Then the above inequality on v, shows the claim for continuous increasing y.

For x = 1|7 ) Or 1(7 ), We can easily find a bounded sequence x; of continuous
increasing functions which pointwisely converges to x. By the bounded convergence
theorem, we have

lim XjVoo = / XVoo
for both vee = Voo (Fy), Voo (Fyr), s0 that the claim for x = 1j; ) or 1(; ) follows
by that for continuous functions.
Now let x be a general increasing function. We pick A9 € R so that )y <
inf supp voo (Fo,), inf supp voo (Fyr ). We define x; by

327
X5 = X(0) + Y 27 L1 (fy(ro) 420,00

i=1
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Then x; is an increasing sequence of increasing functions which converges to x
pointwisely on [A\g, 00). We can check this as follows. By the monotonicity, we have

U X~ (X (M), x(Ao) + 7)) D [, 00),

for each t € [\, 00), we can take j sufficiently large so that t € x 1 ([x(Ao), x(Xo) +
7). Put ij; :=max{i =1,...,527 | x(Xo) +i/2? < x(t)}. Then we have x(\o) +
i50/27 < x(t) < x(No) + (ij +1)/27 and x;(t) = x(Xo) + 4j,¢/27. It follows that
Ix(t) — x;(t)] <2779, hence y; converges to x pointwisely on [Ag, o0). We can also
see that the sequence is increasing by the formula x;(t) = x(X\o) + 4;:/27. Since
X; /" x is bounded from below by x(Xo), we get

lim XjVoo (Fyp) :/RXVOO(FSD)

J]—00 R
by the monotone convergence theorem. Thus it suffices to show the claim for x;.
By the monotonicity of y, we have x~!([o,00)) = [1,00) or (7,00). Since y; is a
linear combination of such functions with positive coefficients, the claim follows by
that for x = 17 o), 1(r,00), Which we already know. O

Recall we have DHx ) = Voo(Fip(y ) by Corollary 3.27. For an increasing

right continuous function y on R and a NA psh metric ¢ on (X, L), we put
(72) Ey(p) = inf{/xDH(X’[;) ‘ < pur) € Hna (X, L)}
R

It may take value —oco when lim;_, o, x(¢) = —oco. In this article, we are especially
interested in E(y) := Ei(p) and Eexp(p) = E_o-t(p). We also use F,(r) :=
By, ., () to define Duistermaat-Heckman measure for general ¢ € PSHya (X, L).

Proposition 3.49. For an increasing right continuous function y on R, the func-
tional £, is monotonic and continuous along decreasing nets of NA psh metrics. If
X is moreover concave, F, is concave.

Proof. We firstly show the following general claim: if F' is a functional on Hya (X, L)
which is monotonic (F(p) < F(¢') for ¢ < ¢’) and lim\ o F(¢ +¢) = F(yp) for
every ¢ € Hna(X, L), then the functional F' on PSHya (X, L) defined by
F(p) == inf{F(§) | ¢ < ¢ € Hna(X, L)}

gives an extension of F’ which is monotonic and continuous along decreasing nets.

The monotonicity of F is obvious from the definition. In particular, we have
lim; 00 F(p;) > F(¢p) for a convergent decreasing net o; \, ¢ € PSHya (X, L). To
see the reverse inequality, pick ¢ > 0 and @ € Hya (X, L) so that p+& < . Then by

Lemma 3.19 we have ¢; < ¢ for sufficiently large ¢, so that lim; o, F(p;) < F().

Taking the infimum of @, we get lim;_, o, F(p;) < F(¢ + €). Then taking the limit
e\ 0, we get lim; o, F(¢;) < F(p).

To apply this to F(¢x ) = [z xXDH(x ), it suffices to show lim« o F(p+¢) =
F(p) for ¢ € Hna(X,L). We note ox r) +€ = Qx,c4ex,) and DHiy pyong) =
(t = t+¢e).DHx ) by [BHJ1, Proposition 3.12 (i)]. By the monotonicity and the
right continuity, we have x(t + &) \, x(¢) as € N\, 0 and the sequence is bounded

from above on the support of DH(x »). Thus we get

lim DH = lim t 4+ ¢)DH = / DH
0% RX (X,L+eX) e\O/RX( ) (x,L) RX (x,L)
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by the monotone convergence theorem.

To see the concavity, we firstly consider the case o = ©(x,,20), 1 = P(x1,01)-
Fix ¢t € [0,1]. Take a well ordered diagonal basis s with respect to (1 — )y + te1
and a basis s’ which is codiagonal for g, 1 and is well ordered with respect to
(1 —t)@o +twy1. Thanks to || - ||[(1=Deotter < (|| [[#0)1=4(|| - [|*1), we can compute

2
3

/Rxl/m((l —t)po +tor) =m Y x(mT AT )

—n (m—l )\Z(l—t)W0+t<P1 (s/))

>m Y x(1 =m0 (s) + tm ™A (s))
N7YL N7n
(1—t)m ZX TINEO(S))) 4 tm ZX “IAFL(s)
= =) [ xmlo) +t / Wil
R R
using Lemma 3.47, the monotonicity and the concavity of x for the respective
inequalities. Since the concavity of y implies the continuity, we get the claim for

these ¢g, 1 by taking the limit m — oco. For general NA psh metrics g, @1, the
claim follows by the continuity of E, along decreasing nets. ([l

Proposition 3.50. Let x be a right continuous increasing function xy on R. For
¢ € CONPSHNa (X, L), we have

Bu) = [ o (F).
As a consequence, we have
By(p) = int { /quoo(]-'@) [ <pecnPsiu(X. D)}
Proof. By Lemma 3.48, we have
Ey(p) = /R XVoo(Fop)-

By the continuity of ¢, for any € > 0 we can find ¢(x ) € Hna(X, L) such that
¢ < @w,c) < ¢+ ¢ thanks to Lemma 3.19. Then we get

Ey(p) < / \DH(xc) = / oo (Foe ) < / Xtoo (Fippe) = / X(E + v ()

again by Lemma 3.48. As x(t +¢) \ x(¢) is bounded from above on the support
of Voo (F,), the monotone convergence theorem shows

Ey(p) < /}R xoo(Fo).
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FEzample 3.51. The right continuity of x is essential. For instance, consider y =
L(r,00) and @; = 74+ 1/i \ ¢ = 7 for i € N, then we have

/ 1(.,.700)DH%. = / 1(7.700)(5.,._;,_1/1- =1-»0= / 1(.,.700)(5T = / 1(T7OO)DH¢.

R R R R

Definition 3.52. For a non-constant increasing concave function y on R, we put
(73) EXAX, L) :={p € PSHxa(X, L) | Ey(p,p) > —o0 for Vp > 0}.

Note x is automatically continuous and y(—o0) = —oo by the assumption.

We can easily check the following for ¢ € EX, (X, L).
If ¢’ > ¢ for ¢’ € PSHna (X, L), then ¢ € ES, (X, L).
©0.p € ESA(X, L) for any p € Ry
AT e ESA(X, L) for any T € R.
If @o, 1 € ESA(X, L), then (1 —t)pg + te1 € EJA (X, L) for any ¢ € [0, 1].
If x < y/, we have E, < E,/, so that EX, (X, L) C £, (X, L).
Since E,(c) = x(c) > —oo for ¢ € R, we have PSHY X (X, L) C £X, (X, L) by the
first property.
We recall

Exa(X, L) = { € PSHxA(X, L) | E(p) > —o0},

EXR(X,L) :={p € PSHNA(X, L) | Eexp(p;p) > —o0 for Vp > 0}.
We have EF¥ (X, L) C E4A (X, L). Since E(p + c) = E(p) + c(e¥), Eexp(p +¢) =
e Eexp(yp) for ¢ € R, we have

o o+c€ELA(X,L) (resp. Exn (X, L)) if o € ELA(X, L) (vesp. Eqx (X, L)).

Question 3.53. In general for any ¢ € ESA (X, L), we know ¢ + ¢ € ES, (X, L) for
c>0and (1—e)p+c€&HN(X,L) for 0 <e <1andceR. For general x, does
o+ c€EA(X,L) hold for ¢ € EX, (X, L) and ¢ € R?

FEzample 3.54. As explained in section 5.1, for a lower semi-continuous convex
function g on the interval [0, 1], we can assign a non-archimedean psh metric ¢, on
(CP',0(1)) and have

Eexp(@qip) = —/[ }e'oq(t)dt, sup |p,| = g
0,1

It follows that the unbounded convex function ¢ = log(—logt(1l — t)) gives an
unbounded example of ¢ € ELY (X, L).

3.3.3. Duistermaat—Heckman measure of non-archimedean psh metric.

Proposition 3.55. For ¢ € PSHna (X, L), we put

Fy(r) = El[,,oo)(go) = inf { /

[r,00)

DHx ) ’ p < @(x,c)}-

Then we have the following.
(1) The function F, is decreasing, left continuous and satisfies F,(7) = 0 for
7> supp and lim, o F,(7) < (eb).
(2) Suppose 1 < 2, then we have F, (1) < Fy,, (7).
(3) For a convergent decreasing net ¢; N\, ¢ € PSHya (X, L), we have F, (7) \
Fo(7).
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Proof. The properties (2) and (3) are the consequence of the propositions in the
last subsection.
For any (X, £) with px ) > ¢, we have

/[ )DH(X,L) > / DHx.ry > F,(7)

[T,00)
for 7/ < 7. This shows the monotonicity Fi,(7") > F,(7) for 7/ < 7.

Next we check the left continuity. Take an increasing sequence 7; ' 7 € R.
Since we know F,(7;) > F,(7), it suffices to show lim;_, o Fi,(7;) < F,(7), which is
equivalent to show lim; o Fi,(7;) < f[T’oo) DHy ) for every (X, L) with ¢(x ) >
¢. Since 1(;, o) is a bounded sequence which converges to 1 o) pointwisely (not
only a.e. with respect to the Lebesgue measure), we have lim;_, o f[moo) DHx r) =
f[T’OO) DH(x, ) by the bounded convergence theorem. Thus we get lim; oo F,(7;) <
f[mxj) DHx ). (Note L7, 00) converges to 1(; ) if we approximate 7 from the right
7; \¢ 7. Since DH may have a singular component in the Lebesgue decomposition,
F, is not right continuous. )

Note f[ﬂoo) DH(x,z) = 0 for 7 > sup@(x,z). It follows that F,(r) = 0 for
T > supyx,c) for any o ) = ¢. Since supp; N\ supp for ¢; N\ ¢, we get
F,(r) =0 for 7 > sup ¢.

The property [, DH,, < (e¥) follows immediately from

/DHW = lim DH, < lim DH(x ) = / DH(x ) = (")
R J—0o0 [—j,OO) J]—00 [—j,oo) R
for any (X, £) with oy ) > . d

Thanks to this proposition, we obtain the following extension of the Duistermaat—
Heckman measure of test configuration.

Definition 3.56 (Duistermaat—Heckman measure of NA psh metric). The Duistermaat—
Heckman measure of a non-archimedean psh metric ¢ € PSHya (X, L) is a finite
Borel measure DH,, on R which is uniquely characterized by

/1[T7OO)DH4> = Fo(7)
for every 7 € R. We have supp DH,, C (—o0,sup ¢] and [, DH,, < (e¥).
By Proposition 3.50, we have
(74) DH,, = veo(Fy)
for p € C° N PSHya (X, L).

Lemma 3.57. For a non-negative Borel measurable function y on R, we have the
following basic rules.

(1) Jgx()DH, = [, x(pt)DH, for any p € Ry.

(2) Je x(t)DHy e = [ x(t + ¢)DH,, for any ¢ € R.

(3) Je xDHynr = f(_oo,T) xDH,, + x(7) f[ﬂoo) DH,, for any 7 € R.

Proof. Since DH,, is outer regular measure, we can reduce the claim to the case
X = 1}z 5y, for which we have [, xDH, = F,(7') — F (7). It suffices to show
F, (1) = Fo(p™'7), Fpre(r) = Fy(r — ¢) and Fypnp(T) = 17 00)(7') Fp(7). Since
both sides are continuous along decreasing nets, the claim is reduced to the case ¢ €
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C°NPSHNa(X, L). Since F,, = (Fy)ips Fote = Folc] and Fonrr = F, N Frr, the
claim follows by [BJ2, Proposition 3.4]: v ((Fy).p) = (t = pt)uveo(F,), DHE, g =
(t =t + ¢)uloo(Fy) and voo (Fy N Frriv[T']) = (& = min{t, 7'}) oo (Fp)- O

We observe sufficient conditions for the continuity of fR xDH,, along decreasing
nets.

Definition 3.58. We call a function x on R is tame if for any t € R and € > 0
there exists a function x of the form y = Z§:1 a;lirr) (15 = o0 is allowed) such
that sup(_o 4 [x — X| <e.

Lemma 3.59. Any tame function is right continuous, locally bounded and con-
verges to zero at —oo, hence is integrable with respect to DH.,.
The following functions are tame.

e Continuous function x converging to zero at —oo.
e Monotonic right continuous function y converging to zero at —oo.

Here convergence to zero at —oo means lim;, o, |x(¢)| = 0.

Proof. The right continuity is equivalent to the continuity with respect to the lower
limit topology on the domain R. Then the uniform limit theorem shows the right
continuity of tame function. Local boundedness and convergence to zero at —oo is
obvious.

Suppose x is a continuous function converging to zero at —oo. For any £ > 0,
we have ¢. € R such that sup_ ., j[x| < e. On the other hand, x is uniformly
continuous on [t¢,t+¢€], so that we can find a step function x supported on [t.,t+¢)
with supp,_ 4 [x — X| < e. It follows that sup_. 4 [x — X| < e.

Suppose x is a right continuous increasing function converging to zero at —oo.
We take ¢. similarly as above. We divide the interval [x(t.), x(¢)) into finitely
many disjoint intervals [al,a;) with length < e. By the right continuity and the
monotonicity, x~!([a},a;)) are of the form [/, 7;), which are disjoint and cover
[t,t). Since supps -y [x — @il )| <€, we get sup_o o [X—22; @il rl <e. O

Proposition 3.60. Let x be a tame function. For a convergent decreasing net
@i \« ¢ € PSHNA(X, L), we have [, xDH,, — [, xDH,.

Proof. We remark the claim holds for step functions y = Z?Zl ijl[Tj{,Tj) as

k
/ XDH, = a;(Fy(7)) — F,(7))).
R =
Since supp DH,,,, supp DH,, C (—00, sup o], we compute

lim ‘/XDH«J_/XDH%' §/|x—)2\DH¥,+‘lim ‘/)ZDHW_/XDHQM
71— 00 R R R 71— 00 R R

+ lim [ |y — x[DH,,
R

i—00
< 2e(el)

for any e > 0, by taking X so that sup(_ . suppo+1) X — X| < €. Taking the limit
€ — 0, we obtain the claim. [l
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3.3.4. Ena(X, L) and moment energy. For a general ¢ € PSHya (X, L), we may
have fR DH, < (el) as we see in the following remark. In particular, the conver-
gence [, DH,, — [, DH, for ¢; \, ¢ € PSHxa (X, L) fails in general. (Note 1p is
not tame. )

Remark 3.61. Consider ¢; = max{log|so|,log|s1| — i} € PSHxa(CP, O(1)) for
i € N, then we have ¢; ~\, ¢ = log|so|. Since DH,, = iildth_i’o], we have
DH,, =0, so that [, DH, =0 < (¢*). On the other hand, [, DH,, = (e”).
We also observe lim;_, o f(foo’T) DH,, =1 for every 7 € R. This illustrates the
functional
Gy(T) :=sup {/( )DH(X,[J) ‘ Ox,c) > @}

is not suitable for defining Duistermaat-Heckman measure: lim,_,_ ., G, (1) # 0.

For the above example, we have [, tDH,, =i~} f_oi tdt = —i/2 N\, —oo, while
Jz tDH, = 0. This in particular shows E(p) # [ tDH, and the monotonicity as
in Lemma 3.48 fails for general ¢ € PSHya (X, L) and x.

The following class is appropriate to discuss the relation to moment energy.

(75) Ena(X, L) := {o € PSHxa(X, L) | /RDH¢ = (eM)}.

Proposition 3.62. We have the following for ¢ € Exa(X, L).
(1) If ¢’ > ¢ for ¢’ € PSHya(X, L), then ¢’ € Ena(X,L). In particular, we
have PSHRA (X, L) C Exa(X, L).
(2) p+ce€éna(X,L) for any c € R.
(3) ¢;p € Ena(X, L) for any p € Ry.
(4) o AT € Ena(X,L) for any 7 € R.

Proof. The first claim follows from

(el) > / DH, = lim DH,s > lim DH,, = / DH, = (e").
R I J]—j,00) T J[—j,00) R
The claim (2)—(4) follows from Lemma 3.57. O

For an increasing right continuous function y, the functional ¢ — fR xDH,
behaves well on Exa (X, L).

Proposition 3.63. Let y be an increasing right continuous function on R. If
¢ € Ena(X, L), we have

E\(¢) :/RXDHso-

Proof. We firstly note the integral fR xDH, makes sense, which may takes —oo,
since x is bounded from above on supp DH,: we put fR xDH, := — fR(C_X)DH<p+
c fR DH, by taking a constant ¢ so that ¢ — x is non-negative on supp DH.,.

Take a regularization {g;},er C Hna(X, L) so that ¢; \, ¢. For each j € N,
max(x — x(—34),0) is an increasing right continuous function with left bounded
support. Then by Proposition 3.49, Proposition 3.60 and the assumption ¢ €
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Ena(X, L), we compute

Ey(p) = lim [ xDH,, < lim [ max(x, x(~j))DH,,

1= Jr i—oo JR

= lim | max(x — x(j),0DH, + x(—j)(e")

i—oo Jp
= /Rmax(x — x(=4),0)DH,, + x(—7)(e*)

— [ max(x, x(~4)DH,.
R

Since max(x, x(—7)) \¢ x is bounded from above on (—oo,sup |, we conclude
E,(p) < fR xDH, by the monotone convergence theorem.

To see Ey(¢) > [p xDH,,, it suffices to show [, xDH,, > [, xDH,,. Using the
assumption ¢ € Exa (X, L), Proposition 3.60 and Lemma 3.48, We compute

/ \DH,, < / max(x, x(—j))DH, = / max(y — x(—j), 0)DH,, + x(—j)(e*)
R R R

= lim | max(x - x(=j),0)DH, + x(=j)(e")

1—00 R
< / max(x — x(—3), 0)DHy, + x(—7) (")
R

= / max(x, X(—j))DHy,
R
Taking the limit j — oo, we get [, xDH, < [, xDH,,. O

Definition 3.64. A function x on R is moderate if it is the sum of a right continuous
monotonic function and a tame function.

A moderate function y is bounded from below or above on (—o0, sup ¢|, so that
the integration fR xDH,, makes sense, which may take value +oo. If ¢’ > ¢ and
Jz XDH,, is finite, then [, xDH, is also finite.

Corollary 3.65. Let x be a moderate function on R. For a convergent decreasing
net ¢; \, ¢ € Ena(X, L), we have lim; o [, xXDH,, = [ xDH,,.

Proposition 3.66. Let x be an increasing right continuous function on R with
limg_, oo X(t) = —co. Then E,(p) > —oc implies [p DH, = (e*).

Proof. Suppose [, DH, < (e!). Take ¢ > 0 so that [, DH, < (e¥) —e. As
limj o0 f;_; oy DHy = [y DHy, there exists j. € N such that

/ DH,, < (e!) —¢/2
[~3,00)

for every j > j.. Now we take a regularization {@;}icr C Hna(X, L) so that
Vi \y ©. As lim;_,o f[_j ooy DHy, = f[_j ooy DHy, for each j > jo we can take

i; € I so that
/ DH,, g/DH% —e/4
[—3,00) R
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for every 7 > i;, which we can rearrange as

e/4 < / DH,,.
(—00,~3)

For any j > j. with x(—j) < 0, we compute

Ey(p) < Ex(%'j) = / XDHwJ :/ XDHWJ +/ XDHWJ
R (—00,—4) [~3,00)
< x(—j) /4 +supgo - (eh).
Since x(—j) = —oo as j — oo, we get E, (p) = —oo, which proves the contraposi-
tion. (]

Corollary 3.67. For any non-constant increasing concave function y on R, we
have

EXA(X, L) C Ena(X, L).
3.3.5. Brunn—Minkowski inequality. The following will be used to bound the max-
imum of a dexp-bounded increasing non-archimedean psh metrics.

Proposition 3.68. For ¢ € PSHya (X, L), F,(1)'/" = (f[T)oo) DH,,)'/™ is concave

on (—o0, sup ¢] and is zero on (sup ¢, c0). As a consequence, we have sup supp DH,, =
sup g if [, DH, # 0.

Proof. We note the claim holds for ¢ € Hna(X, L) as F,(7) is the left contin-

uous modification of vol(R(™) described in [BHJ1], which is noted in the proof
of [BC, Theorem 1.9]. By Brunn-Minkowski inequality, vol(R("))!/" is concave

on (—oo,sup ) and is zero on (supp,o0) (cf. [BHJ1, Theorem 5.3]), hence in

particular it is continuous on these intervals. Thus we have F,(7) = vol(R("))

for 7 # sup ¢, which shows that Fé/" is concave on (—oo,sup ) and is zero on

(sup p, ). By the left continuity, F;/ " is also concave on (0o, sup ¢].

For general ¢ € PSHna (X, L), take a regularization {y;};er C Hna(X,L) so
that ¢; N\, ¢. Then we have supy; \, supp and F,(7) N\, F,(7). The concav-
ity is preserved under pointwise limit, so that F;/ " is concave on (—oo,sup | C
(—o0, sup ;] and zero on (sup ¢, 00).

Suppose f[moc) DH,, = 0 for some 79 < sup ¢. Then f[noo) DH, = 0 for 7 > 79
by the monotonicity. On the other hand, for 7 < 7y we have

M) S Qo B ) = o FY M supg) = 0
by the concavity. Thus fR DH, = 0 when supsupp DH, < sup ¢. O
3.4. Moment measure on Berkovich space. In the rest of this article, we only
consider ¢ € E, (X, L).

3.4.1. Tomography of non-archimedean Monge—Ampére measure. Here we compute
MA(¢ A 7) using results in the section 3.1. This is the key observation in the
construction of the moment measure. We begin with the following lemma.

Lemma 3.69. Let (X, L) be a normal test configuration. Let I be a finite set of
valuations (with no duplication) and ¢’ : I — R be a map satisfying

]:(Ax,z:) = '7:(>\X,[J) = m ]:3 [0’ (v)]
vel
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for all X € Z. Then I contains {vg | £ C &y} and o'(vE) = 0r = ¢(x,2)(VE).

Proof. By the definition of o,,, we have ¢/(v) > o,. Put I' :={v € I | o'(v) = 0, }.
As we already noted, we have

_ , )z, o' (v) =0y
%@w A(]:()\X,L) m]:jur[d (U)])Rm - {'R,(X,ﬂ) 0'/(1)) > 0y,

so that we have Zyrea = (MNyer Zv by the assumption. Since Tygea = Necx, Los
is the unique primary decomposition, {Z, | v € I’} must contain {Z,,, | E C X}.

Then by Lemma 3.6, we must have vg € I'. [l

As we observed in section 3.1, we can recover the primary decomposition of the
Duistermaat—Heckman measure from F, = ﬁ( x,c)- In particular, we can recover
the Monge-Ampere measure from F,. Since F,rr = F, N F;, we can also recover
MA(¢ A7) from F, and 7, which relates MA (¢ A7) to the primary decomposition
of the Duistermaat—Heckman measure.

Proposition 3.70. For any ¢ = ¢(x ) € Hna(X, L) and 7 € R, we have

MA(@AT) = Z OI‘dEXo/

DH(E,£\3)~6UE + / DH(X,L)-évmV
ECX, (=o0,7)

[r,00)

= Z OI‘dEXo/ DH(E,£|E)6UE
ECXy,vEF#Vtriv (—o00,T)

+( > ordEX0~(E.£'")+/

ECXo,vE=Vtriv [7,00)

DH((DX,L)) '6vmva

where
DH(y ¢) = > ordgXy-DHg g,
ECXo,vE#Vtriv
is the absolutely continuous part of DH(x ). Here we recall E C Xj gives the

trivial valuation vg = vy iff the G,,-action on F is trivial, which is equivalent to

DH(E,L‘,\E) = OI'dEXO . (EVC-R)'(SCP(Utriv)'

Proof. The claim is obvious for 7 > sup ¢ = ¢(vgiv). We may assume 7 < sup ¢ =
¢(viriv). By Proposition 4.4 and the absolute continuity of DH(g, £ ) for vg # vtriv,
both sides of the equality are continuous on 7 € R (with respect to the weak
convergence of measures), so we may assume 7 € Q. Then ¢ A7 € Hna(X, L)
by Proposition 3.40. Let ()3 T,ﬁT) be a normal test configuration representing
© AT € Hna(X, L). By Proposition 3.43, we have

Foe =F30Fr= () Folelwe)nFy, [7]
ECX)y

= () FLlews)]nFy, [7]-
ECXy,vE#Vtriv

Here the last equality holds by 7 < ¢ (vgiv). It follows by Lemma 3.69 that we have
EcX]}c{vg | EC X} U {vuiv}
and ¢ AT(vg) = p(vg) if vy =vp for EC Xy and o A7(vy) =7 if v = Vv

supp MA(p A7) = {vp




72 EIJI INOUE

‘We note
]:)\

Lp/\T

fQRm T>MNm
0 T<Am

If v # Viriv, then we have vy = vg for some E C Ap. Using Proposition 3.11 and
Proposition 3.12, we compute

1 N 1 FA R,
—ordp X7 - (E.(L7)") = lim — Z dim —; pA
v mTee T NS0 Fonr NF2; [‘P AT(vg)|Rm
1 FA Ry,
= lim — Z dim — “0)/\\+
moreem A€Q ‘7:90/\7' Fou [p(vE)]| R
1 FpRm
= lim mn Z A\ /\+
m—oo AU AT .77 N Foa[e(ve)|Rm
1 FA R
ROV S o m<r Fiv o) N Fis [p(vE)] Rm

OrdE'X()/ DH(E,L|E)
(_OoaT]

:ordEXo/ DH g 2)5)s
(—o00,7)

where in the last two equalities we used the fact that DH(g ¢, is absolutely con-
tinuous with respect to the Lebesgue measure as vg # Vtriy.
Now we recall

MA((,D(XL) /\7') = (eL) /DH(XL Z OI‘dEXo/ DH(E7L\E)~

XNA ECXp

Tt follows that for E C /?OT with vy = vy, we must have

1 A‘I' [ AT n
—ordpX - (B.(L)") = ) ordpXo / DHpclpy —  »,  ordgdp / DH (5,21
ECXo R ECX0,vE#Vtriv (=o0,7)

Z OI‘dEXo/( )DH(E,C|E) +/[ )DH(X,L)

ECXo,vE=Vtriv

> ordpXy - (BEL™)+ / DH{x r)-

ECXo,vp=veriv [7,00)

Since 7 < sup ¢, this is also equal to f[T 00) DHx r)-

Alternatively, for EC /'\?07 with vz = Vtiv, we have @ A T(vgiv) = 7 by 7 <
©(Viriv ), so that we compute

1 NP Fonr B

—ordpdg - (E.(L7)™) = lim — Z im — N

n! m—oo MM ) Fonr ﬂfvmv[ 1R,
= n}giloomidlmf(xﬁ

= vol(R(™).



II, NON-ARCHIMEDEAN p-ENTROPY AND pK-STABILITY 73

Recall f[T 00) DHx, ) is the left continuous modification of vol(R(™)). For T < sup ¢,

vol(R(M) is continuous, so we have

VO](R(T)) Z/ DH(X,E)~
[r,00)
O

3.4.2. Moment measure. Now we construct the moment measure | xD,. The key
in the construction is the following formula we obtained in the previous section

MA(pAT) = /1(_00,7.)1)@ + / DHLP'(;Umv'

[T,00)

Theorem 3.71 (Moment measure). For ¢ € &4, (X, L) and a Borel measurable
function x on R with fR |x|DH,, < oo, we can assign a signed Radon measure [ xD,
on XNA which enjoys the following properties:

(1) For ¢ = ¢(x,r) € Hna(X, L), we have

/X’D<F(X,C) = Z OrdEXO/XDH(E,£|E)~6vE-

ECXy R

(2) [ xD, is linear on x. If x >0, [ xD, is non-negative.
(3) For any pointwise convergent increasing sequence 0 < x; ' x, we have the
weak convergence of measures

/xﬂ% %/XY%-

(4) We have ffoA xD, = fXNA XDy = I]R xDH,.

5) We have [ 1xD, = MA(y) as measures.

(6) Suppose x is moderate in the sense of Definition 3.64. Then for a convergent
decreasing net ¢; N\, ¢ € E4A(X, L), we have the weak convergence of

measures
/ xD,, — / XD,.

These properties characterize the measure [ xD,,.

Proof. For p € E4, (X, L), we put
(76) / 1Dy = MA(p A7) — MA(p A7) + /[ DHodi

This gives a non-neagitve Borel measure on XN4 as we see below. By Proposition
3.70, we have

/1[7/’7)'1)90(&5) = Z OrdEX()/ DH(E,L\E)-(SDE

ECX, [/,7)
for ¢ = p(x,r), so it defines a non-negative measure in this case. Since MA(p A7)
and f[T, -y DHy, are continuous along decreasing nets in EXA(X, L) (note 1f/ 5y is
moderate), we have

lim ]_[T/ﬂ_)'D% :/1[7—/,7—)Dap

1—00
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for any convergent decreasing net ¢; N\, ¢ in Ea (X, L). In particular, we can write
f 17,7)Dy as the limit of non-negative measures f 1 Doy x, ., for a regular-
ization ¢(x, £,) \( ¥, so that it gives a non-negative measure on X NA for general

0 € Exa(X, L). We also get

D, =1li 1. D
/XNA/ "' ,T) Z-LI?O/XNA/ [T ,"’) P(x;,L;)

= lim DHy . o) = /[ . DHp.

1— 00 [T/ 77_)

Let R be the set consisting of subsets of R which can be written as a finite sum
of half open intervals of finite length: A € R iff A = Ule[ri’ ,Ti), where we may
assume [7/,7;) are disjoint each other. For A € R, we write it by a disjoint sum

A= UZ 17, 7) and we put

k
(77) /1AD¥, = Z/l[‘r{,ﬂ)p
i=1

For ¢ = p(x ), we have

/1AD<P(X,L) = Z ordEXO/ DH(E,£|E)~5UE'
A

ECX,
We also have
'lim ]-AD<pi = /1,4'D9,,

1—r 00

for any convergent decreasing net o; N\, ¢ in E§ (X, L).
For a non-negative continuous function g on XN, we put

(78) Ipalg) = /X N / 14Dy, > 0.

By Lemma 3.72 below, the assignment A — I, 4(g) satisfies the sigma additivity.
Thus by Carathéodory’s extension theorem, the following outer measure defines a
finite Borel measure on R:

(79)  v,4(B):=1I,p 1nf Z /

XNA

/1,47) ‘BCUA“A ER}

We have I, p(1) = [pv,1 = [z DH,, as it holds for B € R and v, 1,DH,, are
outer regular by the finiteness. (Recall any open set in R can be expressed as a
countable sum of 4; € R. )

For a non-negative Borel measurable function y on R, we put

(80) I, (9) ::/qu%g.

Since v, 4 < sup|g| - DHy, by I, a(g) < suplg| - I, a(1), we have

0 <1I,(g) <suplg| /XDH¢~

We obviously have I, \/(g) < I, (g) for x’ < x. By the monotone convergence the-
orem, we have I, ,,(g) /* I, (g) for any increasing pointwise convergent sequence
Xi /" x of non-negative Borel measurable functions.
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Now suppose fR xDH, < oo, then by Lemma 3.74 below, I, , extends to a
positive bounded linear function on C°(XN4) in a canonical way. Therefore, by
Riesz-Markov-Kakutani representation theorem, we get a Radon measure on XN4
which we denote by [ xD, such that

Iso,x(g) :/ g/XDgo-
X NA

The property (2)-(4) on the measure [ xD,, follows immediately from the con-
struction. The first property (1) follows by

/XNAg/lBDWX,L) inf{;/xmg/u"p“’(**” ’ B C iZUIAi,Ai c R}
e 0o

:mf{ Z g(’UE)OI'dEX()Z/;l DH(EaE|E) ‘ B C UA’}
i=1" i=1

ECXy

> g(vp)ordpXy / DH(p 2)p)

ECXy B

and by the continuity with respect to increasing limit x; ,* x. Here we note Lemma
3.73 for the last equality.

To see the property (5), we note [ 1gD, = MA(¢p) holds for ¢ € Hna (X, L) by
the first property. Then the general case is reduced to the last property (6).

Let o; \y ¢ € Exa(X, L) be a convergent decreasing net. For a moderate y, we

must show
/XD% - /X,DW

in the weak sense. The claim is reduced to the following cases: (i) x is tame, (ii) x
is right continuous decreasing. We note the following. Here step function means a
function of the form Zle ajla; for A; € R.

(i) If x is tame, we have a sequence of step functions x; converging to x uniformly
on (—00, sup o).

(ii) If x is a right continuous decreasing function, in a similar way as in the proof
of Lemma 3.48, we can find an increasing sequence of step functions x; pointwisely
converging to x on (—oo, sup @]

Now we put

S := {X : Borel measurable function on (—oo, sup ¢g] ’ /XD% — /chp}-

As we already know step functions are in S, the claim is reduced to the following
generalities.

(a) If x is a uniform limit of some sequence x; € S, then x is in S. We can easily
show this similarly as the proof of Proposition 3.60.

(b) If x is a pointwise limit of an increasing sequence {x;};en C S and satisfies
Jz XDH,,, = [ xDH,,, then x is in S.

Firstly, for any non-negative g € C°(XN*), we have

hﬁ/ g/xpwz.lim/ Q/Xﬂ%i:/ g/xﬂ%-
i—o0 J XNA 100 J X NA XNA
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Thus by the property (3) of the measure (note x; are bounded from below on

(—00,sup ¢g)), we get
lim/ g/x’D% 2/ g/ng,.
i—o00 J XNA XNA

It suffices to see the reverse inequality. Since fR x;DH, fR xDH, by the
monotone convergence theorem, for any ¢ > 0 we can take j € N large so that
Jo XDH,, < [ x;DH,, +¢. Fix such j and put X := x;. By the assumption, we have
Jz XDH,, = [, xDH,, and [ xDH,, — [ XDH,, so that we can take i. € I so that
J xDH,,, < [ xDH, +¢ and [ xDH,, < [ XDH, + ¢ for every i > i.. Thus we get
J xDH,,, < [ XDH,, + 3¢ for i > i..

It follows that [(x — X)D,, gives a non-negative measure on X NA whose total
mass [yxa [(X — X)Dy, = f(x x)DH,, is no greater than 3. Now since

/ /XD% / /x%ﬁ/ /x X)Dy, S/ g/>273w+3€~sup\gl,
XNA XNA XNA

we have

m/ g/x%i S/ g/>~<%+36-suplgl S/ g/ngo+3€-suplg|~
11— 00 XNA XNA XNA

Now we can take ¢ arbitrary small and get

m/ g/x%ié/ g/wa
11— 00 XNA XNA

Therefore, we conclude

‘lim/ g/XD% :/ g/chp.
11— 00 XNA XNA

Lemma 3.72. For any ¢ € £, (X, L) and g € C°(XNA), the assignment

R—-R:Aw—14:=1,4(9)

given by (78) satisfies the sigma additivity. Namely, if {4;}5°, C R is a countable
disjoint collection with A :=J;2, A; € R, then Iy = >"°, I,

Proof. We firstly note that for any A € R and € > 0, there exists A’ € R such that
A" C Aand T4\ 4 < e. To see this, we may assume A = [/, 7). Since

Tormy = [ 8 [ VDo < 500 lgl(Fo(7) = Fo(r)

and F,, is left continuous, we have [yxag [ 1Dy — 0 for 7, 7 7, so that
A’ = [r;, 7) satisfies the demand for large i. We also note if A C Ule A; for
A, A; € R, then we have 4 < Zle Ia,.

The rest of argument is just a reproduction of basic arguments in measure theory.
We prepare the following: if {A;}52, € R is a decreasing sequence with (;2; A; = 0,
then we have I4, — 0. Indeed, suppose there exists § > 0 such that I, > ¢ for all <.
We pick Aj so that A] C A; and T4\, < 6/2°. Since Af N2, A C N2 Ei =0
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and A} is compact, there exists N € N such that (., 4 € M, A} = 0 by the
finite intersection property. Then since
N N N
Ay =An\ [ 45 = JAx \ 4) c [J(4i\ 4)),
i=1 i=1 i=1
we get

N N
Lay €3 Tanag <3 6/2° <6,
i=1 1=1

which contradicts to the assumption 4, > 6.
Now if {A4;}22, C R is a countable disjoint collection with A := (J;2; 4; € R,
then we compute

k
Ta=1ge 4, Tayr, a = ZIAL Iy, A
i=1
By taking the limit k — oo, we get Iy = > 2, I4,. O
Lemma 3.73. Let vy, ..., be finite Borel measures on R. For any Borel subset

B C R and € > 0, there exists a countable disjoint collection {4;}5°, C R such
that B C [J;2; A; and

I/j(B) 2 Vj(Ai) — &

I

i=1

foreach j =1,...,k.

Proof. As vy,...,uy, are outer regular, we can take {A}}%°,, ..., {A¥}22, so that
o0
vi(B) =S vi(ad) —
i=1

for each 7 = 1,...,k. By replacing Ag with Ag \ U;;% A{, we may assume Ag
are disjoint with each other, for each j. Now consider the countable collection
{Al n---nAF }ee . ) and renumber it as {Aj}2°,. We have

oo o0 o0 o0

Ua= | 4,n-nal=Ja n-nlJA4>B

i=1 i1yeeyip=1 i1=1 ir=1
Put A; := A} \ Uj_] 4}, then A; are disjoint, B C |2, A; and U2, A; € U2, A
for each j. Since v; are measures, we have

Zw(AZ) = Vj(U Al) > Vj(U Ai) = ZVj(Ai)-

Thus we get

vi(B) 2 3 v(A) — e,

(]

Lemma 3.74. For any ¢ € £(X, L) and any Borel measurable function x on R,
I, defined in (80) satisfies the following.

(1) I, (ag) = al, (g) for any non-negative a € R and g € CO(XN4).



78 EIJI INOUE

(2) Iy (914 g2) = Lsx(g1) + L, 1 (g2) for non-negative g1, go € CO(XN4).

Proof. Since I, (9) = [ XV, it suffices to show vy oy = avy 4 and vy g, 4g, =
Vgp.g, + Vi.go» Which is equivalent to say that the claim holds for I, g for every
Borel set B C R. We firstly note the claim holds for A € R as I, 4(g) is defined
by the integration of g with respect to the measure [ 14D, in (77).

Now we check I, (91) +1p,8(92) > 1, 8(g1+ g2). For e > 0, we pick {A4;}7°, C
R as in Lemma 3.73 with respect to the measures vy, g,, v 6,0 B C U2, 4; and

Vp.g; (B) 2 Z Vg,g; (Ai) — €
i=1
for both j =1,2. Then we have
Ve,gi (B) + Vp,g,(B) = Z(Vw,gl (Ai) + Vg g, (Ai)) — 2e.
i=1
Since the claim holds for A; € R, we obtain

Ve,gi (B) + Vg6, (B) = Z Ve,gi+g2 (Ai) — 26 2 Vg g, 4g,(B) — 2¢.
i=1

As we took € > 0 arbitrary, we obtain

Vo,g1 (B) + Vp,g2 (B) > Vo,g1+g2 (B).

The rest of the claim follows immediately from the definition of I, g(g).
O

3.4.3. Tomographic expression of moment measure. For smooth y, we have the
following formula. Here we use the dominant convergence theorem, so we employ
the countable regularization [BJ3, Theorem 9.11] for ¢ € E4, (X, L).

Proposition 3.75. Let x be a non-negative compactly supported smooth func-
tion on R and ¢ € E%A (X, L). If either ¢ € CO(XNA) or ¢ € E4A(X, L), then
Jxna WMA(@ A T) is a continuous function on 7 and we have

/XNAi/)/XDw :/RdT x(r)i wMA(wAT)—s-w(utriv)/RxDHw

dr XNA
where we identify d% Jxna WMA(@ A7) with the distributional derivative.
The claim includes that ¢ € 4, (X, L) is integrable with respect to [ xD,.

Proof. We firstly note that the integrations make sense. The left hand side makes
sense for any usc function . Indeed, usc function is Borel measurable and is
bounded from above by the compactness of XN, so that we can define the inte-
gration by the integration of non-negative Borel measurable function

/)<NA¢/XDw = _/XNA(SUPT/J—1/J)/XD¢+Sup¢/RxDH¥,,

though it may take value —oo (¢ may be non-integrable).

As for the right hand side, we note [yxa ¥MA(pAT) is continuous on 7 thanks to
Proposition 4.4. In particular, —x/(7) foA YMA(p A T) is integrable with respect
to dr, hence the distributional derivative makes sense.
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We check the right hand side is continuous along decreasing sequences, applying
the bounded convergence theorem. Recall for any convergent decreasing net ¢;
¢ € EYA(X, L), we have

YMA(p; AT) — /XNA YMA(p A T)

XNA

for each 7 € R. Since the support of —y’ is compact, it suffices to get a uniform
bound

[ oMAG AT < C

independent of 7 and 3.
When 1 € CO(XNA), we have

| / UMA(p A 7)| < (¢F) - sup [0,
XNA

Suppose ¥ € E45 (X, L). Then by [BJ3, Lemma 5.28] (cf. [BJ1, Lemma 3.23]), we
have

OMA(p AT) — ¢(vtm)(eL)\ - ] /XNA H(MA(p A7) — MA(0))

< Col(p A2 max{I(y),I(p AT)}/2

’ XNA

Here we recall
I(p) == / (¢ (veriv) — @) MA(p).
XNA

We have a uniform bound I(p A7) < C,, independent of 7: for 7 > sup ¢, we have
I(p A1) = I(p) for 7 > sup ¢, and for 7 < sup ¢, using [BJ3, Corollary 5.27] and
the monotonicity of E, we get

I n7) < Cu(B(PAT) - E AT,
< o]y - BeZme )y Copioaupg) = €,

Along ¢; N\, ¢, we have a uniform bound C, < C. Therefore, we get

(81) YMA(p AT)| < [ih(vuiv)|(€7) + O max{I(y), C}/2C?

oo
as desired.

(1) We firstly assume 1 € CO(XNA). In this case, we already know the left
hand side is continuous along decreasing nets ¢; \, ¢, so the problem is reduced
to the case ¢ = ¢(x ) € Hna(X, L), thanks to the countable regularization [BJ3,
Theorem 9.11].

We assume ¢ = oy ) € Hna(X, L). Since

/XNAw/XDV’ = > OrdEXO/XDHw,aEW(vE)

ECX, R

= 3 ordgAa(b(us) ~ loia)) [ XDHz1p)+ (vie) [ XDH,

ECXy
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it suffices to compare

Z ordp Xy (1 (vE) —w(vtriv))/XDH(E,L\E)

ECX, R

d
/ dr X(T)—/ YMA(p A T).
R dT XNA
By Proposition 3.70, we have

MA((p/\T) = Z OrdEXQ/

ECX, (—00,T)

with

DH(g,£|)-0vs + / DH(x £)-Ovss, -

[T,00)

Then we compute

/XNA UMA(pAT) = Y ordEXo/

DH g1t (v5) + / DH(x£)(vur)

ECX, (—o0,7) [T,00)
= > ordgXy(¢(ve) —1/J(Utriv))/ DH (g 2| z)
ECXo (=00,7)
+/DH(X,.C)/(/)(’Utriv)'
R

Now the claim follows by the following general identity

/RX(T)ddT(/<ow) du>d7=/RXdp

for any finite Borel measure p on R which can be written as a sum of an absolutely
continuous measure and finitely many Dirac masses.

(ii) Now we show the case ¢ € E%,(X,L). Take a regularization {t;}ic; C
Hna (X, L) so that ¢; N\, ¥. Thanks to the monotone convergence theorem (see
Proposition 3.18), we have

Lov [ ] v [,

so that the left hand side is continuous along decreasing nets ¥; \, ¥. (At this point,
the limit may be —oo. ) Since we already show the claim for ¢; € Hna(X, L), it
suffices show the right hand side is continuous along decreasing sequences ; \, 9,
thanks to the countable regularization [BJ3, Theorem 9.11].

Similarly, we have

|oeMatan s [ MA@

for each 7 € R. By the uniform bound (81) and the convergences v;(viiy) —
Y (Vuriv), 1(1i) — I(), we get
|| wMApan)|<C
XNA
independent of 7 € R and i. By the bounded convergence theorem, we get
d d

[arxtng [ oMa@an - [arxn g [ eMaean),

R dT XNA R

dr XNA
which proves the continuity of the right hand side along sequences ¥; \, 1. [
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4. NON-ARCHIMEDEAN p-ENTROPY ON &% (X, L)

4.1. The metric space Egx (X, L).

4.1.1. Strong topology, di-topology and d,-topology. As in [BJ2, Theorem 3.2], for
@, ' € CO°NPSHya (X, L), we consider the relative spectral measure

N
. 1 m

(82) DHgp o = ,,}gnoo mr ; 6Af(s)/m—>\f/(s)/m’

using a codiagonal basis s for ¢,¢’. Since F) Ry /F)+ R = (si | A (s) = A), we

have
DHy ..., = DHy

for p € C° N PSHya (X, L).

We firstly review the LP-distance on Hna (X, L) introduced in [BJ2]: for 1 <
p < 00, we put

(53) dle.f) = ( [ pDH,)

As observed in [BJ2], this defines a distance on Hya (X, L) (compare Proposition
4.8).

1/p

Lemma 4.1. For every ¢, ¢’ € Hna(X, L), we have

() (e, @) < (eF)VPdy (0,0,

dy (¢, (p/)r(q—p) < dp(¢p, (pl)p(q—r)dq(% Lp/)q(r—p)
forl1<p<r<gqg<oo.
Proof. These are consequences of Holder’s inequality: as for the second ingeuality,

we put o = Z:;, then pa+ ¢(1 —a) =7, so

, 1/p-pa 1/q-q(1—c)
Jierpt < ([ erpm,) ([ ) -
R R R

For general ¢,¢" € E4,(X, L), take a regularization ¢; N\, ¢, ¢} \, ¢ so that
@i, ¢ € Hna(X, L) and put

d

di(ip, ") := lim di (i, ))-

The limit is independent of the choice of the regularization as shown in the proof of
[BJ4, Theorem 5.4]. We will observe the same construction for another functional
dexp in Proposition 4.10. In [BJ4], the distance d; is defined in a slightly different
way:

di(p, ") = nf{(E(p) — E(9)) + (E(¢") — E(®)) | ¢,¢" > ¢ € Hna(X, L)},
which is modeled on the formula
di(p, @) = (E(p) = E(p A ¢')) + (E(¢') = E(p N ¢))
under the assumption on the existence of p A’ or the continuity of envelopes. The

limit dy obviously defines a peudo-distance on Ek, (X, L): d; satisfies all the axiom
of distance except for di(p, ) = ¢ = ¢'.
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~ To check that d; is a distance, we compare d; with the following quasi-distance
I from [BJ3]: for ¢, ¢’ € E4A (X, L), we put

(34) Ip.¢') = [ (o= ¢)MAG) ~ MA()).
(85) I(p,¢") == I(p,¢) + (") sup  — sup ¢'|.

We note our d; and I are (e”) times of those in [BJ3, BJ4] due to our normalization
of MA and DH. We have ¢ = ¢ iff I(p,¢') = 0 by [BJ3, Corollary 7.4]. It is
proved in [BJ3, Theorem 9.4] that the strong convergence p; — ¢ in Ex, (X, L) is
equivalent to I(y;, @) — 0.

Proposition 4.2 (Lemma 5.5 in [BJ4]). We have a positive constant C,, depending
only on the dimension n of X such that

Cy M (e, @) < di(p, @) < Cul(p,¢')
for every ¢, ¢’ € ExA (X, L).

It follows that d; is a distance on &y, (X, L), and the d;-topology is equivalent
to the strong topology.

4.1.2. Rooftops in finite energy class.

Proposition 4.3. Suppose the rooftop ¢ A exists in C°NPSHya (X, L) for every
0,9 € Hna(X,L). Then for ¢,¢" € E4A(X, L), the rooftop ¢ A ¢ exists in
Exa(X,L).

To show the claim, we use the metric d; on E4, (X, L). Now for ¢, ¢’ ¢" €
Hxa(X, L), suppose o A ¢’ and ¢ A ¢ exists in C° N PSHya (X, L), then using
Fong' = Fy N Fy (see Proposition 3.43), we easily obtain

(86) difeNg o Ng") < di(¥',¢")

in the same way as in Lemma 4.24. Then passing to the limit along decreasing nets,
we get this inequality for general ¢, ¢, 0" € 4, (X, L), under the assumption of
the proposition.

Proof. Take decreasing nets {@;}icr, {#]}jes € Hna(X, L) pointwisely converging
to ¢, ¢’ € E4a(X, L), respectively. Then for i,k € I and j,1 € J, we have

di(pi NG, 06 A py) < dilpi A @y i A @) + di(i A @l o A @))
< di(}, ¢1) + diis on),

so that ¢; A ¢} is a Cauchy net in Exa(X, L). It follows that ¢; A ¢ is a decreasing
d1-Cauchy net, so that it converges pointwisely to some " € E4 (X, L). (We note
the completeness for general Cauchy net is equivalent to the continuity of envelopes
as proved in [BJ4], however, the completeness for decreasing Cauchy net does not
need the continuity of envelopes. Compare Proposition 4.21. ) Then by Proposition
3.41, ¢" is the rooftop ¢ A ¢’. O

Proposition 4.4. If p; — ¢, = ¢ strongly in EY, (X, L) and ¢; A @, 0 A ¢/
exists in €4, (X, L), then @; A ) = @ A ¢’ strongly in E, (X, L).
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Proof. By (86), we have

di(pi N, o N@") < di(@i NP i A" ) +di(pi N, o A Q') < di(9f, ") +di (i, ).

The claim follows by the equivalence of di-convergence and strong convergence
proved in [BJ4]. O

In particular, for any strongly convergent net p; — ¢ € E4, (X, L) and 7; — 7 €
R, we have strong convergence @; AT, — o AT € Exa(X, L).

4.1.3. A metric structure on the space EGx (X, L). Now we introduce the distance
dexp modeled on Luxemburg norm in Orlicz analysis. For ¢, ¢’ € Hna(X, L), we
put

81 daglpd) =it {5 0.00) | [ (@7 - npH <1},

We note B(elt/8l — 1) < g/(elt/#'1 —1) for B > B by convexity. In particular, we
have

(88) dexp(, @) < p! max{l,/(elptl —1)DHg  }
R
for any p > 0.
Proposition 4.5. For 1 < p < co and ¢, ¢’ € Hna(X, L), we have

dp(0,¢") < [P - dexp (0, ")
Proof. Since [t/B8|7/[p]! < |t/B|)/|p)! + |t/B|P1/[p]! < elt/Pl — 1, we have

/R [t/8[PDH,, »» < [p]!

for 5> dexp(, ). Thus we get dy (i, ') < ([p])"/78 < ([p]))/1!8 < [p] - B by
[p]!- [p] < [p]'P]. Taking the limit 8 N\ dexp (0, ¢’), We obtain the claim. O

To see the triangle inequality on dexp, we introduce the following norm on R¥=:

Ny,

Xm(z1,...,xy) = inf {ﬂ € (0,00) ‘ % Z(elmi/mﬂl -1)< 1}.

1=

Using the convexity of ®,,(t) = el/™ — 1, we can easily check that y,, defines
an & y-invariant norm on R¥m. This is known as Luxemburg norm on the finite
set {1,..., N,,} with respect to the Young weight ®,,, which is a basic material in
Orlicz analysis.

Remark 4.6. The condition lim;_,o ®,,,(¢)/t = 0 usually assumed for the duality
on Orlicz space is not used in this article. We remark that one may replace the
Young weight el!l — 1 with ®(¢) = el*l — |t| — 1, of which we have the non-negative
convex conjugate ¥ (¢) = (|¢t| + 1) log(|t| + 1) + |t| = O(|t|log |t|). This would have
an advantage for applying duality of Orlicz spaces. We put

doxp 2, ¢') 1= inf { B € (0,00) | / (%1~ |t/B| ~ )DH,, 0 < 1},
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By el/8l — |t/B] —1 < /Bl —1, we have deyp < dexp. Conversely, since [t/B[2/2 <
elt/Bl —|t/B| — 1, we have

/R [t/8[DH,, 0 < \/ ) / t/B2DH,, 0 < %(eL) / (elt/81 — |t/8] — 1)DH, .

The convexity implies el*/™#l — |t/rp] —1 < r=(el/Bl —|t/B| — 1) for r > 1, hence
we have

/(e\t/’“ﬂ\ —|t/rB] — 1)DH,, v < r! /(e't/ﬁ' —[t/B] = 1)DHy,pr <77
R R

for any 5 > chp(go, ¢'). In particular, we have

[ t/rBIDH, o <\ttt
/(e‘t/”ﬂ —1)DH, o < y/2(el)r—t 4771
R

Put r := max{2,8(e%)}, then we obtain
/(elf/rﬁ‘ —~1)DH, < 1.
R

This implies dexp < rB. Taking the limit 5 N\, Jexp, we get dexp < rciexp for the
fixed constant 7. Therefore, dexp and dexp Will define the same uniform structure.

so that we get

For each m, take a codiagonal basis s,, of R,, for ¢, and put

A (- 15 - 1) = X O s 1 15))

N,
1 = ¢ ’
= inf {B € (0,00) ’ — § (e\(ki (8m)=AE (8m))/mB| _ 1) < 1}_
i=1

Then thanks to [BE, Theorem 3.1], we have the following triangle inequality.

(89) Al (- 15 - 15) < di (- s - 160D + e (-l 1 120)-

Lemma 4.7. For ¢, ¢’ € Hya(X, L), we have
Tim dg (- 121 19) = dexp (0, ).

Proof. Suppose ' > dexp (i, ¢'), then we have

/(elt/ﬁll ~1)DH, , < 1.
R

It follows that for any € > 0, there exists m. such that for every m > m. we have

1 I /

— 3 (O sm) AT )/ 1) <1 e,
mti4

Then for m > m., we get

N , L
— N (O m)= AT (sm))/m(4e)F 1) < —

m 4 mn 4~ 1+¢
=1 i

3

Il
_

(lOF (em)=AF (om))/m#| 1) < 1
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by convexity. It follows that
Tm dZ (I 12,1 15) < (L +e)p”
Taking the limits € N\, 0, 5"\ dexp(, ¢'), we get
T dg (115,11 1) < desp (9, ).

Next we suppose < dexp(, ¢’), then we have
/R(elt/ﬁ‘ ~1)DH,p > 140

for some 0 > 0. Taking sufficiently large m, we can assume

Nom ,
M (/A7) AT (5 /mBl 1) > 1 4 6/,
=1

Thus we have 8 < d7 (¢, ¢'). Taking the limit 5 dexp (|| - |2, ] - %)), We get

exp

dexp(p, ') < Lim di (I 1711 117.)-
m—0oQ

Proposition 4.8. dey, is a distance on Hya (X, L).

Proof. Since DH,, ,» = d¢ iff ¢ = ¢, we have dexp(p,¢’) = 0 iff p = ¢’. Since
DH, , = (t = —t).DH, ,, we have dexp(p,¢’) = dexp(¢’,¢). Thanks to the
triangle inequality on df;, and the above lemma, we get dexp (0, ¢”) < dexp(, @)+

exp

dexp (@', ¢"). O

We will extend the distance dey, to the space Eya (X, L) of our interest and
show its completeness. We follow the steps in [Dar]|, where the archimedean case
is treated. To be precise, the Young weight ®(t) = el — 1 does not satisfy the
W; -condition he assumed in his argument, so £P(X, L) is not treated even in
the archimedean case, however, we can extend many of his results to such general
Young weights as he remarked.

We make efficient use of the assumption that Eex,(p.,) > —o0 for every p > 0
in the following lemma. This is reminiscent of the fact that a function in the
Orlicz space L®, which consists of functions satisfying [ ®(|f|/B)dp < oo for some
B > 0, can be approximated by simple functions with respect to the L®-norm iff
J®(|f|/B)dp < oo for every B > 0. This lemma is the key tool for the extension
of the distance.

Lemma 4.9. Let {p;}icr C Hna(X, L) be a decreasing net pointwisely converging
to o € EFN (X, L). Then for every e > 0, there exists k € I such that dexp (i, ;) <
¢ for every i,j > k.

Proof. For o, ¢’ € Hna(X, L) with ¢ < ¢, we have the following estimate

00) [ (- 1Dt < (FEZ BN o ()
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The claim is a consequence of this estimate. Indeed, since 0 < —FEeoxp(pis2/8) <
—FEoxp(p:2/8) < 00 and sup @; < sup g =: ¢ (note c;3/5 = 2¢/f3), we get

—_e2¢/BR (02/8))2 1/4
/81 _ <( € exp(#;2/8 Y E(o; )
e 1)DH, .. < FE E(p; .
/R( ) Pirps = 43/3 | (¥5) (i)l
Since we have lim;_, o, E(p;) = E(y), for every € > 0 we can take large k. so that

de 9 _
|B(¢5) = Epi)l < 5 (=7 EBoxp(01276) ™

for every 4,7 > k.. Then by the above inequality, we get

/R(elt/sl —1)DHy, o, <1,

s0 that dexp (@i, ¢;) < € for every 4,5 > kga.

Now we show the estimate (90). Since ¢ < ¢, we have A7 (s) < /\fl(s). Both
sides of the inequality is invariant under the replacement ¢ — © — ¢, ' — ¢’ — ¢,
so that we may assume ¢’ < 0. It follows that 0 < /\fl(s) —A(s) < =A7(s) and
1 < e %% Using e* — 1 < ze® for x > 0 and Cauchy-Schwarz inequality, we
compute

N,
1 = ® o’
/8] _ \DHL. . — i AF (8m) = AF (8:0))/Bm] _ ¢
L= pH, =t — > )
1 O ,
< lim — 4 _ 2\ el OF () =AY (s1n)) /B
< Jm Eﬂ:i(xz (8m) = A (sm))/Bm] - e
N,
1 <= / 1/2
i - ® O\ 2
< Jim (G 2107 (s = A7 () /8m)
1=
- LR 20 (m)-AF (/] 2
i (G et )
N, N,
1 <& 1 <& 1/4
< i i @ _ @
_W}I_I}})oﬂ (mni_zl)\Z (8m)/m " ;:1 P} (sm)/m)

Nm

i (LS A )

m—oo \Mm" 4
i=1

N

- 1 —oxP(s)/Bm) /2
i (5 e )

=1

= (2°8/3)VA(E(Y) ~ E(so))l/“(/R —(2t/B)° 3IDH) Y (—Eexp(10,2/5)) "

< (48/3)VHE(Y) = E(@)V* (~Eoxp(0:2/0)™*.
O

The following proof traces the argument in [Dar], where the archimedean ana-
logue is studied. We exhibit it here for the readers convenience.
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Proposition 4.10. Let {¢;}ier, {¢;}jes C H(X, L) be decreasing nets pointwisely
converging to ¢, € Egx (X, L), respectively. Then the limit

lim dexp (‘pia %)

(i,§)—o0
exists as a finite value depending only on ¢, 1.

Namely, there exists A € R depending only on ¢, such that for every € > 0
there exists (ig,jc) € I x J such that

|dexp (i, 95) — Al <e
for every i > ig and j > jo.

Proof. Thanks to the triangle inequality and the above lemma, for any € > 0 there
exists (ig, je) € I x J such that

|dexp(90i7’(/}j) - dexp(@k7wl)| S dexp((plﬁ (pk) + dexp(wjawl) S 2¢e

for every (i,7), (k,1) > (ic,jc). Thus the net {dexy (i, %5)}ij)erxs is Cauchy, so
it converges.

To see the independence, we take other decreasing nets {¢ }ier, {¥} }jer
converging to ¢, ¢, respectively. Put A := lm(; j) o0 dexp(pi,¥;) and A’ =
lim (g jr) 500 dexp (@i, ¥). For B> 0, take (ig, jg) € I x J and (if,j3) € I’ x J' so
that [A — dexy (91, U)] < 5 and |A" — dewy (s 1)] < 5 for every (i) > (i3, js)
and (7',7") > (i}, jj), respectively. By the triangle inequality, we have

A - A< |dexp (i, ¥5) — deXD(@;/»w;’” +28
< exp (@i, Pir) + doxp (15, 051) + 28
for every (i,i") > (ig, i) € I x I" and (§,5") > (js,Jp) € J x J'. Tt suffices to show
that there exists (k, k') > (ig,i}) and (I,1') > (jg, jj) such that dexp (k) < 28

and dexp(d}lawl//) < Qﬂ
By Lemma 3.19, for any ¢ > 0 and i > ig, there exists ;. > i} such that

@i < ;i + ¢ for every i’ > ij .. Then by (90), we get
E902+€ 7EQ0;’ 1/4 sup ¢;
/R(e‘t/ﬁl N 1)DH%+€7% < ( ( 4ﬂ)/3 ( )> (e p%;z/ﬂEexp(%ﬂ/B))BM
¢ (Bl =Bl ot
= 13/3

1/4 sup ¢ 3/4
) (e By (9106))

Now for 5 > 0, put

£p := min{}, 3(fL) (=™ 02/8 B (9:2/8)) )

and take large kg > ig so that

B _
|1E(pra) = B(@)] < (=™ P02/ Bexp (0:2/5)) 5.
Then take large k’ﬁ > i;cﬁ}sﬁ > Z/B so that

B

[E(p) = Bl )| < 5 (=e™ 02 By (0275) >

Then we get
/R(e\t/ﬁ\ - 1)DHW+6,¢;/ <1,
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which implies dexp(0r, + €5, %ﬂ}e) < . Therefore we get

dexp(‘Pk,;a‘P;c;j) < dexp(@k;w@kg + 6[(3) + dexp(@kg + €8, <P;f;i) < €p + ﬂ < 2/8

as desired. O
Now for ¢, € EFY (X, L), we put
(91) deXp(‘va) = lim dGXp(QPia ZZJ])
(i,)—00

by taking pointwisely convergent decreasing nets ¢; \, ¢, ¥; \y ¥. To show that
dexp 1s a distance on Ega (X, L), it suffices to show that dexpy (¢, ") =0 iff p = ¢
the triangle inequality and the reflexivity follows readily from the definition. To
check this, we note the following.

Remark 4.11. By a similar argument, we can also extend d,, to the space
€2 (X,L) = {¢ € PSHxa(X, L) | / |t/PDH,, < so}.
R

We have Egn (X, L) C EXA(X, L) for every 1 < p < oo. The following inequalities
are inherited:
o (eM)7hdilp,¢")
b dr(@v@/)r(qip) <
p<r<g.
o dy(p, @) < [p] - dexplip,¢') for p,¢" € EFR(X, L).

It follows that de(p,¢’) = 0 for ¢,¢" € EJA(X,L) and e = p,exp implies
di(p,¢") = 0, hence ¢ = ¢’ thanks to Proposition 4.2. Therefore, we conclude
the following.

< (eB)7VP - dy(p,¢') for ¢,¢" € EX (X, L),
dp (¢, )P dy (0, 0" )1 7P) for ¢,¢" € E%,(X, L) and

Proposition 4.12. For e = p, exp, the pseudo-distance do defined by (91) gives a
distance on X, (X, L).

By the above remark, dexp-convergence implies dp-convergence. Conversely, we
have the following.

Proposition 4.13. For {¢;}icr, ¢ € Exa (X, L), uniform convergence ¢; — ¢
implies dexp-convergence.

Proof. For any € > 0, there exists sufficiently large ¢ satisfying p —e < ¢; < p+e.
Then we get

dexp (i ) < dexp(9i =€) F dexp(p —€,0) < dexpp T2, —€) +e(eh) = 3e(eh).
Here we used dexp (¢, ¢") < dexp(p, ¢') for o > ' > ¢ € ELW (X, L), which is just
an exercise. (]

4.1.4. The distance dex, with anchor in Hya (X, L). Following the steps in section
3.3.2, we can introduce the relative moment energy E, (¢, ¢') for ¢ € PSHya (X, L)
and ¢’ € Hya (X, L) with respect to an increasing right continuous function y:

EX(‘P,SD/) = inf{/XDH@s&’
R

It is monotonic and continuous along decreasing nets on the first variable. If y is
concave, we have

¢ <@ eHa(X,L) .

1
Ex(p,¢') 2 By(p2) + 5x(=2sup ) ("),
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so that E, (-, ¢) is finite on EY, (X, L).

Similarly, as in section 3.3.4, we can define the relative Duistermaat-Heckman
measure DH,, ./ for ¢ € PSHya (X, L) and ¢’ € Hya (X, L). For ¢ € Ena(X, L), we
have [, DH,, »» = (e¥) and E\ (¢, ¢’) = [ xDH,, s for increasing right continuous
function y. In particular, [, xDH, . is finite on £, (X, L) and we have

lim | xDH,, :/XDH%@/
R R

1—00

for any convergent decreasing net ¢; \, ¢ € Ena(X,L). Slight generally, we can
show the same convergence for moderate x in the sense of Definition 3.64. In
particular,

lim [ (e™f —1)DH,, , = /(elt/ﬁl —1)DH,,

i—oo Jr R
for any convergent decreasing net ¢; \, ¢ € Ena(X,L).

Now we show the following formula on dexp, (¢, ¢”) with an anchor ¢’ € Hya (X, L).
This helps us to simplify some arguments in the rest of this article.

Proposition 4.14. For ¢ € EyW (X, L) and ¢’ € Hna(X, L), we have
dexp(0,¢") = inf{ﬂ >0 ’ /(e't/ﬁ' —1)DH,, , < 1}
R

Proof. Take a decreasing net {¢; }icr C Hna (X, L) converging to ¢ € Exa (X, L).
We have im;_, o0 dexp (@4, @) = dexp (0, ¢’) by the definition of the metric. It follows
that for 8 > dexp(p, ") we can take ig so that dexp (s, ¢’) < B for every i > ig.
Then since [ (el*/#l — 1)DH,,, . <1 for i > iz, we get

/(e‘t/ﬁl —1)DH, = lim [ (e®# —1)DH,, ,» <1.
R

71— 00 R

Thus we obtain
dexp (9, ¢) = inf { B> 0 | /(6‘”6' ~1)DH, <1},
R

Conversely, take ' < dexp(,¢"). Take small ¢ > 0 so that (1 +¢)8 <
dexp (0, ¢"). Then we can find ig . so that (14-¢)5" < dexp (i, ') for every i > ig ..
Recall by convexity we have

/R(elt/ﬁ'l —1)DH,, > (1 +5)/R(e‘t/<1+€>ﬁ'l —1)DH,, , > 1 +e¢.
It follows that
/(elt/ﬂ'l —1)DH, v = lim [ (/7T —1)DH,, , > 1+¢> 1.
R

1—00 R

Thus for any 8’ < dexp(p, '), we obtain

g < inf{ﬁ >0 ‘ /(e‘t/ﬁ‘ — 1)DH, < 1}.
R

Taking the limit 5’ 7 dexp(, ¢'), we obtain the reverse inequality. O

A similar argument shows the following.
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Lemma 4.15. For a net {¢;}icr, ¢ € Ega (X, L) and ¢’ € Hna(X, L), we have
dexp(pis ") = dexp(p, ¢') if

/ T / AIDH, .
R R

for every 5 > 0.

Proof. Firstly we show dexp(p, ') < lm; , o dexp(i, ). Take 5 < dexp(,¢’).
Then we can take § > 0 so that

/(elt/ﬁl —1)DH, o > 146
R
By the assumption [, elt/fIDH,,, , — Iz elt/fIDH,, ., there exists i such that
)
/ e/fIDH,, ,» > 1+ 5
R

for every i > ig, hence we get 5 < dexp(i,¢’) for every i > ig. It follows that
B < lim; ,  dexp(pi, ). Taking the limit 8 7 dexp(p, ¢’), we obtain the desired

estimate.
To see the reverse inequality, take 8’ > dexp(, ¢'). Since

/(elt/ﬁ'l _ l)DH%(p/ <1,
R
for any € > 0 we can take i. so that
/elt/ﬁ IDH,, . <1+¢
R
for every i > i.. Now we again recall

/ 1 /
/R(elt/(l—i_g)ﬁ - 1>DH%>¥" < 1+ /]R(elt/ﬂ - 1>DH%;¥" <1

€
by convexity. It follows that dexp(@s,¢") < (1 + €)B for every i > i., hence
1m0 dexp (91, ¢') < (1+¢)B for any € > 0 and 8 > dexp(, ¢'). Thus we obtain
lim; o0 deXp(SOia @) < dexP(% ©'). 0

4.1.5. Intermediates. We show the density of Hxa (X, L) C EgY (X, L).

Proposition 4.16. For a decreasing net {¢;}icr C Ega (X, L) pointwisely con-
verging to ¢ € Exx (X, L), we have

dexp(‘ﬁiv Lp) — 0.
In particular, Hya (X, L) is dense in Egx (X, L) with respect to dexp-topology.

Proof. Suppose firstly ¢; € Hya(X,L). By Lemma 4.9, for any € > 0 there ex-
ists k. such that dexp(pi, ;) < € for all 4,5 > k.. It follows that dexp(@s, @) =
lim;j o0 dexp (@i, ;) < € for @ > k.. Thus we get the claim in this case. In particu-
lar, Hna (X, L) is dense in Egx (X, L).

Now we study the general case ¢; € Egxn(X,L). As we already noted in the
beginning of section 4.1.4, we have

/ ;R / e/BIDH,
R R
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for any 8 > 0, ¢’ € Hna(X,L) and convergent decreasing sequence ¢; \, ¢ €
ExA(X,L). By Lemma 4.15, we get dexp(pis¢’) — dexp(,¢"). By the above
argument, we can take ¢’ € Hya (X, L) so that dexp(p, ¢") < € for any € > 0.

It follows that

i desp (@i, ©) < M dexey (045, 9") + dexp (', 0) = 2dexp(p, ') < 22
for any € > 0. O

The following is a refinement of Proposition 4.10.

Corollary 4.17. Let {¢;}ier, {¥j}jes C Ea (X, L) decreasing nets pointwisely
converging to ¢, € Ex (X, L), respectively. Then we have

lim dcxp(wh %) = dcxp(()o7 W

(i,7)—00
Proof. By the triangle inequality, we have
|dexp(90i7 Q/Jg) - dexp(‘Pv '(/})| < dexp(@zﬁ 90) + dexp("/’j, "/’)7

so that the claim follows from the above proposition. O

The following will be used in the proposition below and in the proof of the
continuity of the exponential moment energy Feyp.

Proposition 4.18. For any p > 0, the exponential moment energy Fexp(p;p) is
bounded on any dexp-Cauchy net.

Proof. We firstly note for ¢ € Ega (X, L) and ¢’ € Hna(X, L)

1 1
/(e|t/5\ _ 1)DH:,D < 5 /(eQIt/ﬂ\ _ 1)DH%<P’ + 5/(62\t/5| _ 1)DHW’
R R R

by convexity and the continuity along decreasing nets ¢; \, .
Secondly, for ¢, ¢’ € EXX (X, L) with dexp(p,¢’) < 8/2, we note

11
/R(elt/m ~upH, < L4 /R(e2\t/5\ _ 1)DH,.

Both sides are continuous along decreasing nets and the assumption dex,(p, ') <
/2 is stable for deyp,-small perturbation, so we may assume ¢’ € Hna (X, L), thanks
to the above proposition. Since dexp (¢, ¢') < 8/2, we have

/(62“/5' ~1)DH, » <1
R

by Proposition 4.14. This shows

1 1
/(elt/m - 1pH, <1 /(egn/m C1)DH,y + 5/(&‘”5' _ 1)DH,,
R R R
11
<5+5 /(eQWﬁ' — 1)DH,
R

as desired.
Now let {p;}icr C Exn(X,L) be a Cauchy net. Take 3 = p~! > 0. Since
0 < —Fexp(isp) = Jpe /PDH,, < [o(el/Pl — 1)DH,, + (el), it suffices to bound
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lt/Bl _ Ny P q
i ex (2 i — M
Jr(e 1)DH,,,. Take kg so that dexp (i, ;) < B/2 for i,j > kg. Then by the
above argument, we get

1 1
/R(elt/m ~IpH, <14 ) /R(ezn/m ~1)DH,,,
for i > kg, which shows the boundedness. ([

Question 4.19. Does there exist a dexp-bounded set with unbounded Eexp(¢;)7?

Remark 4.20. We have the following reverse implication: for any p > 0, the subset
{p e XXX, L) | supp < O, Eexplepyp) = —C'}

is dexp-bounded. Indeed, since
P = 1DH, < = Bualie) + ()% = 1) < €+ (F)(e - 1),
R

we get a bound on dexp (¢, 0) by the inequality (88).
We will use the following in the proof of the completeness of Ex (X, L).

Proposition 4.21. A decreasing net {¢; }icr C Exx (X, L) has alimit ¢ € EFX (X, L)
in dexp-topology if and only if Eexp(¢i;,) is bounded for every p > 0. This is the
case in particular when ; is dexp-Cauchy.

Proof. Suppose {¢;}icr is a decreasing net with bounded FEexp(i:p). By the above
remark, it is dexp-bounded. Put ¢ := sup ¢g. Since ¢ > ¢;, we have dexp(c, i) >
dexp(c,sup ;) = |c—sup ¢;]/log(1 + (eX) 1), so that ¢;(viiv) = sup ¢; is bounded
from below. It follows that ; is pointwisely convergent to a limit ¢ € PSH(X, L).

Now since ¢; decreasingly converges to ¢, we have Fexp(9ip) — Fexp(9ip)-
Since Eexp(pi;p) is bounded for every p > 0, the limit Fexp(p;p) is finite for every
p > 0, which shows ¢ € EFX (X, L). Now dexp-convergence follows from Proposition
4.16. O

4.1.6. Completeness. Now we assume the continuity of envelopes holds for (X, L)
(see section 3.2.7) and show the completeness of (E5% (X, L), dexp). As we observed
in section 3.2.8, the rooftop ¢ A ¢’ exist under the continuity of envelopes.

Proposition 4.22. For ¢, ¢’ € ELW (X, L), we have
Eexp(#) + Eexp(¢') < Eexp(@ A ¢') < min{ Eexp(9), Eexp(¢')}-
In particular, for ¢, ¢’ € ELX (X, L), we have o A ¢' € EGa (X, L).

Proof. As Eeyp, is continuous along decreasing nets, we may assume ¢, ¢’ € Hya (X, L).
Take a codiagonal basis s of R, for ¢,¢’. Since A\Y"¥ (s) = min{\?(s),\? (s)},
we have

N, N, , N, , N, N, ,
max( e M@ 3 M @) < F A < 3@ LY ),
i=1 =1 i=1 i=1

i=1

Taking the limit m — oo, we obtain the claim. O
Lemma 4.23. For ¢, ¢’ € ELW (X, L), we have
max{dcxp(cp, @A Qol)v dcxp(sola ® A 90/)} < dcxp(@y 90/)~



II, NON-ARCHIMEDEAN p-ENTROPY AND pK-STABILITY 93

Proof. As dexp is continuous along decreasing nets, we may assume ¢, ¢’ € Hya (X, L)
(see also section 3.2.8). For each m, take a basis s,, of R,, codiagonal for ¢, ¢’

Since it is diagonal also for ¢ A ¢’ and )\fw’l(s) = min{\7(s), )\f/(s)}, we have

N

/R(e\t/m —1)DH, pppr = lim % ;(emz’(sm)Am’(s,n))/ﬂm .y
~ lim L sz(elmax{O,/\f(sm)ﬂ\f/(sm)}/ﬁm\ _)
m—soo MM =
N

i 3 (el =3 e /pmi _ q)

m—oo M 4
i=1

= /R(e‘t/ﬁ‘ — 1)DH,,

IN

Thus we get
dexp (5 @) = inf{ﬁ ‘ /(e't/ﬁ' —1)DH, < 1}
R
> inf{ﬁ ‘ /(ewm — 1)DH, ppp < 1} — (0,0 A &)
R

for o, ¢’ € Hna(X, L). The general case follows from the continuity along decreas-
ing nets. (]

Lemma 4.24. For ¢, ¢, ¢" € ELY (X, L), we have

dexp(p N @', 0 N @) < 2dexp (¢, ©").

When ¢ < ¢, we have

(92) dexp(@ N @', 0 N ") < dexp (¢, ).

Proof. We firstly show the latter claim. We may assume ¢, ¢, ¢” € Hna(X, L).
Let s’ be a basis which is codiagonal for o A ¢’, ¢" and is well ordered with respect
o (¢',¢") and s be a basis which is codiagonal for ¢’,¢"” and is well ordered
with respect to (', ¢”). Since p A ¢” = (P A ') A" by ¢’ < ¢, s is also
diagonal with respect to ¢ A ", Since ¢” < ¢', we have )\f” (s) < )\f'(s’) and
)\f/\“"//(s’) )\“"A“" (s'), so that we get

0 < AP () = AP (s)
= min{A?(s'), A ()} — min{Af(s), A" (s')}
<A () = A (s).

"(s'), we have A?(s') < A (s'), so that AP (s/) = AP (s') =

(When A (8)) <
A7 (s') in this case. ) By Lemma 3.47, we have

0< A () — ¢ (s

N (s) = A2 (8) < AP (s) = A (s).
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Thus we can compute

N,
]. a8 YN ene' o
/ (/8] — 1)DHppr g = lim —— 3 (V" ) =3 () /ml 1)
R

m—oo M 4
i=1

Nm ’ ”
i S (O em = e pm _ q)

m—oo Mm"
1=1

= /R(e“/ﬁ‘ —1)DHgr 1.

IN

Thus we get

dexp(p N ¢’ o A @) = inf {6 ‘ /R(e't/ﬁ' — 1)DHpppr o < 1

< inf{ﬁ ‘ /R(elt/ﬁl —1)DHy < 1} = desp (¢, ¢").
Now we deal with the general case. Since ¢, ¢" > ¢’ A ¢, we compute
doxp(@ N, N Q") S dexp(@ AP, o NP A" ) +dexp( AP A" 0 N ')
< dexp (@' " A Q") + dexp (¢, 0" N ")
S 2deXp(¢/7 50”)7

using (92) and the above lemma. O

In the proof of the completeness, we consider the limit of an increasing sequence
©; € EGA (X, L). To ensure the existence of limit, we must assume the continuity
of envelopes.

Proposition 4.25. Assume the continuity of envelopes holds for (X, L). If {;}icr
is a dexp-bounded increasing net in EYW (X, L), then we have a limit ¢ € Ega (X, L)
in dexp-topology.

Proof. By Proposition 4.2 and the boundedness of d; < dexp, sup ¢; is bounded.
By [BJ3, Proposition 4.48, Theorem 9.5] that ; converges to some ¢ € Efa (X, L)
in the strong topology. Since ¢ > ¢; € Ega (X, L), we have ¢ € ELW(X,L). Tt
suffices to show dexp (i, ) = 0. For 5 > 0, take € > 0 so that

< 1/4 su
<45/3) (—e‘ p¢;2/ﬁEexp(<pO;2/B))3/4 <1.

Take ¢’ € Hna(X,L) so that ¢ < ¢’ and dexp(p,¢’) < /2. Then we have
E(@) — E(p) = di(¢', ) < dexp(p,¢’) < /2. Tt follows that we can take i, so
that E(¢') — E(pi) = (E(¢) — E(p)) + (E(¢) — E(pi)) < € for i > i.. Since
v; < ¢, we have

n_ Y\ 1/4
/]R(e‘t/ﬁl - 1)DH%»<PI = (W) (_esupwEexp(@iﬂ/ﬁ))BM

< ( € )1/4(765“P90;2/ﬁE (v0;2 ))3/4 <1
= \43/3 B .
by (90). It follows that dexp (i, ) < dexp(i, @) + dexp (', ) < B+¢/2 for i > ..

Taking the limits ¢ — co and € — 0, we get lim dexp (¢4, ) < B for every 8 > 0, so
that Mdcxp(goi, ) =0. O
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Now we show the completeness of the metric space (Exa (X, L), dexp). The proof
of the completeness of the archimedean EP(X, L) in [Dar] adapts to our framework.

Theorem 4.26. Assume the continuity of envelopes holds for (X, L). Then the
metric space (Exa (X, L), dexp) is complete.

Proof. Take a Cauchy sequence {¢;}ien in Exa (X, L). It suffices to show there
exists a limit ¢ € Eya(X,L) in the metric topology. If there exists a subse-
quence {¢;}; converging to some ¢ € Eya (X, 1) in the metric topology, then since
Aexp (@i, ©) < dexp(@i, ) + dexp (5, @), the original sequence ; converges to ¢.
Thus we may assume dexp (s, i+1) < 1/2°71 by replacing the original sequence
with a subsequence. We construct the limit ¢ € Exa (X, L) by two steps.

We put @7 := ¢; A=+ A gigy € Ega (X, L). Since @V = @8 A pipprn < @7,
{¢¥ };‘;0 is a decreasing sequence for each i. We compute

~ ~ 1 ~ ~ i
Bescp (B0, PP = descp (B0 N @ity B8 A iept1) < 2descp (Pitps Pipr1) < 172777,

Then since
p—1

deXp(spiv @f) S ZdeXp(QOga 903+1) S ]‘/227
q=0
the sequence {@? };OZO is a dexp-Cauchy decreasing sequence, hence it has a limit
@; € Exa (X, L) in the metric topology by Proposition 4.21.
Since ¢PT! = p; A oF 1 < @, we have ¢; < @i41. We compute

~ A . A 1 . A ~
dexp (i, Pit1) = plingo dexp(%’er 7<Pf+1) = pl;n;o dexp (i A ‘F’f+1’ Pit1 A 90?1“1)
< 2exp (15 pig1) < 1/2°.

This shows dexp(P0,®:) < 1, so that ¢; is a dexp-bounded increasing sequence,
hence it admits a limit ¢ € Y% (X, L) in the metric topology by Proposition 4.25,
under the assumption that the continuity of envelopes holds.

Finally, we compute

dexp(@a SDi) < dexp(907 sz) + dexp(@i» SDi)
< ey 20) 1 dp (97, 00) < 1271 172

so that we get dexp (i, @i) — 0. O

4.2. The non-archimedean p-entropy. Now we are ready to extend the non-
archimedean p-entropy i = fina + A& : Hna(X, L) — R to ExX (X, L). As we
observed in section 1.1.4, we can write fina as

al) = —an L A TP+ B (o)
ffXNA e "D,

for ¢ € Hna(X,L). To extend the functional, we must study the continuity of the
following with respect to the dexp-topology:

o [ XxDH, for x = e~ te™,

° f e 'D,.
As for Eé‘)/{p, we construct a continuous extension using a tomographic expression.
The key tools are tomographic expressions of these functionals.
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4.2.1. The continuity of Duistermaat—Heckman measure with respect to dy-topology.
We firstly observe the weak continuity of Duistermaat—Heckman measure with re-
spect to the strong topology.

Lemma 4.27. Let x be a continuous function on R which has left bounded support,
ie. x(t) = 0 for every t < 0. Then we have [, xDH,, — [, xDH, if ¢; = ¢ €
Exa(X, L) in dy.
Proof. Assume firstly x is locally Lipschitz. Then for each T € R, we have a
constant Cr satisfying |x(¢) — x(s)| < Cr|t — s| for every t,s < T as x. For
0, ¢ € Hna(X, L), we compute

N,

[, = [ ADH < T =S 7 (s)/m) = O (5)/m)

< Cinax{p(vuiv) ¢’ (v}, 100 fZW’ )/m = ¢ (s)/m|

m—oo Mm"

= max{w(vtriv)vw/(vtriv)}dl (4107 ® )

For cp, ¢ € Exa(X, L), taking convergent decreasing nets ¢; N\, ¢, ¢} \, ¢’ so that
@i, 0; € Hna(X, L) and passing to the limit, we get

‘/XDH /]RXDHL,D" < Cmax{ap(vtriv),ap’(vm‘,)}dl (%%0/)

For a weak convergent ¢; — ¢, we have ¢;(Vriv) — ©(Vtriv), so the constants
Cmax{p; (veriv) o (veniy)} ar€ bounded. Then by the above inequality, d;-convergence
of ¢; — ¢ implies [, xDH,, — [, xDH,,.

Now assume Y is just continuous. For € > 0, take a locally Lipschitz function
X with left bounded support so that |[x — x| < & on (—oo, max{Y(Viriv), ¢ (Viriv) }]-
We note such y exists by Weierstrass approximation. Then there exists ¢, such that

| [ om, — [ o, <2268 + | [ wom,, - [ DH,) <3
R R R R
Taking the limit € N\, 0, we obtain the claim. ]

Proposition 4.28. Let y be a non-negative continuous function on R. If ¢; —
¢ € Exa(X, L) in dy, then we have

/XDH < lim [ xDH,,.

i—oo JR

Proof. Take continuous cut off functions 3; : R — [0, 1] so that 8; = 0 on (—o0, —j]
and 8 =1on [—j 4 1,00). By the monotone convergence theorem, we have

lim /ﬁjxDsz/XDHW.
71— 00 R R

On the other hand, by the above lemma, we have

/R BixDH, = lim /R BixDH,, < lim /R XxDH,,.

/XDHw < lim /XDH%.
R 11— 00 R

Thus we get
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4.2.2. Key estimates. We firstly recall fundamental estimates established in [BJ3].
Proposition 4.29 (Lemma 5.28 in [BJ3] (cf. Lemma 3.23 in [BJ1])). There exists
a positive constant C,, depending only on the dimension n of X such that

| [ 0= b0 IMAG)] < Cud (.00 max{ds (.0), 1 (1,0)}

for every ¢, € Exa (X, L).

Proof. We put ¢’,¢" = 0 in [BJ3, Lemma 5.28] and then apply Proposition 4.2.
We note ¢(Utriv) fXNA MA(‘P) = foA ¢MA(O)- U

The left hand side is invariant when replacing ¢ — ¢ + ¢, ¥ — 1 + ¢, so we
actually have

| [ 0= ) MAG)] < Cudh (.00 max{ds (.0). 1 (1,0)}

for
4(907 ¢) = égﬂg dl (90 +c QZ))
The following is also a consequence of [BJ3, Lemma 5.28]

Proposition 4.30. Let {¢;}ier, {¥i}ier C Exa(X, L) be nets converging strongly
to o, € Exa(X, L), respectively. Then we have

lim P MA(p;) :/ PYMA(p).
11— 00 XNA XNA
We also have
lim giMA(p;) :/ gMA(p)
XNA

1—00 XNA

for a uniform convergent net of continuous functions {g;}ic; € C°(XN4).

Proof. By the assumption, we have I(p;) — I(¢) and I(v;) — I(v), so we may
assume I (p;), I(1;) < C for a uniform constant C' > 0 by replacing I with {i > i}
if necessary. Then by [BJ3, Lemma 5.28], we obtain

\ /X L WMA(R) — /X _ UiMA(g)

Y(MA(p) = MA(p))| + (1) sup — sup v

S ‘
XNA

i ‘ /XNA (¢ — ;) (MA () — MA(somv))‘

< CoI ()7 max{I (), I(9:), I(1)}2 ™" I(p, p:)
+ (e¥)|sup ¥ — sup ;|
+ CuI(p3)* max{I(p;), 1(t), I(t:)}2 =7 I(, 1) 7"
< C'I(p, 1) + (e")| supp — sup | + C"I(, ;) =

for uniform constants C’,C” > 0. This estimate proves the first claim. The latter
claim follows from the first claim and the fact [BJ3, Theorem 2.2, Corollary 2.11]
that for any e there exists ¢, 9’ € Hna (X, L) such that |g— (¢p —¢')| < e (cf. [BJL,
Corollary 2.8]). O

[SE
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Let Lo, . .., L, be ample Q-line bundles. The energy paring (Lo, po) -+ (Ln, ¢n) €
R for ¢; € ExA(X, L;) is constructed in [BJ3]. In this article, we are interested in
the following three cases:

1 n+1 _ _
m(L#P) * —E(W)—/RtDH%
1 n o __ i 1 n+1
E(Mao)(‘[ﬁ(p) _dt‘t:O(n—Fl)'(L—i_tM’w) * 5
1
! XNA

When M is not ample, we put

L OL0) - (L) 1= (M3, 0) (L) = (M3,0) - (L)

using ample Q-line bundles M;, Ms with M = My — Ms.

Theorem 4.31 (Theorem 5.32 in [BJ3]). Let M be a Q-line bundle and L be ample
Q-line bundles on X. Take ample M;, M, and 6 > 1 so that 0~ 'L < M;, My < 0L.
Then there exists a positive constant C,, depending only on the dimension n of X
such that

|(M,0)-(L, 0) "—(M,0)-(L,¢")"| < Co™ di(0,¢") 2 (d1(ip,0)+d1 (¢, 0))' 5572

for every ¢, ¢’ € Exa(X,L). Here d; denotes the dj-distance on &y, (X,L). In
particular, we have

i—00
when a net {p; }ier C Ega(X, L) converges strongly to ¢ € Exa (X, L).
Proof. We firstly compute
(M,0) - (L, @)™ = (M,0) - (L, — sup )™ +n(M, L") - sup .
Then by [BJ3, Theorem 5.32, Proposition 5.26], we have
[(M,0) - (L, )™ = (M,0) - (L, ") "
< [(My,0) - (L, —supp) ™ — (M, 0) - (L, ¢" — sup ') ™|
+[(M2,0) - (L, —sup )™ — (M2,0) - (L, ¢ — sup’) ™|
+n((My, L") + (Mz, L™71)) - [sup g — sup ¢'|
< Cub™ I, ¢) 77 max{I(e), ()} "7
+2n0(c") - | sup @ —sup ' |77 (| sup | + [sup )~
< max{Cr, 20}0™ I(p, )72 (I(12,0) + I(¢', 0))' " 7=

for some constant C,, > 0 depending only on n. Here the last inequality follows
by a'/Pbl/1 4 cM/Pdl/e < (a4 ¢)V/P(b + d)Y9 for a,b,c,d > 0 and p,q > 1 with

1/p+1/q = 1. By Proposition 4.2, we conclude the proof. |
The following estimate is crucial in our argument. We note
_ _ (L
dl(gﬁ/\’r*’r,o) = 7E(QO/\7_77—) = 7W

as DHya-—; is supported on (—00,0] by o AT —7 < 0.
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Lemma 4.32. For ¢ € £, (X, L) and o > 0, we have

1
di(p AT —T1,0) Smin{a/

e *'DH, - e7, (e")|7| + di (o, 0)}
R

for every 7 € R.

As a consequence, for ¢ € EW (X, L) and for any p > € > 0, we have a positive
constant C' > 0 depending boundedly on log(p — ¢),log(p +¢), log(e”), d1(¢,0) and
Je e~ (P DH, = — Eoxp(¢.p1e) such that

e PTdi(p AT —7,0) < Ce el
for every 7 € R.

Proof. Using (7 —t)e* < (ea) 1e®™ for t < 7, we compute

tlpnr—r0) = [ DR = [ (=t
R (—o0,7)

< (ea)flem/e*atDHw.
R

On the other hand, we compute

d1(<p/\7'—7',0)=/

(—OO,T)

it — 7|DH, < |T|/RDH¢+/]R|t|DH¢.

Thus we get the first claim.
We can check the second claim as follows. Since p — e > 0, we have a constant
C' depending boundedly on log(p — ¢), log(eX) and d;(¢,0) such that

eI ((h)]r] + da(p, 0)) <

on 7 > 0. Explicitly, we may take C' = %e‘l"‘dl(‘/”o)'(P_E)/(eL). Then by the first
claim, we get

—(pt+e)tDH
e PTdy (o AT —7,0) < min {M@ET? C’e‘”}
e(p+e)
—(pte)t
< max{uﬂ} Cemelrl,
e(p+e)
which shows the second claim. O

Remark 4.33. We show dexp (@ AT —7,0) — 0 as an independent interest. We note
/(elt/ﬁ\ — 1)DHypr = / (ef(t*’r)/ﬁ —1)DH,,
R (—o0,7)

for ¢ € EFN(X,L). Indeed, since both sides are continuous along decreasing
nets ¢; \, @, it suffices to check the case ¢ € Hna(X, L), which is confirmed
in [BJ2, Proposition 3.4]: DHypnr—7r = (t' =t — 7). DHypr = (' =t/ — 7). (t —
min{t, 7}),DH, = (¢ = min{t,7} — 7),DH,. Then since

/ (e-t=7/F _1)DH,, < ef/ﬁ/ e~ "/PDH,, — / DH, — 0
(—o0,T) R (—o00,7)

as T — —o0o, we get fR(e‘t/B‘ —1)DHypnr—» — 0 for any § > 0. Then by Lemma
4.15, we get dexp(@ AT —7,0) = 0 as 7 — —oc.
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4.2.3. Continuity of exponential moment energy. We make use of the following to-
mographic expression to show the continuity.

Proposition 4.34. If ¢ € &4, (X, L) has finite Fexp(p.14¢) for some € > 0, we
have

(Lo AT —T)"FE
Eoy = Tdr.

LooAr—7) "+l . . Lo
Proof. We note L£A7=D"" g continuous on 7, so it is measurable. Suppose

(n+1)!
%w(ﬂ is integrable with respect to dr, then using Fubini—Tonelli theo-

rem, we compute

/ (Lo AT —7)"HL
R (n+1)!

w(’T)dT:/RdT w(T)/Rl(_ooﬁ)(t)(t—T)DHw(t)
:/RDHLp(t)/Rl(t,OO)(T)w(T)(t—T)dT
:/RDH@(t) /(t’m)w(T)(t—T)dT7

using
(L,p AT —7)m Tt / /
= | tDH pr— 7 = t —7)DH,(%).
) [(DHrr= [ (=D

t

For w(r) = e~ 7, we have f(t 00) e T(t—T1)dT = —e”

/ (Lo AT —7)nFt
R (n+1)!

, SO we get

e Tdr = —/ e "DH,(t)
R

. (L,Lp/\‘r'—T)'nJrl (L,c,/:/\T—‘r)'”Jrl
L = k= o

This follows by the second claim of Lemma 4.32: for ¢ € Ega (X, L), we have

‘(L,go AT —T1)ntl
(n+1)!

e~ 7 is integrable. It suffices to chec e~ 7 is integrable.

e T =eTdi (AT —7,0) < Ce eI,
]

Corollary 4.35. Suppose a sequence p; € E4, (X, L) converges to ¢ € Exa (X, L)
in d; and has bounded Eexp(@i;14<) for some € > 0, then Eexp (i) = Eexp(®).
Proof. By the assumption, we have a uniform estimate
| (Lyp; AT —7)"HL
(n+ 1!
thanks to Lemma 4.32. Since ¢; — ¢ in dy, we have o, AT—T = o AT — 7 in dy

e—T| < CEe—E\ﬂ

) __\-ntl _ -y ntl
’%(2:-1)7!) e = (L’W(AnTHT)? e”" for every 7 € R by

(L, )™ /(n+1)! = E(p). Then the claim follows by the dominated convergence
theorem. 0

for each 7, so that we get L

Theorem 4.36. For every p > 0, Eexp(p;,) is continuous on Egx (X, L) with
respect to dexp-topology.

Proof. This is a consequence of the above corollary and Proposition 4.18. (]
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4.2.4. Exp-topology.

Definition 4.37. The Eey,-topology on EJY (X, L) is the coarsest refinement of
the strong topology (i.e. di-topology) which makes Eexp(.,) continuous for every
p>0.

Thanks to Theorem 4.36, a functional on Ega (X, L) is continuous (resp. usc,
Isc) with respect to dexp-topology if it is continuous (resp. usc, lsc) with respect
to Fexp-topology. Thanks to the following, to check the continuity of a functional
with respect to Eexp-topology, it suffices to check the sequential continuity.

Proposition 4.38. The E.y,-topology on Egx (X, L) is first countable.

Proof. Let us introduce the Eﬁxp—topology on EYY (X, L) as the coarsest refinement
of the strong topology which makes Eexp(p.,) continuous for every n € Ni. By
Corollary 4.35, Eexp(;p) for p € Ry is sequentially continuous with respect to the
E§xp—t0pology. Thus it suffices to show the first countability of the ngp—topology,
in which case we get the equivalence of the Ei\lxp—topology and Feyp-topology.
Now observe that the EY_-topology is equivalent to the induced topology via

exp

Ena (X, L) = glllA(Xa L) x R™ 1 (@s Eexp(#31)s Eexp(#32), - - -)-
Note Ef 4 (X, L) xRN+ is first countable as it is a countable product of first countable
spaces. Thus the subspace Es (X, L) is also first countable, which shows the first

countability of the EY -topology as desired. O

exp

There is a Fréchet type distance compatible with the F.,-topology:

e |EeXp(§0'p) - EeXp(‘P{ )
03)  diy (o) = diloe) + [ ’ 2
o 1+ |Eexp(§0;p) - Eexp(‘ﬁgp”

Indeed, if a sequence ¢; converges to ¢ in Eexp-topology, then di(¢;, ) — 0 and
Eexp(@isp) = Eexp(p;p) for every p > 0, so that dg,,(vi,) — 0 by the dom-
inated convergence theorem. Thus dg,, -closed set is Eyp-closed thanks to the
first countability of Eexp-topology. Conversely, if a sequence ¢; converges to ¢ in
dg,,,-topology, then ¢; converges to ¢ in dy and fi(p) = Eexp(pi;p) converges in
measure to f(p) = Fexp(;p) with respect to the measure dm = e ?dp. Namely,
m({p € (0,00) | |fi(p) — f(p)| > €}) — 0 for every € > 0. It follows that there ex-
ists a subsequence f;, which converges to f almost everywhere. By Corollary 4.35,
Eexp(i;;p) converges to Eexp(p,,) for every p > 0. Therefore, dg,, -convergent se-
quence has Eqyp-convergent subsequence. Now let ' C 51%)2)(X , L) be a Egyp-closed
set. Take a sequence {¢;} C F which converges to ¢ € EJx (X, L) with respect to
the dg,,,-topology. Since we have an Eyp,-convergent subsequence {p;;} C {¢;}
converging to ¢, ¢ is in F' by the Eeyp-closedness, which shows F is dg,, ,-closed.

e Pdp.

Question 4.39. As we saw in Corollary 4.35, Eexp-convergence of ¢; — ¢ is equiv-
alent to dy-convergence with bounded Eexp(;;,) for every p' > 0. This looks like
rather weak condition. Is Eqxp-topology strictly weaker than deyp-topology?

Proposition 4.40. Let y be a C?-function on R satisfying |x”(7)] < Ce " on
(—o0, 7] for some 75 € R and C, v > 0. If p; = ¢ € EGA (X, L) in Eexp-topology,
then [, xDH,, — [, xDH,.
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Proof. Take a smooth cut-off function 5 : R — [0,1] so that § = 0 on [7p,00) and
8 =1on (—oo,79 — 1]. Then for w = (8x)"” we have |w(7)| < Ce " on R by

taking larger C' if necessary. Thanks to this and Lemma 4.32, %w(ﬂ is
integrable. Thus we compute

[ BT i = [ o,
R (n+1)! R
by ft 00) (T)(t — 7)dT = (Bx)(7), as in the proof of Proposition 4.34. Again by
Lemma 4. 32 convergence in Feyp,-topology implies a uniform estimate
| (Lyp; AT —7)"HL
(n+ 1!
and pointwise convergence (L,; AT — 7)™ — (L, AT — 7)™t Then by

the dominated convergence theorem, we get the continuity of fR BxDH,. As for
Jz(1 — B)xDH,,, we can Lemma 4.27. O

w(t)| < Coe™eI!

Since dp < [p] - dexp, dexp-convergence implies d,-convergence. We still have
dp-convergence in Feyp-convergence.

Proposition 4.41. F..,-convergence implies dp,-convergence for every 1 < p < oo.
Proof. By Remark 4.11, we have
dy (i, )" TV < di(piy )Py (0i )PV < di (1, 0) TP (dg (0, 0) -y (10, 0) 7P Y.

Thus it suffices to bound dy(¢;,0)? = [ |t|?DH,, uniformly along Eex,-convergent
sequence. By the above proposition, we have [ [¢|DH,, — [|t[¢DH,, so it is
uniformly bounded. O

Thus Ep-topology is equivalent to the coarsest refinement of d,-topology which
makes Eexp(;,) continuous for every p > 0.

Question 4.42. Is Eyp-topology equivalent to the coarsest refinement of the weak
topology inherited from PSHya (X, L) which makes Ee.p, () continuous for every
p>07

We also obtain the following, which will be related to EL () + [yxa ¢ [ €D

exp

Proposition 4.43. The functional & : Sﬁ’f(X L) — R defined by

—t *tDH
— fRO} e*)t;)H ? —log/ e 'DH,
R " R

is continuous with respect t0 Eexp/dexp-topology.

Remark 4.44. Putting du, = ﬁe’tDHw and dv, = fﬁDHw we get a
R ® R ]

lower bound

—n Jr/ e log ﬂdy@ log/ DH, > n — log(e") = &(0)
dv, R

by Jensen’s inequality.
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4.2.5. Continuous extension of the functional Eg([p. We recall

Eé\gp(@(X,E;p)) = _((M~€L) - p(M]pl_’Gm.eLGm ; p))
for o(x,z;p) € Hna(X, L). We note

d
Eg([p(‘p(X,/:;p)) = % Eexp(L + SM, ‘p(){,ﬂ;p))'

s=0

To extend EJL continuously to E5 (X, L), we make use of the following tomo-

graphic expression.

Theorem 4.45. For ¢ € Hxa(X, L), we have

EM ((,0):/ (M’O)'(va/\T_T)'ne—TdT.
R

exp n!

For general ¢ € Exa (X, L), we regard this formula as the definition of EX ().

exp

en () 1s finite and the functiona : , L) — R 1s continuous wit
Then EM is fini d the f ional EM ENA(X, L R i i ith

exp exp

respect t0 Eexp/dexp-topology.
Proof. For ¢ € Hna(X, L) and each 7 € R, we have
(M,0)-(L,p AT —T1)" d (L+sM,pANT—7)"F!

n! " dsls=0 (n+1)!
To obtain the claim, we would compute as
d (L+sM,pAT—T)"tt d (L+sM,p AT —1)"F
/R% $=0 (n+1)! ¢ dT:% s:O/R (n+1)! ¢ dr.

This is valid if we have a uniform estimate
|(M,0)- (L+sM,p AT —7)"e 7| < CeI"!

for every small s. We put Ls := L + sM.
Now take ample M’, M"” and @ > 1 sothat M = M'—M" and 0—'L < M', M" <
OL. Then 6~'L, < M',M" < 0L, for small s. It follows by Theorem 4.31 that

|(M7 O) : (LS, 2 AT — T)n| S Onenzdl(sa AT — T, 0)
Then by Lemma 4.32, we get
|(M,0)- (Lg,o AT —7)"e 7| < Cee™cl7l

for ¢ € EFW (X, L) and small s as desired. In particular, the right hand side is finite
for p € EFA (X, L).
It suffices to see the continuity

/(M,O) (Lyps AT —T1)"e Tdr — /(M, 0) - (LyoANT—T1)"e "dr
R R

for ¢; — ¢ € EXR (X, L) in Eexp/dexp-topology. By the proof of Lemma 4.32, the
constant C. in the above estimate can be taken uniformly for ;. On the other
hand, again by Theomre 4.31, we have

(M,0) - (Lyps AT = 7)™ = (M,0) - (Lyp AT —7)"

for every 7 € R. Thus we can apply the dominated convergence theorem to the
above limit and get the desired continuity. [
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4.2.6. Tomographic expression of exponential moment measure. As for the expo-
nential moment measure f e 'D,, we have the following tomographic expression.

Proposition 4.46. For ¢ € XV (X, L) and ¢ € £, (X, L), the measurable func-
tion €7 [ na (¥ — ¥(veriv) )MA(@ A7) is integrable with respect to dr and we have

/XNAw/e‘tD@ Z/RdT e’ ANA(dj_'(/J(Utriv))MA(gD/\T)-i-’l/J(’Utriv)/e_TDHw(T).

R

Moreover, for fixed n, (e*) and e < 1, we have a positive constant C. depending
boundedly on di (,0), [ e~ ?T29*DH,, and d; (¢, 0) satisfying

‘6_7 /XNA (% — 9 (veriv) )MA (g A 7)‘ < Ce~ell.

The claim includes that ¢ € £, (X, L) is integrable with respect to [ e 'D,,.

Proof. We firstly show the uniform estimate

(95) e [ = Vo) MAG AT < CoeT,

which in particular shows that the function is integrable with respect to dr. By
Proposition 4.29, we have

| [ = ptmMA@AD| = | [ = v )MAG AT =)

< Cpmax{d; (1, 0)2dy (o AT — 7,002 dy (o AT —7,0)}.
By Lemma 4.32, we have
e Tdi(p AT —T,0) < CleElm],
e Tdi(p AT —T,0) < Cé’e_%m

by some CZ,CZ > 0 depending boundedly on di(¢,0), [ e **29)"DH,,. Here we
note [ e~(+9)7DH,, is bounded when di (¢, 0), [, e~**2)"DH,, is bounded. Thus
we get

e T /XNA (¢ = Y (vgiv) ) MA(@ A 7)‘ < O, max{(C")V2dy (v, 0)/2, 01} - eI

as desired.

Now we show the claim. Since the claim obviously holds for constant 1, we
may assume ¥ (vgiy) = supt = 0 by the linearity. Moreover, we may assume ¢ €
Hna (X, L) as both sides of the equality are continuous along convergent decreasing
sequence 1; \( ¥ (countable regularization). Indeed, the left hand side is continuous
by the monotone convergence theorem (see Proposition 3.18). As for the right hand
side, the dominated convergence theorem applies to the first term since we have

| = lom)MAG AT > [ (0= b)) MAG A7)
XNA XNA
for each 7 € R and a uniform bound
e [ 0 bl )MAG A )| < Ceee
XNA

due to the uniform boundedness of dj(¢;,0) — di(2,0). The second term is con-
tinuous as we already proved.
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Let x; be a compactly supported smooth function which takes 1 on the interval
[—%,4], 0 on the complement of (—i — 1,7 + 1) and monotonic on the intervals
(—i—1,—1),(¢,¢+1) with |x;| < 1446. Since x;  1g and 1 is continuous, we have

/ ¢/eftD¢, = lim Q/J/XieftDSD.
XNA 100 J X NA
By Proposition 3.75, we have
d
/ w/xie*tDw = / dr xi(T)e T — YMA(p A T)
XNA R dr XNA
= 7/ dr X;(T)e*T/ YMA(p AT)
R XNA

—|—/dT Xi(T)e*T/ YMA(p A T).
R XNA
The first term will vanish as we have

\/dT XQ(T)efT/ PYMA(pAT)| < (149) sup 677/ PYMA(pAT) = 0
R XNA [i,i+1] XNA

T€[—i—1,—i]U

for ¢ — oo thanks to the above estimate.
As for the second term, since

e [ MAADL A1 [ MA@ AT < Gl

as 1 — 00, we get

/d’T Xi(T)e_T/ YMA(p AT) = / dr e 7 YMA(p A T)
R XNA R XNA

by the dominated convergence theorem, which shows the proposition. O

Question 4.47. Does the claim hold also for ¢ € CO(XN4)?

Corollary 4.48. The measure [ e "D, has finite energy E¥ and hence does not
charge pluripolar sets.

Proof. We in particular have &%, C L( [ e 'D,) by the above proposition, so the
claim follows by [BJ3, Theorem 6.23]. |

4.2.7. Continuity of exponential moment measure.

Theorem 4.49. Suppose a sequence {p;}ien C 5@?(X, L) converges to ¢ €
gl%}f’f (X7 L) in Eexp/dexp—topology.

(1) If a sequence {g;}ien € C°(XNA) uniformly converges to g € CO(XN4),

then
/ gi/e_tD% —>/ g/e‘th,.
XNA XNA

(2) If a sequence {t; }ien C Efa (X, L) strongly converges to 1 € 5, (X, L),

then
/ z/Ji/e_tD% —>/ w/e_t’D@.
XNA X NA
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Proof. (1) We assume g; — g € C%(XN*) uniformly. For any ¢ > 0, we can take i,
and two psh functions 11, 192 € Hna(X) so that

sup|g — (Y1 — ¥2)|,sup|g; — (Y1 —2)| < e
for ¢ > i.. Then since

Lol [ fem.
§<€/ e 'DH, +E/ tDH%-i-‘/XAl/Jl/ D, /XNAl/Jl/
| foutn [ Do e e

/eftDH% %/eftDHW
R R

by @i — ¢ in dexp, the claim follows from the case g; = g = ¢ € Hna(X).
Therefore, it suffices to show the second claim.

(2) We assume 1; — ¢ € Exo(X, L) in d;. Since 1; — 9 in the weak topology
of PSHna(X, L), ie. 9;(v) — ¢(v) for every quasi-monomial valuation v, we
in particular have ¥;(vtyiv) — ¥(Vtriv). Meanwhile, we have fR e""DHy, (1) —

e""DH, (7). Thus, thanks to Proposition 4.46, it suffices to show

/dTe / — i (Viriv ) ) MA (@i AT) —)/dT@ (V=0 (Vriv ) ) MA(PAT).
XNA

XNA

and

Since p; AT = ¢ AT and ; — ¥ in dy, we have

o= o MA@ AT = [ 0= b)) MAG A T

XNA
for each 7 € R. Thus the integrands are pointwiesely convergent.
On the other hand, bince @i = ¢ in Eexp/dexp and ¥; — 1 in dy, we have
a uniform bound on di(y;,0), [ e~ ?+29*DH,,, d;(1;,0). Then by (the proof of)
Proposition 4.46, we have a uniform constant C, such that

‘6_7—/ (wl - wi(vtriv))MA(@i N T) < C’Ee_s‘Tl
XNA

for every ¢« and 7 € R. Now the desired convergence follows from the dominated
convergence theorem. O

4.2.8. Non-archimedean p-entropy. We firstly note the following formula.
Proposition 4.50. For ¢ € YV (X, L), we have

—/(n—t)e_tDH = EL,( )+/ <p/e_t'D
R XNA

Proof. We can easily check the claim for ¢y ) € Hna(X, L) as we have
[ 0= pt)e DR, = (Let) — oL p)
R
= ((L.e") = p(Lar.€%;p)) = p((L — Ly1).€%; p)
and p(p.vg) = p%‘;’“). The general case follows by the continuity of the
T 0
functionals with respect to Eexp/dexp-topology. [
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Corollary 4.51. For ¢ € EJ¥ (X, L), we have

EL, (o) + ~'D
F(p) = — exp () + [xenn 0] €7Dy —log// e 'D,.
S xna €7Dy XNA

Now we introduce the non-archimedean p-entropy for general ¢ € EYa (X, L).
To ensure the Isc extension of the log discrepancy Ax, we assume X is kIt in what
follows.

Definition 4.52 (The non-archimedean p-entropy). Let X be a klt variety. For
v € EGA(X, L), we put

fXNA Ax f eitpap + EerX (90)
(1 = 27 P ,
HNA(QD) ffXNA eft'Dw

XA () = finalp) + A& (p)

__Jxa@rAx 4 20) [ Dy + B ) // .
S xna €7Dy & XNA .

From the observation in the beginning of this section, this fid, extends the
non-archimedean p-entropy for test configurations defined in section 1.1.3.

For any lsc function f, we have f = sup{g | f > g € C°}, so that we have
lim, , [ fdp; > [ fdu for any weakly convergent net p; — p of Radon measures.
It follows from what we proved that [L§ A gives an upper semi-continuous function
on Exa (X, L) with respect to Fexp/dexp-topology. Therefore we have proved all
the results in Theorem 1.9.

4.2.9. Mazimizing non-archimedean p-entropy. To reorganize Theorem 1.1 and The-
orem 1.2 on the characteristic p-entropy ﬁé\h in the non-archimedean setup, we
would compare fid, (¢) and 1)) (F,) for ¢ € HE, (X, L).

For ¢ = pw,c) € Hna(X,L), we have F, = Fx, r,.a-1) for sufficiently di-
visible d. Then since the central fibre of X, is reduced, we obtain fij,(¢) =
A a (X, Lasd™Y) = Ay, (Xa, Lasd™1) = 13, (F).-

For ¢ € HE,(X, L), the associated filtration F,, is finitely generated by The-
orem 3.29. Then there exists a polyhedral configuration (X /B,,L;() such that
Fix,cic) = Fop for ¢ € 0°. We recall the central fibre of (X/B,, L;() is reduced
by Proposition 3.30. For general £ € o, we have the associated non-archimedean
metric @e = Qx, i) € HREA(X,L). We have Fpe = F(x,cic) by Proposition
3.31. We recall i) (F(x,c:6)) = i, (X, L£;€) is continuous on £ € o. On the other
hand, we already know fid (¢y) = @, (F(x,c.y)) for rational n € o N Ng. Thus
to see fidx (@) = 1), (F,) for general ¢ € HE , (X, L), it suffices to check fid, ()
is continuous on ¢ € . We already know the upper semi-continuity, so at least
Ana(p) > [, (Fp) for o € HiA (X, D).

The continuity of o — R : € = fid 5 (p¢) can be reduced to Question 4.53 below
as follows. For n € 6° N N, the pullback (X, L,) along A — B, gives a normal
test configuration thanks to the reducedness of the central fibre. It follows that for
each irreducible component 2 C &, and n € 0° NN, we can assign a valuation vg
on X so that

MA(py) = Y (B.L™)60 .

ECX,
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For n € Ng, we put vg , := p~*.vg ,., by taking sufficiently divisible p € N, Since
e € HR A (X, L) is continuous on & € o° with respect to the uniform topology, we
have MA(pe,) — MA(p¢) for §& — & € o°. This gives a continuous extension
o— Xlin: ¢ vp,¢ for each £ C &,

Now by the continuity we can easily see the moment measure of ¢ is given by

\/67t’D<p§ = Z OrdEXO/eitDH(E7£|E;£).5vE1E.

ECX, R

Thus we obtain the following expression

/ AX/eitDLpg = Z ordEXo/eftDH(E,E‘E;f)AX(vEf).

XNA e, R

This is the only part in i , (¢¢) which may cause discontinuity. Since DH (g, 2| p:¢) is
continuous on & (consider (X', L) := (E, L|g), then we have DH,, = DH(p 2|
for the associated metric ¢ on (X', L') is continuous on &), we can reduce the
problem to the following question.

Question 4.53. For a polyhedral configuration (X /B,, £) with reduced central fibre
and an irreducible component E C &, the log discrepancy Ax (vg.¢) is continuous
oné € o°?

We can check this for proper vectors.

Proposition 4.54. Let (X, L) be a polarized normal variety with a torus T action.
Then there is a fan ¥ on t and a collection of snc divisors {(Y,, Dy) — X },ex over
X satisfying the following: for each o € 3, the family {vx ¢}ec, associated to the
polyhedral configuration (X,, L,) in Example 2.15 factors through QM(Y;, D) C
X' continuously.

Proof. Firstly consider a torus T action on (CP™, O(1)). We may assume the action
is given by (29 :...: 2n).t = (x*(t)z0 : ... : x*(t)zn). Then since

(20 :...:2n). expté = (e!H0€) 7o : llunb gy,
the zero set Z(€) of the vector field £ is the union of linear subspaces
Zx(&) ={(20:... 1 2a) € CP" | z; = 0if (u;, &) # A}.
We put
WA(€) == {z € CP" | lim_z.expté € Z,(6)}
={(z0:...:2,) €CP" | z; =0 if (1;,&) < A, z; # 0 for some j with (u;,&) = A}

Then a T-invariant closed subset F intersects with Z (&) if and only if it intersects
with Wy (€).

The function (&) = min;{(u;,&)} is a concave piecewise linear function. Take a
fan ¥ on t so that ¢|, is linear for every o € X. Then Z, := Z,¢)(€) is independent
of the choice of { € ¢° and the complement CP™\ W, of W, := W) (€) is a proper
linear subspace.

For a T-equivariant birational proper morphism X’ — X and £ € N, we have
Ux’¢ = Ux,¢, SO we may assume X is smooth. For each § € t, the zero set Zx (§) of
the vector field is the fixed point set of the torus T¢ := exp R, so that it is a union
of connected smooth subvarieties. Embed X into CPN~! = P(H(X, L®™)V) by
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the linear system |mL|. Then we have Zx(§) = X N Z(§). By the reducedness, X
is not contained in any proper linear subspace PW C CPV~1, so that X N Z ey (&)
is a non-empty connected component of Zx(£). By the above argument, we have
a fan ¥ on t such that Zx 5 := X N Z, (&) is independent of the choice of £ € o°.
For each o, we denote by T, the torus associated to Ro C t. By the construction,
Zx - is a connected component of the fixed point set of 7.

In the following, we fix o € . Consider the weight decomposition of the normal
bundle NZx , = @ueMﬁ N, Zx ., with respect to the T, action. By the construc-

tion, we have (u,§) > 0 for every £ € 0° and p € M, with N,Zx , # 0. Take a
T,-equivariant étale morphism U — T, X from a T,-invariant Zariski open neigh-
bourhood U of a point € Zx, (cf. [Sum, Dré]). Then using a basis of T, X
compatible with the weight decomposition T,Z & € peM, N, =7, we get a param-
eter system z!,..., 2" € Ox , satisfying 2'.t = y"i(t)z".

We expand f € Ox, as >, a,2¥. Then for { € ¢° N N, the G,,-invariant
extension f to X x Al O¢ G,,, can be written as

f = Z CLUZVWZ?:MM{)W )

It follows that B
vxe(f) = min{} (i, )i | @, #0}.

i=1
This formula gives a continuous extension {vx ¢ € QM,(X,{z1 - -z, = 0}) }eco,
which shows the claim. g

Corollary 4.55. For any torus action (X, L) O T, the functional t = R : £ —
Ax (ve) is continuous.

Proof. This is a consequence of the above proposition and the definition of log
discrepancy (cf. [JM]). O

Now by the above remark, we obtain the following.

Proposition 4.56. For any proper vector &, we have fid , () = 2, (X, L; €). In
particular, fid (p¢) is continuous on £ € t.

Thus we get the following reformulation.
Corollary 4.57. If fi3, is maximized by e, then (X, L) is ji K-semistable.
Proof. We have
A (Fo) < A () < ARa(pe) = (X, L; €)
for ¢ € Hna(X, L), so we can apply Theorem 1.1. O
The following is a refinement of [Ino2, Proposition 3.14].
Proposition 4.58. Suppose X is klt. For ¢ = o(x ;) € HE (X, L), we have
Jim p'&(p,) =0, lim p~ finalpy) < 0.

When the central fibre X, = X, (i) is irreducible, we explicitly have

plier{.lo p_lﬂNA(W;p) = —2mAx(vx,¢).
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Proof. Let (X, L;€) be a polyhedral configuration with reduced fibre correspond-
ing to the filtration F,. We may normalize ¢ so that inf¢ = infsuppDH, =
inf DH(x ¢y = 0. We recall

[ e "D, Je ¢ "DH(p.2i5:)
—_— = ordg X, R s .
[fxna e Dy E;(o me Jze P DHx £ie) "

Similarly as [BHJ1, Theorem 5.10] (cf. [GGK, Theorem 5.7]), DH(g z|,¢) is
either Dirac mass or absolutely continuous with respect to the Lebesgue measure
which has piecewise polynomial density of degree at most dim X — 1. In particular,
for small € > 0, we can write DHx £:¢)lj0,e) = f(t)tFdt for some positive continuous
function f:[0,e) — (0,00) and k > 0. Since DH(x £:¢)][0,¢) is the sum of ordp X, -
DH(E.,ﬁ\E;ﬁ)’ we have either DH(E,£|E;E)‘[O,5) =0or DH(E,£|E;£)|[(),5) = fE(t)tkEdt
for some kg > k and some positive continuous function fr. By Proposition 3.13,
the latter case happens only when p(vg ) = 0. Again since DH(x r.¢)[[0,¢) is the
sum of ordg X, - DH(EAE;@, there actually exists one such FE with kg = k.

By easy calculus, we get

pk+1 Ae_ptDH(X,L;E) — k' . f(O)

0
et [ eP'DH 6 —
P ‘/]R (E,,C\E,E) kE' . fE(O)

as p — oco. We put

~P'DH , X, - =
e = tim ordpit, 2 Dee) _ {ordE o fe(0)/1(0) kp =k
pP—>00

Jp € P'DH(x £.) 0 otherwise

‘We note CE¢ > 0 and ZECXO CE¢ = 1.
Now we compute
p_l XNA Ax feitDH@m fXNA Ax fe*ptDLp

— = — — CE’gAx(’UE’g) > 0.
ffXNA € tD‘P;p ffXNA € Pt'Z)(p E;X‘o

Similarly,

1 fXNA e eitDw;p fXNA ¥ f e "D,
= — c v =0
P [[xxa etD,., [[xa e=PtD,, E;{g B.ep(VBe)

as cg,e = 0 unless p(vge) = 0.

As for Eé‘)/([p, we firstly compute
(M,0)- (Lypp AT —T)™ __
Eé\)/c[p(‘»o;p) :/ n!p e Tdr
. -1 _ -1 ‘n
:/ (M7O) (La(w/\p T 14 T)%P) EdeT
R n!
M (L -1 _ —1_\n
:p/( 0) - (LipAp™ir —p )" o
R n!

:p2/ (M,O)'(L,ga/\afa)'"e,pgdg.
R n!
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// e 'Dy, = _/ (Lgy AT =)™ ey
P A (n+1)!

-n+1
=—P2/ (Lipho — o)™ e P%do.

Similarly,

As in the proof of Theorem 4.45, we have
(M,0) - (Lig AT =7)"| < Cln+ Dldi(p AT = 7,0)

= C(n + 1)!/(7t)DH¢/\7_T = 7O(L’ OAT — 7_)~n+1
R

for a constant C' independent of ¢, 7. It follows that
fR |(M,0) - (L,o Ao —a)"|e”P?do
—fR ,pNo —o)ntlerodo

exp 90 P)

‘ffXNA e "Dy,

‘:(n—i—l

< (n+1)C,

so that we have
—1 Eg{p(@;ﬁ) N
ffXNA e tD‘P;ﬂ

p tlog //XNA e 'Dy, = O(p~tlogp) = 0

Now we can show the following, which completes the proof of Theorem 2.27.

Finally, we have

Corollary 4.59. When X is klt, the functional ) (X, L;e) : t — R is proper for
any torus action (X, L) O T. In particular, it admits a maximizer.

Proof. By the computation in the above proposition, we have

E27TKX+AL(<,O ) j‘ e

Y exp € L R

fna(ve) = —21Ax (vg) — ———— — Alog(e”) — Alog =————
AL ¢ JJxna €7Dy Je DH

For a norm ||| on t, consider the continuous function f,(€) := p~ a4 (pp.¢) on the
unit sphere S. By Hoélder’s inequality,

—t —
1, Jae 'DHy, 1y Jre
9p(&) = p log T = p log e
Jz DH,, Jz DH,,
is monotonically increasing, so that gp uniformly converges to 0 on S by Dini’s

lemma. On the other hand, W + Alog(el) is bounded on t, so that

L EER T ()

=P T 4 Nlog(e®
ffXNAe ‘D, (")

hp(€) = p~(

uniformly converges to 0 on S.
Since X is klt, infeeg Ax (€) is positive. Thus for any 0 < 0 < 2minfees Ax(§),
we can take large ps so that

< —2mi — — < —
fo < 2”%2£AX(5) hy, —Agp, < —0
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for every p < ps. It follows that fi{ s (pe) < —6||€|| for p > ps. Thus any unbounded
sequence {¢;} C t has unbounded [Lﬁ A» which shows the properness. O

Question 4.53 would be proved for general polyhedral configuration in coming

[BJ5]. At the moment, let us assume fiy, (@) = f12,(F,) in the following reformu-
lation to clarify our status.
Proposition 4.60. If fiy, is maximized by ¢ € HXA(X,L) and fid,(p) =
i), (F,), then the central fibre (X,(¢), Lo(¢)) = ProjR,(F,) is u*K-semistable
with respect to the proper vector £ on (X,(¢),L,(¢)) induced by the filtration
Fo.

4.2.10. Odaka’s theorem in p-entropy formalism. Here we observe the non-archimedean
p-entropy maximization for Calabi-Yau variety and canonically polarized variety.
The results can be regarded as a reformulation of Odaka’s theorem [Odal], which

is a K-stability /non-archimedean counterpart of Aubin—Calabi—Yau theorem. Note

we assume X is klt to ensure the lsc extension of the log discrepancy Ax. The
proofs work also for log canonical varieties as soon as Ax on XN makes sense.

Proposition 4.61. If the trivial metric @5, = 0 maximizes fid, on Exn (X, L),
then ﬁf\‘{A is maximized by gy for X < A

Proof. Recall &(¢) > (puiv). The claim follows by

INA(9) = B () = (A= N)&(9) < fa(Pui) — (A= XN)& ().
O

Corollary 4.62. Suppose Kx =g 0 and A < 0, then the trivial metric @iy = 0
.. -\ exp
maximizes fig, on Ega (X, L).

Proof. Since X is log canonical, we compute
J xna Ax [e'D
JSxna e Dy

SO Pty Maximizes fina. By the above proposition, ¢4, maximizes ﬁf\‘] A for A <
0. O

Lemma 4.63. For ¢ € &}, (X, L), we have

/tDH¢ —/ ©MA(p) > 0.
R XNA

Proof. Since fR tDH,, = E(¢), this is nothing but [BJ3, Proposition 5.26]. O

2 <0 = fina(@oriv),

Ana(p) = —2m

Proposition 4.64. Suppose Kx is ample and Kx = L and A < 0, then the trivial
A A <\ exp
metric @iy = 0 maximizes fig, on Egx (X, L).

Proof. We have Eef(;f = EeLxp and fina (¢uriv) = 27n. Since X is log canonical, we

L
B (®)

have fina(p) < *QWW'

Thus to see fina(p) < fina(Piriv), it suffices to
show

EL (o) + n/Re*tDHW > 0.

By Proposition 4.50, we have

Eé(p(SD)-Fn/ e_t]:)H(,(J Z/ife_t]:)H({J —/ (p/e_t’DLP,
R R XNA



II, NON-ARCHIMEDEAN p-ENTROPY AND pK-STABILITY 113

To reduce the problem to the above lemma, we consider another expression. Firstly
we note

(7 + 1) Eesp () = /

(Lo AT —T)"HL

e Tdr
n!

n! n!

L,0)-(L — ) — ) (L _ )
:/( ,0) - (Lyo AT —1) e_TdT—l—/ O, oANT—7) - (Lyo AT —T)
R R

—Eé(p )—&-/dTe_T/ (pAT—=T)MA(p AT —T).
XNA

Then since Fexp(p) = — [ e 'DH,,, we have
BL,(¢) +n / e~'DH, = B4, () — nEurp )

= Eoxp(p) — /RdTe*T /XNA(ga AT —T)MA(p AT —1T)

:/Rd7-677</RtDHW\T,Tf/XNA(go/\TfT)MA(ap/\TfT)).

Thanks to the above lemma, the integrand

/ tDH A - — / (pAT—=T)MA(p AT —T)
R XNA
is non-negative, hence we get the desired inequality. ([

The reverse direction is also shown in [Oda2]: K-semistable “almost Q-Gorenstein”
scheme X admits only semi log canonical singularities. In our non-archimedean for-
malism, we must assume X is log canonical to ensure the Isc extension of the log
discrepancy Ax, so the reverse direction for non-archimedean p-entropy does not
make sense. As for the characteristic u-entropy, we do not need to assume X is log
canonical nor irreducible. If the trivial configuration maximizes the characteristic
p-entropy, X is K-semistable, hence X has only semi log canonical singularities by
Odaka’s result.

4.3. Relation to other works.

4.3.1. Relation to H-entropy. Let (X,L) = (X,—Kx) be a Q-Fano variety. We

recall
HNA(go) = — inf (Ax(x)+ log//
zEXam XNA

for ¢ € EFV (X, L). For each x € X9, ¢ — Ax(z)+p(x) is upper semi-continuous
with respect to the weak topology on PSHNA (X, L), so infyexam (Ax(z) + () is
upper semi-continuous. It follows that Hya is lower semi-continuous with respect
t0 Fexp/dexp-topology. We can also easily see the continuity along decreasing nets.
Actually, it would be shown in coming [BJ5] that this functional is continuous with
respect to dj-topology, and hence Hypa is continuous with respect t0 Eexp/dexp-
topology, but we do not use this fact.

Proposition 4.65. For p € Yy (X, L), we have

A3 () < 2mHna ().

e Tdr
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Proof. Since L = —Kx, we have
~on fXNA (Ax + ) f e_tDsa // —t
= -2 — 27l D,.
HNA (4,0) ™ ffoA e—th, T 1og Na € ®

Thus it suffices to show

na (A e’ @ i
8 (ffX O 2 i Ax() + )
XNA ¥

This is shown in [BJ2] for general Radon measure: since Ax o py  Ax and
popx \ ¢ pointwisely on XN4 (cf. [BJ1, Theorem 5.29], [BJ2, Theorem 2.1]) and
the image of py is in X9, we have

A dy = li A d

> inf (Ax(z) + () /X dy

~ zeXam

by the monotone convergence theorem for net (see Propsition 3.18). ]

Proposition 4.66. Let (X, L) be a weakly special degeneration, i.e. a normal
Q-Gorenstein test configuration such that £ = —Ky ¢ is relatively ample, the pair
(X, Xy) is log canonical and the central fibre A} is reduced and irreducible. Then

we have p’2N7;§(‘p(X,£;p)) = QWHNA((p(X7£;p)).
We recall a special degeneration is a normal Q-Gorenstein test configuration
such that £ = —Ky c is relatively ample and &} is klt. As noted in [Berm, Lemma

2.2], Q-Gorenstein assumption automatically follows by the assumption that Xy is
normal. Any special degeneration is weakly special by the inversion of adjunction.

Proof. By [BHJ1, Proposition 7.29], we have

zelgl(fq(AX<x) +p(2) = Ax (vx,) + p(vx,) = fXNA(Af)} :—fY))i - D@)

which shows the claim. O

Question 4.67. Since i, — 2mHya < 0 is usc, the subset

{p € ERRV(X, L) | axia(v) = 2mHna(p)}

is closed with respect to Eexp-topology. Then what is the closure of the subset
{o,cip) | (X, L) : weakly special degeneration }? At least, MA(y) is supported
on a point of X" for ¢ in the closure, so the closure is not the entire ENR(X,L).

Now using the crucial existence result [BLXZ], we show the following.

Theorem 4.68. Let (X,L) = (X, —Kx) be a Q-Fano variety. Then we have

sup  AXa(p) = sup  2mHna(p).
PEESP(X,L) PEESP(X,L)

The maximum is attained by some ¢ € Hx (X, L) associated to a finitely gener-
ated filtration F with p?"K-semistable Q-Fano central fibre.
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Proof. Since Hya is lower semi-continuous and Hya is dense in Q% (X, L), we
have

sup ﬁNA(w) = sup ﬁNA(ga).
peEETR (X,L) pEHNA(X,L)

In [HL2], the continuity of envelopes is implicitly assumed in the definition of
ﬁNA(f ) for general filtration F: the non-archimedean psh metric ¢z for general
filtration F is defined under the continuity of envelopes (see section 3.2.6). In order
to clarify that the existence of maximizer of Hya does not rely on the assumption
on the continuity of envelopes, we recall some arguments in [HL2]. For a valuation
of linear growth v € X", we put

L) = —-Ax(v) — log/ e Woo (Fyp).

R
This is well-defined without assuming the continuity of envelopes. Under the conti-
nuity of envelopes, this is related to Hya in the following way: thanks to Theorem
3.36, for any valuation of linear growth v € X' the filtration F, defines a non-
archimedean psh metric ¢, = ¢z, € CY N PSHya (X, L), for which we have

B(v) < Hyalpo)-
It is shown in [HL2, Theorem 4.9] there exists a quasi-monomial valuation v €
Xam c X'n gatisfying
Bw)= sup B(w)> sup Hxalpx.c)),
we Xlin (x,C)
where the last inequality is a consequence of [HL2, Theorem 3.4, Lemma 4.2]. By
the above remark, we have

Bv)> sup  Hyalp).
PEENR (X,L)

Now thanks to [BLXZ], for the quasi-monomial valuation v maximizing B, the
filtration F, is finitely generated and its central fibre is a Q-Fano variety. This
result does not rely on the continuity of envelopes. Therefore, we obtain the non-
archimedean psh metric p, = gz, € Hx (X, L) associated to the finitely generated
filtration F, and conclude
Hya(po) = sup  Hna(yp),
PEERY (X,L)

thanks to the inequality sup Hxa > Hya (o) > B(v).

Moreover, any w in a small neighbourhood U of v in a suitable cone QM,](Y, D) C
Val(X) gives a finitely generated filtration F,, with the same central fibre (cf. [LX,
Lemma 2.10]) and ¢,, corresponds to a weakly special degeneration if w is divisorial
by [LXZ, Theorem 2.24]. Since divisorial valuations are dense in QM, (Y, D), ¢,
is in the closure of {px r;p) | (X, L) : weakly special degeneration }, so that we
have 137 (py) = 27THNA(<,0,,). Here we note U — C° N PSHxA (X, L) : w = @
is continuous for the sup norm. Therefore, we get 13 < 2mHna < 137 () and
conclude ¢, maximizes 13 on Exa (X, L).

To check p?"K-semistability, it suffices to check 37, (¢,) = B30 (X, L]x,; £2).
As we remark in the above, we have 1% (¢w) = 27 Hxa(pw) for w in U. Then
0137 (pw) is continuous on w € U by the upper semi-continuity of %y and the
lower semi-continuity of Hxa. On the other hand, the filtration F,, induces a
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proper vector £¥ on the central fibre (X,,L|x,). As w; — w, we have £V — Y.
Then 137 (X,, L]x,;€Y) is also continuous on w. Since the central fibre is reduced,
we already know 7 (9 (x,ciew)) = fxia (Xo, L] x,; €¥) for divisorial w € U. Then
the desired equality follows by the continuity. [

4.3.2. Relation to normalized Donaldson—Futaki invariant. In the study [Ino2] of
pr-cscK metrics, we encounter extremal metrics in the limit A — —oo. Here
we observe its non-archimedean counterpart: in the limit A — —oo the non-
archimedean u-entropy is related to normalized Donaldson—Futaki invariant which
appears in Donaldson—Xia’s minimax principle [Donl, Xial]. See also [Don2, Szel],
[Derl, Der2, Ino4] and section 4.3.3.

Recall the non-archimedean Mabuchi functional is defined on £k, (X, L) by

(Kx,0)-(L,p)™  (Kx.e") (L, o)™

(96)  Mxalp) = XNA AxMA(p) + n! B (el)y (n+1)!°
Putting b, := [ tDH,,/ [, DH, = E(p)/(el) and ||@|| := ([ (t — b,)*DH, )2, we
introduce the following functional defined on &3, (X, L):

1 1, _
(97) Cxa(9) 1=~y (2rMale) + 31917
This functional is upper semi-continuous on £, (X, L) with respect to the topology
induced from the metric dy (see section 4.1).
This functional is related to normalized Donaldson—Futaki invariant in the fol-
lowing way. We note Cxa(¢;,) is a quadratic function on p > 0:

Cxale) = = oz (2mMsao) - o+ 5 l?  77)

__lel? ( n 27TMNA(SO))2 2m% Mya(p)?

2D\ P COMNEE
Thus we have
sup Ona(;p) = {02 s Man (0 e |2 Mxa(p) >0 ,
p=0 ey el = ety - Mnale) <0
where the maximum are attained at ppmax = 0 and ppax = *ZTFMNA(QD)/H@HQ,

respectively. The right hand side is nothing but the normalized Donaldson—Futaki
invariant. As observed in [Donl, Ino4| (see also [Derl]), we have
sup Crnalp) < inf C(w
sermcny A= G € 4)

for smooth (X, L), which can be made into the equality by completing the domain
of the functionals [Xial] in a suitable way.

Now as in [Ino2, Ino4], let us observe the extremal limit A — —oo of the non-
archimedean p-entropy. As for &, we can easily see the following.

Proposition 4.69. For p € gy (X, L), we have

d 3 o i 3 B
Tl 0T (e) = lim 76 () 8 (pui)) = 0,
d s

—_— o) = 1 —2(5 . — 0O . = .
dp? p:+0‘7(@;p) 2p1—1>m+0p (O'(SD,f)) G (Puriv)) (D)
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Proof. Recall

. Ja(n — pt)e ”"DH,, —pt
F(p;p) = fR c—PiDH, — 1og/Re DH,,.
‘We compute
d (o) = [ t2e P'DH,, - [, e #'DH, — ([, te ”*DH,)>?
1,70 = (o7 DIT, 2
and
d? . oy d
G0 = ™ 0 0)
_ Jpt®DH, - Jy DH, — (JytDH,)® [l
(] D2 ()

To see the behavior of fixa, we prepare some computations.

Lemma 4.70. Let f be a right continuous function on R such that f(o)e "7 is
integrable for every small p > 0 and f(o) = ¢ for 0 > 0. Then we have

and
lim p? | foe *7do = c
p—0 R
Proof. For
0 o<T

x(c)=¢o—-17 7<oc<T1+c¢c,
c o>T+c¢
we compute

p/ xe P7do = —p e PTH) 7Py ¢
R
as p — 0. Similarly,
0* / xoe PP do = —((1 + ¢)e PUT) — 7e7PT) —2p L (e PUTH) _e7PT) 5
R

On the other hand, since f — x and (f — x)o has left bounded support, |f —
x| max{e~?°7, 1} and |(f—x)o| max{e 27,1} are integrable. Thus we have uniform
bounds

| [0 =] < [ 17 = xlmaxte 7. 1o < o,
R R

}/(f - X)Ue_”"do‘ < / |(f — x)o|max{e™ "7, 1}do < oo.
R R
It follows that

lim p/ fe%do = c+ lim p/(f —x)e P?do = c,
p—0 R p—0 R
lim pz/ foe P?do = c+ lim p2/(f —x)oe P?do = c.
p—0 R p—0 R
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Proposition 4.71. For ¢ € g (X, L) and ¢ € E4, (X, L) U CO(XNA), we have

d '
— : D, = li D, = MA(p).
dp ‘p:-&-o /XNA ¢’p / ¢ Pir pinﬁo XNA w / c ® XNA w (QO)

For ¢ € PSHRY (X, L), we have

A D, = li A —PD :/ AxMA(p).
dp p=+0 /XNA X/ Pir Pinﬁo XNA X/6 © XNA X (50)

Proof. For ¢ € E4, (X, L), using the above lemma, we compute

/XNAw/ D, —p—l/ [,

- / e XNA (Y39 = Wip(Veriv) ) MA(5p A T) + Yo (Vhriv) /R e_TDH@;p>
= p/Rdae—W /XNA (Y — Y (Veriv) ) MA(@ A ) + 9 (Viriv) /Re_pTDHga
- /XNA YMA()

as p — 0. Since lim, 4o [yna ¥y [ €7Dy, = 0, we obtain the first line for
¥ € E44 (X, L). By uniform approximation, we can also check the same convergence
for ¢ € C°(XN4). In particular, the measure [ e~?*D,, converges weakly to MA ()
as p — 0.

We similarly have lim, 1o [ynxa Ax [ € "D, = 0. We compute

pfl/ AX/efth,;p =p! AX(p.v)/efptD¢ :/ AX/e*ptDsp.
XNA XNA XNA

Since Ay is Isc, we get

lim Ax/e D, > AxMA(p).
XNA X NA

p—0

On the other hand, for ¢ € PSHRY (X, L), we have
/e_"th, < e PIEPMA(p).

Indeed, we can directly check this for ¢ = ¢(x r) € Hna(X, L) by
f e —rt DH(E ﬁ\E)
fR DH@pclpy  —

The general case follows by passing to the limit: lim; , inf¢; > infp for any
convergent decreasing net ¢; \, ¢ € PSHbdd(X ,L). Tt follows that we have

Tim AX/e D, < Tim e~ me@/ AXMA(QO):/ AxMA(¢)
XNA XNA XNA

p—0 p—0

7pinfg0

for p € PSHRW (X, L), which shows the claim. O

We speculate the latter equality holds for general ¢ € &% (X, L) with finite
Jxna Ax [e7'D, < .
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Proposition 4.72. For ¢ € PSHYY (X, L), we have
d 2T
— Y )= lim p~ (1 L) — f i) = ——— M, .
i oPmalpp) = lim o7 (Ana (i) = Bina(Puiv)) o) Na(p)
Proof. Recall

(o) = _om s Ax S € Doy, + B (0)

Jg e P*'DH,, '
For ¢ € EGX (X, L), we show
L) g, = (LD (LT
P lp=+0 n:

From the proof of Proposition 4.58, we recall

(M7 0) i (L790; AT — T)‘n -7
Eé\;[p(@;p) = /]R n!p e dr

:pQ/ (M,O)'(L,(,O/\O'—O') e P do.
R

n!

Again by Lemma 4.70, we compute

d M T (M,O)~(L,(p/\o'—0)'n —po
d7p p:+0Eexp(%0;p) = pE}IEO QP/R ol e "do
— lim P2/ (M,O) ’ (L750/\0 70) oe P do
p——+0 R n'
B n! '
By Leibniz rule, we compute
d Jxna AxMA(p) + (Kx,0) - (L, )™ /n! 1y JrtDHy
— 1 ) = —27 +2n(Kx.e" ) r—=
dp p:+OHNA () Jr DH, (Hx )(f]R DH,)?
27
=——M .
(EL) NA(QD)
(|

For ¢ € Hna(X, L), we can also compute these derivatives by the equivariant
intersection formulae.

Corollary 4.73. For ¢ € PSHYY (X, L), we have

d N 2

- ) ) —_ .

dp‘pZOHNA(QO,p) (eL)MNA(sO)
For ¢ € £%,(X, L), we have

d 27

— C ) = ——— M )

dp ‘,;:0 N (i) (el) Na(¥)

Now we find the following as an expansion of [Ino2].

Theorem 4.74. For ¢ € PSHYY (X, L), we have

_1 1

Jim pH BNk () — ik (0) = Crale).
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Proof. We compute

—1 —1 d 1 d?
li —1(~—pP . P - (7 X [ — y .
Jim o B8 () — S O) = | alen) = 30| sl
1
= =2m(e") ™ Ma(e) — 5 (") 12l
[l

If Conjecture 1.16 holds, then by Proposition 1.17 we have a maximizer ¢} of

[ng_l for p > 0 with sup ¢}, = 0. Then the rescaling ¢, := , gives a

P

(pom;p*
-1 —1

maximizer of the normalized functional p~*(figh (e.,) — fixa (0)). The author

speculates @gpt converges to a limit @eyxt which maximizes Cna.

4.3.3. Mazimizing non-archimedean Calabi energy. Here we discuss the maximiza-
tion problem for Cya, referring to various fundamental conjectures. It is studied in
[Xial] that for smooth (X, L) the normalized Donaldson-Futaki invariant extends
to the space R?(X,w) of geodesic rays in £2(X, L) in an (archimedean) analytic
way: we put

e 1 0 } 2
Cray (0) =~y (27M=(0) + 5141,
M™>(£) := lim t M (L),

—00

. s oWy \1/2

o= ([ 1ipte)

for a geodesic ray ¢ in £2(X, L) normalized by [, éth /n! = 0. Here M denotes
the Mabuchi functional. Similarly as Cna, we have

et M>(0) > 0
Sup ra ; = 2 oo 2 . s
p>0 yane EGT)% M (E) S 0

where ¢,, denotes the rescaled geodesic (¢.,); = £,;. Then the main theorem of
[Xial] shows that C,.y admits a maximizing geodesic ray, and the following minimax
principle holds for the Calabi energy

98 sup Cr.,(f) = inf Clwg).

(98) e ()= b O

See also [His] for a similar equality for Ding version of the Calabi energy.

On the other hand, it is shown by [Li2] that the maximizing geodesic ray is
maximal in the sense of [BBJ] (since it destabilizes the Mabuchi energy) and hence
is indeed subordinate to a non-archimedean psh metric ¢ € £%,(X,L). So we
actually have

sup  Chray(ly,) = inf  C(wgy).
©EEL, (X,L) v we€E2(X,L) ¢

Therefore, to conclude the existence of a maximizer ¢ € £Z,(X,L) of COya,
it suffices to compare Clay(¢,) and Cna(p). By [Li2, Theorem 1.7], we know
M>(l,) > Mna(p), so that at least we have

Cnalp) > Chray (&0)'

The reverse inequality for maximizing ¢ € £, (X, L) can be reduced to one of the
following conjectures.
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Conjecture 4.75 (Minimax conjecture for Calabi energy). Suppose X has only
klt singularities. Then we have

sup Cnal(p) = inf Clw
PEEZ A (X,L) ( ) wy€eE?(X,L) ( ¢)

with an appropriate definition of the right hand side.

As for smooth X, this conjecture can be reduced to the following inequality from
what we observed.

sup Cnal(p) < inf Clw
©EEZ A (X,L) nalp) wg€E(X,L) (o)

We recall Donaldson’s inequality [Donl] states

< i .
(99) ol Cnalp) < %Eg(fm) Clwe)
If we can replace the right hand side with inf,,,ce2(x, 1) C(wg), then this conjecture
can be reduced to another Conjecture 4.81. This replacement is related to the
smoothness of Calabi flow as remarked in [Xial, Remark 4.2].
The following conjecture provides a more direct way to show Cna (@) = Cray (€y).
As observed in [Li2], this conjecture also follows from Conjecture 4.81.

Conjecture 4.76 (Slope formula for entropy [Li2]). The slope of the entropy

I MA(4y,1)
1 L log —/———2Y MA
pt /X 8 NTA (L, ) " et)

along the maximal geodesic ray {{,}1co,00) subordinate to ¢ € EA (X, L) (cf.
[BBJ]) is equal to the non-archimedean entropy [y~ AxMA(¢).

The following conjecture provides yet another approach for the maximization
problem on Cynya, which does not relying on Xia’s existence result unlike the above
approaches. This approach is more close to what we proposed for the maximization
problem on the non-archimedean p-entropy.

Conjecture 4.77 (Properness of Calabi energy). Assume (X, L) is klt. Consider
dy-topology for 1 < p < 2 on &, (X, L). Then the subset

{p € Ea(X, L) | E(p) =0, Cxa(p) > C}
is compact in d,-topology.

We note the subset is not compact in ds-topology as we can see in the following
toric example. This is the reason we consider Eqxp-topology in analogous Conjecture
1.16 rather than stronger dexp-topology.

Ezample 4.78. Consider a polarized toric normal variety (X, L) and the associated
toric polytope P. As explained in section 5.1, for a lower semi-continuous convex
function ¢ on P, we can assign a non-archimedean psh metric ¢, on (X, L). Thanks
to [Li2, Proposition 6.3], we have

C’NA(@q)Z—fj;L(/BPQdU—i-(KéL'jL)/quN) _2fidu/P(q_Q)2d'u'

Now consider the toric polytope P = [0, 1]? and the following sequence of convex

functions on P: 1
n — 0, —n? _— .
an = max{0,n —n?( +y)} - —
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We can compute [, gndo =1—2/3n, [, qndp =0 and [, q2dp =1/12—(1/6n)>.
It follows that Cna (¢, ) = —27(1 —2/3n) — (1/12 — (1/6n)?)/2 > —27 — 1/24 is
bounded and E(pg,) = 0. Since di(¢q,,0) = [p |gn|dp < 1/3n, the corresponding
sequence of non-archimedean psh metrics ¢, converges to the trivial metric iy =
0 in d;i-topology (or even dj-topology for p < 2), but it contains no subsequence
converging in ds-topology as da(ip,,,0) > 1/18.

This conjecture implies the existence of maximizers.

Proposition 4.79. Assuming Conjecture 4.77, there exists a maximizer eyt €
EZ, (X, L) of Cxa.

Proof. For a dy-convergent sequence ¢; — ¢ € E44 (X, L), we have lim, ., __ ||, <
l#]| by Proposition 4.28, so that

Z@O Cna(pi) < Onal(e).
Take a sequence ¢; € E&, (X, L) so that Cxa(pi) / supCna. By Conjecture
4.77, we have a d;-convergent subsequence ¢; — ¢. Then we get
sup Cna = j@ Crnal(pj) < COnal(p) < sup Cna.
Thus the limit ¢ attains the maximum. O

In view of the following proposition, this conjecture is analogous to the following
fact: any LP-bounded almost everywhere convergent sequence of measurable func-
tions on a finite measure space converges in Li-topology for any ¢ < p. Recall this
is a consequence of Egorov’s theorem.

Proposition 4.80. Suppose Cya is bounded from above on &%, (X, L), and the
continuity of envelopes holds for (X, L). Then for any C' € R, the subset

{p € EA(X,L) | E(p) =0, Cnalp) > C}
is do-bounded and relatively weakly compact.

Proof. Take ¢ in the subset. If Mya(p) > 0, we have

0> —Cralp) 3 1
EERAICON

If Mxa(e) <0, we have
272 Mna(p)?
S ) = oy g
Since Ca is bounded from above on 3, (X, L), we have a constant C’ > max{0, C'}
such that
—2mMna(p) < 4/2(eF)C7 - |2].
It follows that

1
—C > —Cnalp) 2 —

(eh) (= V2o jal + %Ilsﬁllz)
2(;) (H‘?’H - W)Q e

V2D —C) +/2e5)C > gl

v

hence we get
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Therefore, dz(0, ) = ||@|| is uniformly bounded on the subset in either cases.
Since I(p,0) < Cnd1(0,9) < Cnda(0,¢) by [BJ4, Lemma 5.5, sup ¢ is uniformly
bounded on the subset. Therefore, under the continuity of envelopes, any sequence
in the subset contains a weakly convergent subnet by [BJ3, Corollary 4.58] (cf.
[BJ1, Corollary 6.5]). At the moment, we do not know if lim;_, . E(¢;) = E(p) for
the da-bounded weakly convergent net ¢; — . ]

When X is smooth, we know the boundedness of Cnxa on Hya (X, L) thanks
to Donaldson’s inequality (99). The boundedness on &3, (X, L), which is the as-
sumption of the proposition, holds especially when the following conjecture holds.
The conjecture is confirmed for T-invariant metrics on toric varieties (cf. [Li2,
Proposition 6.3]).

Conjecture 4.81 (Regularization of entropy [BJ2, Li2]). For any ¢ € &4 (X, L),
there exists a sequence {@; }ien C Hna (X, L) converging to ¢ in the strong topology
such that

lm [ AMAG) = [ AxMAG)

100 ) X NA XNA

On the other hand, we know the continuity of envelopes holds for smooth X, so

that the assumptions of the above proposition are valid for smooth X under this
regularization conjecture. In conjunction with this conjecture, we can reduce Con-
jecture 4.77 for smooth X to the following more simple conjecture. The existence of
maximizers of Cxa is related such fundamental conjectures in the non-archimedean
pluripotential theory.

Conjecture 4.82. Every da-bounded weakly convergent sequence in €%, (X, L) is
di-convergent.

We note dz-bounded d;-convergent sequence is dp-convergent for 1 < p < 2 by
Lebesgue interpolation as in the proof of Proposition 4.41:

dp(pi, )" < di(pi, )7 P (da(i,0) + da (i, 0)) >~ Y.

4.3.4. Relation to normalized Ding invariant. Again we consider a Q-Fano variety
(X,L) = (X,—Kx). The minimax equality for a Ricci potential version of the
Calabi energy is studied in [His]:

sup  Rna(p)= inf  R(wy).
pEHNA(X,L) ( ) we€H(X,L) (¢)

Here we put
1 n
R(wy) = o) /X(eh¢ —1)%w} /n!

using the Ricci potential Ric(wg ) —2mwy = /—190hy normalized by Ix eho w;}/n! =
(el). The critical points of this functional are Mabuchi soliton (cf. [Mab]). The
existence of Mabuchi soliton is studied in [His2].

Similarly as Cna, we put

Ral9) 1= ~ o (27Dwa0) + 5 161°).

using the non-archimedean Ding functional

Dyalp) = (¢4)_inf (Ax(x) +(x)) - B(9)
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‘We note

Ralie) =~ (2eDwate) - o+ 5117 °)

2

2l ( 2 27 Dya(p)?
- p+ QWDNA(SD)) + o
2(e") (ef) el
so that we have
sup Rna (¢;p) ) Drate) >0
NA(P;p) = 2 2 .
p20 7B Dhalp) <0

Compared to the Calabi flow, we have a smooth solution to the gradient flow of
R by [CHT], so that we can restrict things to Hya (X, L) and (X, L), rather than
EEA(X,L) and E3(X, L).

Now the non-archimedean Ding functional is known to be continuous along de-
creasing net. This is an alternative of Conjecture 4.81 for Rya. It follows that Ryna
is bounded from above on £, (X, L) when X is smooth. Thus we can reduce the
maximization problem for Rya to Conjecture 4.82, following what we observed for

CNA.

5. APPENDIX: TORIC ILLUSTRATION
5.1. Non-archimedean p-entropy via Legendre dual.

5.1.1. Legendre transform of T-invariant non-archimedean metric. We firstly re-
view [BJ3, Appendix B].

Let (X,L) be a polarized normal toric variety and P C tV be the moment
polytope:

P:=1""{pe M| H(X,IL), £0} |
where [ € Ny is taken so that [L is a line bundle. On P, we consider the restriction
of Lebesgue measure dy normalized by the lattice N. (Since |det A| =1 for A €
GL(N), the measure is uniquely determined. )

On the boundary 9P, we consider the measure do which is characterized on each
face 0P N{p € t| {(u,n) — A =0} by
do(B) = dpikery(B — po)
for a Borel subset B of the face. Here ug € t is a point with (ug,n) — A = 0 and
dpkern is the Lebesgue measure on Kern normalized by the lattice NV N Kern.
Consider a normal toric test configuration (X, L) of (X, L). Take sufficiently
large ¢ > 0 so that the line bundle L. := £ + ¢.[Xy] over X is ample. Then the

moment polytope Q. associated to the polarized toric T' x G,,-variety (X, L.) can
be written as

Qe={(mt) et/ xR pe P 0<t<—q(p)+ch,
using a continuous convex function gy ) : P — R of the form

(Z(X,L)(:u) = m]gx{w, nE) — e}

for some ng € (ordEXO)’lN and A\p € Q assigned to each irreducible component
E of Xy (cf. [CLS, Proposition 4.1.1]). This q(x ) is independent of the choice
of ¢ > 0. By putting qx z)(1) = +oo for u ¢ P, we can regard q(x ) as a lower
semi-continuous convex function on tv.
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Recall the Legendre dual of a function ¢ : t¥ — [—o00, 00| is a function ¢* : t —
[—00, o0] given by
" (&) = sup{{u, &) — q(p) | p € t'}.
Since {(u, &) —q(1) }perv is a family of linear functions, the supremum gives a lower
semi-continuous convex function on t. We have (¢*)* = ¢ if and only if ¢ is a lower
semi-continuous convex function.

Proposition 5.1. We have

Gx.0)(€) = i) (0-¢) + D {1, €).
o

In particular, oy r)(v—¢) +sup,ep(u,§) is a convex function on t.

Proof. We recall H*(X,L®™) = @,cprps H* (X, LE™), and H(X,L®™), =
C.s,. The basis {s,} is diagonal with respect to || - [|(¥), so we have

1
Pn- = s (=0 (s) ~log sl
1
- sup ({1, — mOminn (F-e)) — log 5 ¥}
m pemPnM

X,L‘)}

1
= sup {(, ) — —10g |5} — sup(u, €),
peEPNM—1M m neP

where the last equality follows by oumin,m (F—¢) = inf supp DHx_ . = infe plp,—&) =

- SuppEP(/”a €>
It suffices to show

* 1
dx,c) = sup  {(n,§) — —log ||3mu||(X7L)}
peEPNM—1M m

for sufficiently divisible m. Since
1 1
g lsmul ¥ = - sup{A €Z | w5y, € HO(X, L))

=supfA€m'Z | (u,A+¢) € Q.UP x (—00,0)}
=sup{A e m™'Z | A < —q(u)},

we have )
Gvey 2 s {(1,6) = —log sV}
uEPNM—1M m
The equality for sufficiently divisible m is a consequence of the finite expression of
q = maxp{(p,nE) — Ap}. O

Let Hxa(X, L) denote the set of non-archimedean psh metrics associated to
toric test configurations. We call a non-archimedean psh metric ¢ on (X, L) T-
invariant if it is the limit of some decreasing net {@;}ic;r C Hna(X,L)r. We
denote by PSHna (X, L)7 the set of T-invariant non-archimedean psh metrics. For
v € PSHNA (X, L), we put

fo(&) = p(v—¢) + sup(u, &)
ner
Since v is quasi-monomial, each f,(§) is finite. For a convergent decreasing net

i \v ¢ in PSHna (X, L), we have f,, \( f,. Thanks to the above proposition,
fe is convex for ¢ € Hya (X, L), which implies the convexity of f,, for general ¢ €
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PSHna (X, L)7. Therefore, f, is finite valued convex function on t, in particular,
it is continuous.

Similarly, we put g, := f7 : t¥ — (—o0, 00| for ¢ € PSHNa(X, L)r. Again by
the above proposition, we have gy, ., = qx,c)- For v; N\ ¢, we have q,, /" qq.

Proposition 5.2. For ¢ € C° N PSHya (X, L)7, we have
.7-';,\Rm ={s € Ry | A < —mgy,(p/m) if s, # 0}.
Proof. Since F, is T-invariant, we have Fy, = (e Fuelp(ve)]. It follows that
s € fQRm iff
ve(su) +me(ve) = A
for every £ € t and u with s, # 0. We compute
ve(s)+mep(ve) = inf{(p, &) [ 5 7 Obm sup (u, =E)+mip(ve) = nf{ (s, &) | sy # 0}+mfo(=6).
w

On the other hand, by the convex duality, we have

may(p/m) = sup{{(p, &) —mf,(§) | £ € t} = —inf{v_¢(s,) + me(v_e) | £ €t}
for 0 # s, € HY(X, L®™),. This proves the claim. O

Proposition 5.3. For ¢ € PSHya (X, L), we have
Gonrt = max{qtpv _T}

Proof. We note ¢, = —7 for 7 € R. By the above proposition, for ¢ € C°nN
PSHNA (X, L), we have

{s € Rin | A < —qoar(p/m) if 5, # 0} = F)p Rop = (F) N F2) R,

={s€ Ry, | A < —max{q,(u/m),—7} if s, # 0}.
This shows the claim for ¢ € C° NPSHyx A(X, L)r. The general case follows by the
limit argument ¢; \, . d
Proposition 5.4. For ¢ € PSHya(X, L)1 and ¢’ € Hna (X, L)7, we have

DHey o = (95 = 4p)"dp) |-
Here we note (gyr — gy)*dp is a measure on [—o00,00) and may charge {—oo}, in
which case we have [, DH, o < (eF).
Proof. We firstly assume ¢ € Hya (X, L)7. Take a basis {sy,  } yempnn of HO(X, L&™) =
D,cmprar H (X, LE™),, s0 that HO(X, L#™), = C.s,. Then it is codiagonal with
respect to ¢, ¢, so we have

1
DHyp = lim — > byo(e, ) /mene (s ,0/m-

m—oo MM
peEMPNM

By Proposition 5.2, we have A\? (s, ,) = —mg,(p/m), so that we get
. 1
DHypr = lim — Z O g (1) 4, (1)

m—oo m™
pePNm—1M

By the Riemannian integral, the limit can be identified with ((gyr — ¢y)*dp)|r.
Now consider the general case ¢ € PSHya (X, L). It suffices to check

/[ )DHW/J' = /[ )(qsa’ —q,)"dp = p({gy — g, > 7})
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for general ¢ € PSHxa (X, L)7. The left hand side is continuous along decreasing
nets ¢; \, ¢ by our construction of the Duistermaat—Heckman measure. On the
other hand, the right hand side is continuous as F; := {q, — q,, > 7} gives an
decreasing net of closed sets for which we have (), F; = {q, — q, > 7}. O

It follows that for ¢ € PSHya (X, L)1 we have ¢ € Ena(X, L) iff p({g, = o00}) =
0, and ¢ € ELA(X, L) iff [, qpdp < co. In particular, for ¢ € Exa(X,L)r =
Ena(X,L) N PSHNA(X, L)1, g, is continuous on P°. If g, is finite valued on P,
then it is continuous on P by [GKR].

5.1.2. dexp-metric via Legendre dual. We observe the Legendre dual of
ENa (X, L)y = EQR (X, L) NPSHNA (X, L) 7.
We consider

Conv™P(P) := {q: P — (—00,00] | ¢ is 1sc convex and / ePldy < oo for Vp > 0}.
P

Since ¢ is finite valued on a dense subset, it is automatically continuous on the
interior P°. By the convexity and the lower semi-continuity, for u, € P° and
w € OP, the convex function ¢((1 — ), + tu) is continuous on ¢ € [0, 1] (possibly
+o0 at t = 1), hence ¢ is uniquely determined by ¢|po. We consider the following
distance on Conv®™?(P):

d*P(q,q') :=inf{8 >0 | /(e‘q‘q/'/ﬁ —1)dp < 1}.
P

Proposition 5.5. (Conv™P(P),d**P) is a complete metric space. If ¢; — ¢ in
d®*P then ¢; converges uniformly to ¢ on every compact set K C P° and we have
q < lim g; everywhere on P.

Conv™P(P) — [0,00] : ¢ — lim e1((1=Dnott1) gy
t—=1 Jop

Proof. Let g; be a Cauchy sequence. By the completeness of the small Orlicz space
L*P(P) = {f : P — [~00,00] | [pe!ldu < oo for Vp > 0}, we have a Lebesgue
measurable function ¢ : P — [—00, 00] such that ¢; — ¢ in the L®*P-norm. Since g;
converges to ¢ on a dense subset, it uniformly converges to a convex function ¢° on
any compact set K of P° by a general argument on convex function. Fix a point
to € P° and put g(p) := lims—y1 ¢°((1 — t) o + tu) for p € P. As we have ¢ = ¢
on P° ¢; — ¢ in the L®P-norm. In particular, we get ¢ € Conv®™*®?(P) and hence
¢ — q in dexp.

We show that ¢ is lower semi-continuous. The argument mimics [Don2]. Take
a convergent sequence p; — p € P. Put fi(t) = q((1 — t)po + tp;) and f(¢t) =
q((1 — t)po + tu), then by the continuity of g|po, f; converges to f pointwisely on
[0,1). Since

fi(t) < (1 —=t)q(po) + ta(p:)
we have
f(#) < (1 =1)q(po) +t lim q(p)

i—»00

for ¢ € [0,1). Taking the limit ¢ — 1, we get
q(p) = f(1) < lim q(ps).

1—>00
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The rest claim is ¢ < lim, ‘We have

i—oco di-
qi((1 =)o +tp) < (1 —1)qs(po) + tqi(p)

Since q; ((1 — t)po + tu) — q((1 — t)po + tp) for t € [0,1), we have

q((1 =)o +tp) < (1 —1)q(po) +t Lim g;(p)

i—00
for ¢ € [0,1). Taking the limit ¢ — 1, we get

q(p) < lim g;(p).

i—>00

For ¢ € EGY (X, L), we have

Eexp(;p) = / e "'DH, = / e’ dp,
R P
so that g, € Conv®™*P(P).
Proposition 5.6. The map
(EXA (X, L)1, dexp) = (Conv™P(P), d™P) : = gy,

is an isometry. Assuming the continuity of envelopes, the map is bijective.

exp

Proof. By Proposition 5.4, for ¢ € EJX (X, L)y and ¢’ € Hna (X, L)r, we have

/(em//a _1)DH,, — / (elte=aar1/8 _ 1)y,
R P

Then by Proposition 4.14, we get

dexp(@: (pl) = dexp(Qtpa qtp')'

To see this for general ¢' € EFN (X, L), take a decreasing net ¢; C Hna (X, L)r
so that ¢ \, ¢’, then the monotone convergence theorem shows d*** (g, q,’) — 0.
It follows that d™P(qy,qy) — d“P(qy, q,r). Since we already know dexp (¢, 7)) —
dexp(p, '), this shows the above map is an isometry.

To see the surjectivity, we want to assign ¢, € Egx (X, L)7 to ¢ € Conv™P(P).
Since ¢ = sup{¢ : P — R | ¢ > ¢ : rational affine function }, we can find an
increasing net of convex functions g; on P of the form ¢; = ¢, for ¢; € Hna(X,L)r
so that ¢; /* q. It is not evident if @; gives a decreasing net, so we instead use the
completeness of Ey (X, L) as follows. By the monotone convergence theorem, we
have dexp (i, q) — 0. Since dexp(pis @) = d®P(qi,q5), {¢i} C Exa(X, L) gives
a Cauchy net. Under the continuity of envelopes, Exa (X, L)r C Exa(X, L) is
complete, so that the Cauchy net converges to some ¢ € Exa (X, L)7. Since

d™P(q,q,) < d™P(q,q;) +d™P(qi, qp) = d™P(q, ¢i) + dexp (@i, ) — 0,

we have g, = q. [
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5.1.3. Non-archimedean p-entropy via Legendre dual. For g € Conv®™®(P), we put

faP eldo
1 ¥ = Qg
(100) a3 (q) ™ fP ctdp )

fp(n + q)eldu /
101 G*(q) =2 " _log | eldpu,
(101) (q) T etdy g ) cldu
(102) A5 (0) = fxa(9) + A5 (q).

Proposition 5.7. For a normal test configuration (X, £) and p > 0, we have

Aa(P(x.cp) = BA (PU(x 2))-

Proof. We firstly note the canonical divisor formula for toric variety Ky = — > » Dp,
where Dp denote the prime divisor corresponding to a face ' C Q) (cf. [CLS, The-
orem 8.2.3]). Since Dp is T X G,,-invariant, we have a T' X G,,-equivariant Chow
class — Y, [Dp]T*Cm. The above formula indeed gives the equality of T x G,,-
equivariant Chow classes K;XGM = — Y p[Dp]T*Cm by [CLS, Theorem 13.3.1].

Let up = (ul¥,ar) € N x Z denote the minimal generator of the normal ray
of the face F. Since we have *KG —[A0)®m — [X] = =Yg lap|[DF)®™ (cf.
[CLS, Proposition 4.1.1]) with X, = 71'_1(0 :1) = X, we have

Klg)g,TX(G KTXGm + ([Xged]([}m o [XO]Gm)

X /Pt X /pt
:—Z (1= lap)[Dpl® + > (1 —lap)[DFl® == > [Dp]*.
F,arp#0 F,arp=0
Thus we get
(Kl)?%l e~ p) Z /e Pldo & dt.
Fap 0

Now we compute

_ —aq(p 1 — era(n)
(eﬁ;p):/ e Pldu @ dt = /du/ e Pldt = / ¢ —dp,

_ A —a(n n—(n— era(1)
(L.e5;p) = /Q((n +1) — pt)e Pldu @ dt = / du/ (—pt)ef‘otdt = /p ( Pa()) du,

p
—q(p) 1 — era(r)
(K98 * ,p /e Pldo @ dt = / dU/ e Pldt = / —du,
X/PL: Z 9P opP 14

F,ap=0

which shows the claim in conjunction with Lemma 2.33. O

Proposition 5.8. The functional /1;;’2 is upper semi-continuous with respect to
the d®*P-topology on Conv(P) and is continuous along increasing nets ¢; 7 g.

Proof. We can check the continuity of §* in the same way as &. As for fi{,, it
suffices to check the lower semi-continuity of the map

Conv®™P(P) — [0,00] : ¢ — eldo.
oP

Suppose ¢; — ¢ in dexp. By Proposition 5.5, we have ¢ < lim ¢;, so we get

/ eldo S/ lim e%do < lim elido
P P oP
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by Fatou’s lemma.
If ¢; /* q, then by the monotone convergence theorem

lim eq"daz/ eldo,
oP P

which proves the continuity along ¢; 7 q. ([l

In particular, ﬁ;fi(qg,) is continuous along decreasing sequence ¢; \, ¢. By the
upper semi-continuity of fi, (¢), we get

- P
Axale) > s (gp)
for ¢ € EYX (X, L)7r. The equality holds under Conjecture 1.13 for E% (X, L) .

Question 5.9. Can we prove the existence of maximizers of fify for A < 0?7 Can
we find a polytope P for which we can show the existence of a piecewise affine
maximizer?

5.2. Illustrations. Here we compute the u-entropy for proper vectors in explicit
examples and give illustrations of the graphs. We compute integration of exponen-
tial by localization to vertices (cf. [CLS, Theorem 13.5.2]: let P C R™ be a simple
polytope, i.e. for each vertex v, the cone C,, = Cone(P — v) is spanned by precisely
n-vectors fiy 1,..., tyn € M. Assume pu, ; is primitive, i.e. diluv,i ¢ M for every
integer d > 2. Then we have

(v,) . M7 . 7
n E € P Ly + + Hv,n
/ e“’éd,u - <_1) [ n ) ] .
P v: vertex Hi:l <:u'u72a §>

Here we can compute the index by

index(v) := [M : Zppy1 + - - + Zpy ] = | det(ag;)]
if po,i = D25y aijpy for a basis (p1, ..., pn) of M.

5.2.1. Kihler classes on the two points blowing-up of CP?. For 0 < § < 3/2, con-
sider the polytope Ps; C R? given by the convex hull of the following five vertices:

v = (—1, —1), Vg = (2—5, —1), V3 = (2—6, —1+5), Vg = (—1—}—(5,2—5), V5 = (—1,2—5).

The associated toric variety is the two points blowing-up X = CP2?#2CP?2 of the
projective space. The associated polarization is Ls = §(—Kx)+ (1 —0)5*(—Kcp2),
where #: X — CP? is the blowing-up morphism.

For a generic . = (1,€) (e # 0,1), we will compute

/ew,wne)duzx*? Z
Ps

vivertex

ew<v)775>

<Mv,+7 77€> <,UU,—7 776>

and

(vyne) .
/ e(ﬂ@’k)da — —IL'_I Z ex o > </j”u,+ + M'u,77ne> .
OPs <.u'v,+v"7€><ﬂv,—777€>

vivertex
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Substituting
for+ = (1,0),  po,,— = (0,1),
P+ = (0,1),  fry,,— = (=1,0),
Pos+ = (=1,1), oy~ = (0, 1),
fog+ = (=1,0),  po,,— = (1, 1),
o+ = (0,=1),  piyy,— = (1,0),
we get

/ e(,u,:tne)d'u — 1‘—2 (6—16—(1+e)m _ 6—16(2—6—6)1 + 1 e(2—5—5+5€)m
Ps €(l—¢)

1 —146+42e—de)z 6716(71+26766)I)

S (
1—¢€

and

/ e(u,zne)do_ _ _x—l(l + 66—(1+6)QZ + 1- 66(2—5—6)w o 1 e(2—5—e+6e)z
oPs € € e(l—¢)

b€ (12 _ 1— ee(—1+2e—5e)x).
1—c¢ €

Taking the limit ¢ — 1, we get
/ eSmm) gy = 12 (6721 — =0 4 (14 (3—20)x)e” — 6(176)$)
Ps
and

/ elwem) g — =1 (ze—h -2+@3- 26)x)ez>.
OP;s

The following is the graph of —3=fixa(z.m1) for § = 1. The minimizer is not
x = 0, which implies there is no cscK metrics while there exists a Kahler—Ricci
soliton (= p-cscK metric).

251

5.2.2. Donaldson’s example. We recall Donaldson’s example of toric orbifolds which
are not K-semistable while its Futaki invariant vanishes for equivariant product
configurations (cf. [Don2]). The polytope P, is defined as the convex hull of the
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following nine vertices:

vf =(1,0), vy =(0,1), wvi=0v1=rn(l,1),
Uy = (43 0) + (717 1)7 UZ_ = (470) + (7130), V2 = 4;0) +7ﬁn(727 ]-)a
vy = (0,4) +(0,-1), vy =(0,4) +(1,-1), w3 =(0,4) +r,(1,-2),
where 7, := (n —2)/(3n — 5).
-1,1) O,1)
) (rir)
(-1,0 (1,0)

©0-1) /\ a1

For r5 = 3/10, we have
of =(1,0), vy =(0,1), v =(3/10,3/10),
vi =(3,1), vy =(3,0), vy =(34/10,3/10),
5 =1(0,3), vy =(1,3), wvs=(3/10,34/10)

and

(

o = (3,=7), - =(0,1),
o+ = (7,-3),  poy,— = (=3,7),
ot o= (=11), pr o =(4,-7),
Hos 4 = (4,3), Hyr — = (=1,0),
frogr = (=4,7), o, — = (—4,-3),

fot e = (0,21, g =(3,4),
o o = (=T4), p- = (1,-1),
o+ = (=3, =4),  fog,— = (T,—4).

)

In particular, we have

index(v;") =3, index(v; ) =3, index(v;) =40

for i =1,2,3.
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For generic 7. = (1, ¢€), we will compute

/ elmmne) gy = 42 Z <€$<M’ne> - index(v)
P

Mo+ 77€><,UU,—7 T]€>

vivertex
and
/ AT Jo — g1 Z AL (TR Mv,_,776>.
op vivertex <,u'v,+7ne><ﬂv,—>77e>
‘We have
im =1, (v, =e (v1,n) =3/10+3/10-¢,
<U;_a77>:3+67 <U2_a77>:3a <02777>:34/1O+3/1065
(i, n) =3¢, (v3,n)=143€ (vs,n) =3/10+34/10-¢,
and

(op pom =1, (i _om) = =T+ 3e,

<HU;,+;7]> :3—76, <MU;,_777> =e,
<'LLU1’+’77> = 7 - 36’ <Nv1,—a77> - *3 -+ 76,
<lu‘vg',+a77> =—-1+e </1,U;.’7777> =4 — Te

(o o) =4+3e, (p, _m)=—1
<M’U27+7’I’}> = 4 —+ 76’ </J"U2,—,77> = —4— 3¢

<'uv;f,+’77> = -6 <Nv;7,,77> =3+ 4e
(Hor o) = =T+4e, (u,- _,m)=1—¢
(g ) = =3 —4de,  {ftps—,m) =7 — 4e.

It follows that

3 3 40
(/L,.’I:T]>d — 2 x ex (3/10+43/10-€)x
/Pe p= (77+3ee T B9 T T 39(3+79°
_ 3 JBror _ 3 s 40 £(84/1043/10-)x
(I—€)(4—"Te) 44 3e (4—"Te)(4+ 3¢)
_ 3 oder _ 3 o(130)z _ 40 e(3/10+34/10-6)x)
€(3 + 4e) (7T—4e)(1—¢) (34 4¢€)(7 — 4e)
and
—6 + 3¢ 3 — 6¢ 4+ 4e
(u,xn)d - _ —1( T €x (3/1043/10-€)x
/ape 7= A\ T T E e T =393 +79°
B 3 — Be cBtaz _ 3+ 3e e —8+4e o (34/104+3/10-)z
(1—¢€)(4—"Te) 4+ 3e (4—Te)(4+ 3e)
3+ 3e eder _ —6+ 3¢ p(143e)a _ 4 —8e e(3/10+34/10~5)z>
€(3 + 4e) (7T—4e)(1—¢) (34 4e)(7 — 4e) '

Taking the limit € — 0, we get

/ e(,u,,a:r/g) — I72( - 961 - @63/10&0 o §631 + ?634/1093 + ]'71 . 21,)
i 7° T2 2 2 3
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and

12 8 3 1 2
/BP olmano) go — _p—1 (7em _ ie3/10m _ §e3m _ 5634/10.m n oo 290).

The following are the graphs of —%ﬂNA(l‘.T]Q) and its derivative —% %ﬂNA(ac.no) =
f%Futgm,O (n0), respectively. This illustration shows the u-entropy for proper vec-
tors is not concave even for A = 0. The author speculates the p-entorpy is quasi-
concave for A < 0.

181

0.2+

Lo2b

06}
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